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Abstract

The thesis titled “Picture Fuzzy Soft-Hypersoft Sets, Information Measures & Aggre-
gation Operators in Decision-Making Applications” explores picture fuzzy information
within the framework of soft-hypersoft sets and their applications in decision-making
using various information measures and aggregation operators. It introduces exten-
sions of picture fuzzy sets, including bi-parametric discriminant measures, picture
fuzzy soft sets, picture fuzzy hypersoft sets/matrices, and g-rung picture fuzzy sets,
with applications in hydrogen fuel cell technology, sustainable agrifarming, renewable
energy source selection, and green supply chain management. The thesis begins with a
comprehensive background on picture fuzzy sets and their extensions, including defini-
tions, operations, and a literature survey. A bi-parametric picture fuzzy discriminant
measure is proposed, mathematically validated, and integrated with modified VIKOR
and TOPSIS methods to assess hydrogen fuel cell technologies. Modified picture fuzzy
soft Dombi aggregation operators and their algebraic properties are introduced and
applied within the EDAS methodology to prioritize factors for sustainable agrifarm-
ing. Furthermore, the concept of picture fuzzy hypersoft sets and similarity measures
is developed, with the proposed properties validated through numerical illustrations
and comparative analyses. Picture fuzzy hypersoft matrices are constructed to or-
ganize information, and new choice and value matrices are introduced to address re-
newable energy source selection problems. In addition this, a modified ¢g-rung picture
fuzzy AHP/WASPAS methodology is presented, overcoming restrictions on uncer-
tainty components. This methodology is applied to green supply chain management
for strategic planning in the energy sector. The thesis concludes by summarizing its
findings and contributions, highlighting the theoretical advancements and practical
applicability of the proposed methodologies. Additionally, potential directions for
future work are discussed, including further generalizations of picture fuzzy hypersoft
sets and their applications to more complex multi-criteria decision-making problems

across diverse domains.

Keywords: Picture Fuzzy Sets, Soft Sets, Hypersoft Sets, Aggregation Operators,
Information Measures, g-Rung Picture Fuzzy Sets, Sustainable Development, Renew-

able Energy, Green Supply Chain Management, Multi-Criteria Decision-Making.
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Chapter 1

Introduction

Decision-making is an essential component of human behavior, affecting a broad range
of sectors from business, economics, health care and engineering. The procedure
that involves a selection of alternatives is very important for organizational success,
individual growth and social advancement. In today’s constantly changing world,
making effective decisions has become very difficult due to the plethora of informa-
tion, the pressing need to make choices, and the existence of information involving
a higher amount of vagueness and ambiguity. The significance of making effective
decisions cannot be overestimated. Industries as well as individuals face various dif-
ficult situations, which include the necessity to strike a balance between conflicting
objectives, handle threats, and make decisions based on imprecise and inexact infor-
mation. Therefore, enhancing strong decision-making structures and algorithms is
very crucial for decisive outcomes and accomplishing strategic objectives. For human
life survival, business development, promotion advancements, etc. are fully depend-
able on the ability to make decisions. To select the best possible alternative among
the others, the conflicting criteria under the assessment of one or more experts are uti-
lized in multi-criteria decision-making problems. Also, the decision-makers managed
a sustainable supply chain management for the utilization of agricultural products
with the help of blockchain technology [1], [2]. In addition to this, there is a de-
velopment of various techniques for the production of hydrogen-based technologies
which is beneficial for the environment [3]. The group decision-making models have

also been applied for the enhancement of the performance of school students with the



utilization of traditional techniques [4].

In recent years, the area of decision-making has changed dramatically over time with
the transition from classical decision theory to behavioral decision-making which over-
comes the shortcomings of human cognition. Further, advancements in artificial intel-
ligence techniques and computational procedures have played a great role in develop-
ing a comprehensive support system for decision-making. In real-world problems, the
route towards decision-making is heavily affected by its advantages and dependability
on our past knowledge as well as opinions. Also, due to the information deficiencies
and the risk of human errors, it is likely believed to have inexact and incomplete
knowledge of the systems. As a result of this, it seems to be very difficult to arrive at
the best possible choice at a designated time. As the intricacies are growing rapidly,
experts face numerous challenges to select promptly by utilizing the given vague and

ambiguous information.

1.1 Fundamental Notions and Preliminaries

In this section, some fundamental definitions concerning the picture fuzzy set, picture
fuzzy soft set, and picture fuzzy hypersoft set along with their operational laws have

been presented as follows.

1.1.1 Picture Fuzzy Set

The idea of fuzzy sets, developed by Zadeh [5] in 1965, drastically changed the way of
handling imprecise and vague information. The traditional fuzzy sets give the value
of the degree of membership between 0 and 1 for handling uncertain information.
Then, Atanassov [6] in 1986, developed one more uncertainty component i.e. degree
of non-membership for representing the uncertainty with the inclusion of hesitancy.
However, some decision-making situations require a more thorough computational
structure. Picture fuzzy sets [7] were introduced to overcome these shortcomings with
the incorporation of three uncertainty components: positive membership (p), neutral
membership (7) and negative membership (w). This comprehensive framework is very

helpful in situations where the degree of neutrality has a significant role.



Definition 1 [7]: “A picture fuzzy set (PFS) U in X (universe of discourse) is given

by
U={<z,pv(x),mw(x),w(r) > recX};

where py : X — [0,1], 77 : X — [0,1] and wy : X — [0,1] denotes the degree
of positive membership, degree of neutral membership and degree of non-membership

respectively and for every x € X satisfy the condition
0< pU(l') + TU(LC) + UJU(Z') <1

and the degree of refusal for any picture fuzzy set U and x € X is given by Oy (z) =

”

1= py(x) = T0(2) —wy(2)

The constraint on the degree of membership py(z), neutral membership 7 (x) and

non-membership wy(x) is

0 <pu(z)+mx)+wy(r) <1
Definition 2 [7/: “IfU,V € PFS(X), then the operations can be defined as follows:

(a) Complement: U = {< z,wy(z), 7y(z), pr(x) > | v € X};

(b) Subsethood: U C V iff Yo € X,py(x) < py(x) m(x) > mv(x) and wy(z) >

wy (x);
(¢c) Containment: U DV iff Vo € X, py(z) > pv(z) m(x) < 1v(x) and wy(x) <

wy(z);

(d) Union: UUV ={< z,py(x)V py(x),7v(z) A Tv(x) and wy(z) Awy(z) > |z €
X}

(e) Intersection: UNV = {< z, py(z) Apy(x), v(x) Vv (z) and wy(z) Vwy(z) >

|z e X}.7

1.1.2 Picture Fuzzy Soft Set

For dealing with the parametrization of uncertain information, Molodstov introduced

the notion of soft set which offers a flexible structural framework. The combination of



picture fuzzy sets and soft sets provides a robust structure capable of handling more

complex decision-making situations.

Let U = {uq, ug, ..., uy} be the universe of discourse and P = {p1,ps,...,p,} be the
set of parameters. The pair (@, P) is called

e “Soft Set [8] over U iff & : P — P(U), where P(U) is the power set of U.”

e “Fuzzy Soft Set [9] over ®(U), where ® is a mapping given by & : P — (F(U))
and F'(U) denotes the set of all fuzzy sets of U.”

o “Intuitionistic Fuzzy Soft Set(IFSS) [10] over U if & : P — [FS(U) and

can be represented as
(@, P) = {(p,®(p)) : p € P,®(p) € IFS(U)},
where I F'S(U) represents the set of all IFSs of U.”

e “Picture Fuzzy Soft Set(PFSS) [11] over U if & : P — PFS(U) and can

be represented as
(@, P) ={(p,®(p)) : p € P, ®(p) € PFS(U)},
where PFS(U) represents the set of all PFSs of U.”

Definition 3 [12] Let (®,Q) and (¥, M) be two picture fuzzy soft sets on the

same universe of discourse U. Let QQ, M C P be the set of parameters, then

— Complement (®,Q)¢ = (¢, Q) where ®°: Q — TSFS(U) is a mapping
given by ®°(p) = (®(p))*, for allp € Q.
— Subsethood: (®,Q) C (¥, M), iff @ C M and for allp € Q, ®(p) C
V(p)-
— Equality: (®,Q) = (¥, M), if (,Q) C (¥, M) and (¥, M) C (,Q).
— Union: (¢,Q)U (Y, M) = (H,S); where S = QUM for all§ € S and
() §eQ—-M,

H() =41 ¥ §eM-Q,
PEHUY(E) LenM.



In other words, for all§ € Q N M,
H(&) = { (u, max(pge) (u), pru(e) (w)), min(nee) (), ey (w)), min(ve e (u), v (u)) } -

— Intersection: (¢,Q) N (V, M) = (H,S); where S =Q NM for all{ € S

and

i

(€) €@ —M,
H(§) =4 ¥(¢) §eM-Q,
QENYE) LeR@NM.

In other words, for all £ € Q N M,

H(&) = { (u, min(pa(e) (), pu(e) (w)), min(nee) (w), nw ) (u)), max(vee) (w), v (u))) } -

Definition 4 [12] “Suppose (®,Q) and (V, M) are two Picture fuzzy soft sets on the
unwversal set U. Let QQ, M C P be two subsets of the set of parameters, then as per
their definitions, the following properties hold:

(1) (9, Q))° = (2,Q).
(i) ((2,Q) N (¥, M))* = (®,Q)°U (¥, M)".
(i) ((2,Q) U (¥, M))* = (®,Q)N (¥, M).”

Dombi [13] has recommended a particular kind of operation called triangular norm /

conorm whose definitions are given below:

Definition 5 [13] “Let r and s be any two real numbers. Then, Dombi t — norms

and t — conorms are defined as:

Dom(r,s) =

where, R > 1 and (r,s) € [0,1] x [0, 1].”



1.1.3 Picture Fuzzy HyperSoft Set

The concept of hypersoft sets enhanced the classical soft set structure by allowing
for multi sub-attribute computation, by giving a far more structural representation
and detailing of data. Also, the blending of hypersoft sets with different extensions
of fuzzy sets further allows for the inclusion of uncertainty components which is
very crucial while dealing with vague and ambiguous information in real-life decision-

making problems.

Definition 6 Hypersoft Set (HSS) [14]. “Let V be the universal set and P(V)
be the power set of V. Consider ky, ks, . ...k, for n > 1, be n well-defined attributes,
whose corresponding attribute values are the sets Ky, Ky, ..., K, with K; N K; =
@ fori # jand i,7 € {1,2,...,n}. Let B; be the non-empty subsets of K; for each
i =1,2,...,n. Then the pair (R, B1xXByx ....B,) is said to be Hypersoft Set over
V where R : By X By X ....x B, — P(V). In other words, the Hypersoft Set is a

multi-parameterized family of subsets of the set V.”

Definition 7 Fuzzy Hypersoft Set (FHSS) [14]. “LetV be the universal set and
F (V) be the set all Fuzzy subsets of V. Consider ky, ks, . ...k, for n > 1, be n well-
defined attributes, whose corresponding attribute values are the sets Ky, Ko, ..., K,
with K; N K; = ¢ fori # j andi,j € {1,2,...,n}. Let B; be the non-empty
subsets of K; for each i = 1,2,...,n. Then the pair (R, ByxByXx ....B,) s said
to be Fuzzy Hypersoft Set over V where R : By X By X .... x B, — F(V) and,
R(b) = {v,Rb)(v)jveV} ;b€ By xByx...B, C Ky x Ky x...K,.”

Definition 8 Intuitionistic Fuzzy Hypersoft Set (IFHSS) [14]. “Let V be
the universal set and IFS(V') be the set of all intuitionistic fuzzy subsets of V.

Consider ki, ks, ... .k, for n > 1, be n well — defined attributes, whose corresponding
attribute values are the sets K1, K,..., K, with K; N K; = ¢ fori # j and i,j €
{1,2,...,n}. Let B; be the non-empty subsets of K; for each i =1,2,...,n. An intu-
itionistic Fuzzy Hypersoft Set is defined as the pair, (R, By X By X .... X B,)where; R :
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By X Byx....x B, —=IFS(V) and

R(By X By X ....xX By,) =
v
<19,( )> UEV};
{ Pr@) (V) ,Wre) (V) |

where, 9 € By X By x ....x B, C K| x Ky x....K,. It may be noted that p

and w represent membership and non-membership degrees respectively, and satisfies
the condition 0 < pgey) (v) + wrw)(v) < 1;  where pre) (v), wre) € [0,1]; and,

Crw) (v) =1 — pre) (v) — wre)(v) is called the degree of indeterminacy.”

Definition 9 Pythagorean Fuzzy Hypersoft Set (PyFHSS) [15]. “Let V be
the universal set and PyFS(V') be the set of all Pythagorean fuzzy subsets of V.
Consider ki, ks, ..., k, forn > 1, be n well-defined attributes, whose corresponding
attribute values are the sets K1, K,..., K, with K; N K; = ¢ fori # j and ,j €
{1,2,...,n}. Let B; be the non-empty subsets of K; for each i = 1,2,...,n. A
Pythagorean Fuzzy Hypersoft Set is defined as the pair, (R, By X By X .... X B,),
where R : By X By X .... X B, = PyFS(V) and

R(By X By X ....X B,) =

v
<, >|lveV 3
{ (PR(ﬂ) (v), wr(w) (V) ) | }

where ¥ € By X By x ....x B, C K; x Koy x ....K,. It may be noted that

p and w represent membership and non-membership degrees respectively, and satisfies

the condition 0 < phyy (V) + Wheg (v) < 1} where pre) (v),  wr) € [0,1]; and,

Cre) (v) = \/1 — pQR(ﬂ) (v) — w%w) (v) is called the degree of indeterminacy.”

1.1.4 ¢- Rung Picture Fuzzy Set

g-rung picture fuzzy information[16] is considered to be a paradigmatic shift in a
fuzzy environment as it covers two important additional components of uncertainty,
i.e., degree of abstain /refusal and also overcomes the limitation of picture fuzzy set

[7], which is very useful in decision-making problems.
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Definition 10 [16]: “A g-rung picture fuzzy set (q-RPFS) U, in X (universe of dis-

course) is given by
U, = {< z, pu, (), 70, (), wy, (z) >z € X };

where py, : X — [0,1], 7y, : X — [0,1] and wy, : X — [0,1] denotes the degree
of positive membership, degree of neutral membership, and degree of non-membership

respectively and for every x € X satisfy the condition

0 < pp, (2) + 777, (%) + wp, (2) <1

and the degree of refusal for any picture fuzzy set U and x € X is given by Oy, (x) =
(:/1 — (p (x) + 78 (2) + W (1))

Definition 11 . “Let U, and V), be any two q-rung picture fuzzy sets, then some of

the basic operators for these sets are as follows [16]:

(@) Uy Vy = (4o, + o¥, — o o, 78,78, 06,0, )

_ q q q q q q q q q q
b) U,® V, = <pUppr7 ‘/Tu, T Tv, — Tu,Tv, {J/WUT, +wy, — C"Up‘*’vp> :

o ot (0= (=) ). ()" ().
(@ U = (o) 1= Q= 70)" 1= ()

Definition 12 [16] “g-rung picture fuzzy weighted geometric (¢-RPFWG) and g-
rung picture fuzzy weighted arithmetic (¢-RPFWA) operators with respect to A =
(A1, Ags s An); Ay € (0,153 77, Ay = 1, defined as follows;

q— RPFWG)\(Ul, UQ, Ug, ceey Un) = {

q— RPFWA)\(Ul, UQ, Uv37 ceey Un) =




1.2 Literature Survey

In this section, there is a brief literature review that is relevant to our presented work

as follows:

1.2.1 Discriminant Measures

The notion of discriminant /cross-entropy measure was first developed by Kullback
and Leibler [17] which states that this measure gives the difference between the two
discrete probability distributions. Then, Bhandari & Pal [18] investigated and ex-
panded the discriminant measure under a fuzzy environment and gave the new no-
tion of fuzzy discriminant measure. Fan and Xie [19] presented a divergence measure
based on the exponential function and examined its relationship to the fuzzy expo-
nential entropy. Then, the special classes of divergence measures concerning fuzzy
and probabilistic uncertainty were given by Montes et al. [20]. Further, Ghosh et
al. [21] have successfully utilized the fuzzy divergence measure in the investigation
of automated leukocyte recognition. In addition to this, Vlachos and Sergiadis [22]
introduced the discriminant measure for intuitionistic fuzzy setup, which is analogous
to the cross-entropy measure of Shang and Jiang [23]. For the validation of the dis-
tance and discriminant measures, a new set of axioms were introduced by Wang et al.
[24] and Hung et al. [25]. The discriminant measure for the intuitionistic fuzzy setup
was introduced by Li [26] and Hung et al. [27] presented the J- divergence measure
for the same sets with their utilization in the pattern recognition application. Fur-
ther, Bajaj et al. [28] presented a R-norm intuitionistic fuzzy cross-entropy measure
with its utilization in image thresholding applications. Also, Gandotra et al. [29]
introduced parametric entropy under “K-cut” and its distance measure for applica-
tion in decision-making problems. In addition to this, the bi-parametric discriminant

measure for Pythagorean fuzzy sets were given by Guleria & Bajaj [30]

Guiwu Wei [31] introduce the idea of discriminant/cross-entropy measure for pic-

ture fuzzy environment and devised picture fuzzy cross entropy as lpps(A, B) which
satisfies two axioms - Ippg(A, B) > 0 and Ippg(A, B) = 0 if and only if A = B.

Iprs(A, B) can also be called discriminant information measure for PFSs. In general,
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for fuzzy sets Ips(A, B) # Ips(A, B). However, for PFSs, Iprs(A, B) = Iprs(A, B)
holds.

The main goal of multi-criteria decision-making techniques is to attain the best possi-
ble optimal alternative assessed under a certain set of criteria. Numerous researchers
have worked on the different methodologies for solving the decision-making prob-
lems. In literature, Hwang and Yoon [32] proposed the “Technique for Order Prefer-
ence by Similarity to Ideal Solutions (TOPSIS)” decision-making technique, Opricovic
[33] devised the “Visekriterijumska Optimizacijai Kompromisno Resenje (VIKOR)”
methods. Wang et al. [34] modified the TOPSIS technique with a fuzzy analytic
process for the establishment of radioactive plants in “Vietnam”. Also, Pamucar [35]
developed the notion of “Geographical Information Systems (GIS)” under the clas-
sical technique of “Best-Worst Method (BWM)” and applied it to the assessment of
wind turbine locations. Further, Joshi [36] estimated the election results in a polling-
bound nation utilizing the VIKOR technique in a picture-fuzzy environment. Yue
[37] extended the VIKOR approach to the group decision-making model for assessing
the issues related to software reliability and specific experimental studies. Goccer
[38] selected a sustainable supply chain approach in an interval-valued picture fuzzy
environment by combining the VIKOR method with the analytical hierarchy process
in Catastrophic Disruptions. To address the issue with opinion polls, Arya & Kumar
[39] expanded the use of VIKOR and TODIM procedures based on picture fuzzy in-
formation measures. A picture fuzzy-Choquet integral-based VIKOR approach was
proposed by Singh & Kumar [40] to address supplier selection problems. Dutta et al.
[41] introduced a new decision-making methodology based on type-2 fuzzy linguistic
variables for solving the multi-attribute problem. Also, Tripathi et al. [42] developed
a new CRITIC-RS-VIKOR decision-making technique under the intuitionistic fuzzy

environment for the assessment of renewable energy source assessment problem.

1.2.2 Soft Set Theory

In the literature, numerous theories have their shortcomings in addressing the impre-
ciseness, vagueness and ambiguity because of the inclusion of multi-attribute tools

introduced in the field of engineering, socio-economic situations and other decision-
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making problems. To cover the multi-attribute feature of the parameters involved
in various uncertainty components, Molodtsov [8] proposed a new set called soft set.
Further, the new notion of soft set has been utilized by various researchers with
many extensions of fuzzy sets as fuzzy soft sets (FSSs) [9], Intuitionistic fuzzy soft
sets (IFSSs) [10], Pythagorean fuzzy soft sets (PyFSSs) [43], picture fuzzy soft sets
(PFSSs) [11], for various decision-making applications. Further, Das et al. [44] intro-
duced the new concept of neutrosophic soft matrix and successfully applied it to the
group decision-making problem of selection of business sectors. Further, a modified
decision-making methodology has been developed by Salsabeela et al. [45] with the

incorporation of ¢-rung orthopair fuzzy soft sets.

Various decision-making techniques satisfy the essential requirements for evaluating
the best possible alternative. Keshavarz Ghorabaee et al. [46] developed the “(Evalu-
ation Based On Distance from Average Solution) EDAS” decision-making technique
which is found to be very useful while dealing with conflicting criteria. The EDAS
technique computes the “positive distance from the average and the negative distance
from the average from the averaging value”. The greatest value of positive distance
and the lowest value of negative distance will be used to evaluate which option is
the most suitable among the available ones. The EDAS technique has the virtue of
applying to the average value solution alone, which is particularly useful given the
tactile property among decision-makers resulting from an uncertain environment. For
solving real-life decision-making problems, the EDAS (Evaluation Based On Distance
from Average Solution) technique has been merged with multiple dimensions through
distinct fuzzy set extensions. A new modified EDAS-based methodology has been
developed by Kahraman et al. [47] for the choice of a proper solid waste disposal
site. Then, Peng and Liu [48] developed some new similarity measures for the neu-
trosophic soft sets and presented a modified EDAS technique with application in the
decision-making problem. Further, Feng et al. [49] also gave a new form of EDAS
methodology in the hesitant fuzzy environment with the involvement of linguistic pa-
rameters. In addition to this, Zhang et al. [50] introduced a picture fuzzy aggregation
operators oriented EDAS model for a decision-making problem based on score and

accuracy function.

The Dombi aggregation operator was utilized to evaluate renewable energy projects,
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such as solar, wind, and hydroelectric energy, based on criteria like cost, environmen-
tal impact, and efficiency. This method provided more reliable results when handling
uncertain or incomplete data, leading to the selection of projects with optimized per-
formance and resource allocation [51].In healthcare, Dombi operators were applied
to analyze multi-criteria evaluations of treatment plans for chronic diseases. By ag-
gregating patient data effectively, the method improved the accuracy and reliability
of treatment recommendations, resulting in better patient outcomes [52]. Dombi op-
erators have also been implemented in credit risk evaluation, where their ability to
handle nonlinear aggregation provided improved decision-making models for credit
scoring, enhancing the reliability of risk predictions [53]. Applied in urban planning
and sustainability projects, the Dombi aggregation operator enabled the evaluation of
ecological impacts under uncertain conditions. This facilitated better policymaking

and resource management strategies [54].

1.2.3 Hypersoft Theory

In the different fields of mathematical sciences, like probability, fuzzy information
and interval mathematics are regarded as the mathematical tools for solving complex
situations involving a variety of uncertainties. It has been observed that it is not
easy to handle the inconsistent and imprecise information involving the multi-sub-
attribute feature in the parameters of the corresponding alternatives. To overcome
such shortcomings in the decision-making processes, Smarandache introduced the
notion of a hypersoft set (HSS) that handles multi-sub-attribute features. Hypersoft
set has the extra capability to deal with any kind of vague and ambiguous information.
Nowadays, there is a great deal of admiration in the field of soft computing for
the theory of HSS and its expansions. Fuzzy Hypersoft Sets (FHSS) [14] were also
introduced by Smarandache to address uncertainty about the sub-attribute family of
parameters. Also, Smarandache [14] has also explored the idea of an Intuitionistic
Fuzzy Hypersoft Set (IFHSS) to incorporate the indeterminacy component in the
sub-attribute family of parameters. Further, Zulqarnain et al . [15] introduced the
notion of a Pythagorean fuzzy hypersoft set (PyFHSS) along with operation laws,
algebraic properties and correlation coefficients for the successful utilization in the

decision-making application.
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The concept of similarity information measures for the assessment of how two or
more objects are similar cannot be underestimated. These measures are significant
in every field of science and engineering. The similarity information measures are
utilized in various areas of “pattern recognition, region extraction, coding theory,
image processing, region extraction, coding theory, medical diagnosis, etc.” In liter-
ature, researchers developed the similarity measures for the various setups of fuzzy
sets “fuzzy sets, vague sets, soft sets, and fuzzy soft sets”. For the hypersoft ex-
tensions, Saqglain et al.[55] developed the distance as well as similarity measures and
proposed the modified TOPSIS methodology under a neutrosophic hypersoft environ-
ment. Further, on similar lines, Jafar et al.[56] presented the trigonometric form of
similarity measures for neutrosophic hypersoft sets and utilized them in the renewable
energy source selection problem. In addition to this, Rahman et al. [57] also gave
the modified decision-making methodology based on the similarity measures for intu-
itionistic fuzzy hypersoft sets. Kaur and Garg [58] introduced the similarity measures
for picture fuzzy hypersoft sets and applied in supplier selection problem. In addition
to this, some other kind of similarity measures for picture fuzzy hypersoft sets have

been given in the literature for environmental risk assessment [59].

1.2.4 AHP/WASPAS Decision-Making Techniques

The Analytic Hierarchy Process (AHP) [60], was introduced by Thomas L. Saaty in
the 1970s which provides a hierarchal framework for observing and solving complex
decision-making scenarios. Through this decision-making technique, decision-makers
can make the best possible decisions with the reduction of complex situations into a
series of pairwise comparison matrices and then analyze the results. While dealing
with multiple criteria in difficult real-life circumstances, the AHP has produced effec-
tive results in the situations where decision-maker’s knowledge is aggregated through
various questionnaire forms. As a result, the AHP has been widely applied in many
areas such as “traffic management [61], project risk assessment [62] or decision support
systems [63]”. In recent years, numerous researchers have explored the various types
of the AHP technique along with the combination of different fuzzy extensions for
solving decision-making problems [64]. Laarhoven and Pedrycz [65] modified the AHP

technique with a triangular form of fuzzy numbers, and Buckley [66] also developed
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the hierarchical structure of the AHP technique in its form. Sadiq and Tesfamariam
[67] introduced the “intuitionistic fuzzy analytic hierarchy process (IF-AHP)” and
applied it to the environmental decision-making problem. Kahraman et al. [68] pre-
sented the AHP technique for the interval type-2 fuzzy sets, and Zhu and Xu [69]
developed the modified decision-making methodology for the hesitant fuzzy sets.

The weighted aggregated sum product assessment (WASPAS) [70] was developed by
Zavadskas et al. in 2012 which combines the principles of the “Weighted Sum Model
(WSM) and the Weighted Product Model (WPM)”. Turskis et al. [71] apply the
fuzzy form of the WASPAS technique for the building site selection problem. Then,
Ghorabaee et al. [72] blended the WASPAS technique with interval type-2 fuzzy sets
for the assessment of the best possible provider in the distribution systems. Further,
Zavadskas et al. [73], [74] modified the WASPAS technique with a mix of single-
valued neutrosophic set, interval-valued intuitionistic fuzzy numbers and applied in
decision-making applications. Also, Nie et al. [75] developed the all-new WASPAS
methodology in an interval-valued neutrosophic environment for the assessment of

the best possible solar wind power station.

1.2.5 Motivation & Research Gap

The idea of uncertainty is one of the many paradigm shifts that science and math-
ematics have experienced in this century. Real-world circumstances are frequently
ambiguous and unpredictable, making it difficult to express these situations exactly.
For a complete description of these kinds of situations, one would require far more
detailed data to recognize, process and comprehend such issues. The inherent ambi-
guity of human choices as well as the objects being full of uncertainty, the criteria
values and /or weights of criteria involved in the multi-criteria decision-making prob-
lems are not always expressible in crisp numbers. The best way to deal with such
situations is a theory of fuzzy set which is characterized by the membership function
and is appropriate to manage such issues. Atanassov extended the FS to an intu-
itionistic fuzzy set by including the degrees of the dismissal and indeterminacy called
non-membership and hesitancy degrees into the investigation. Yager revealed that

the existing structures of the fuzzy set and the intuitionistic fuzzy set are not capable
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enough to depict human opinion in a more practical /broader sense and introduced the
notion of Pythagorean fuzzy set which effectively enlarged the span of information by
introducing the new conditional constraint. Pythagorean fuzzy set is characterized
by a membership value and a non-membership value such that the squared sum of
these values is < 1. Cuong and Kreinovich developed the picture fuzzy set which
has the involvement of a maximum number of uncertainty components to deal with
the ambiguous information in a better way. During our review of the literature, we

discovered that:

e Picture fuzzy set presents three uncertainty components: positive membership,
neutral membership, and negative membership. This gives a more detailed way
of representing the uncertain information as compared to the traditional fuzzy

and intuitionistic fuzzy sets.

e With the incorporation of neutral membership, the picture fuzzy set gives a
comprehensive framework for modeling real-life problems where the decision-
making is not only in the form (true or false) but may have the inclusion of

indecisiveness.

e Picture fuzzy sets can be modeled with various other fuzzy systems and meth-
ods, strengthening their capacities and giving a more extensive set of tools for

handling vague information.

e In the literature survey, we have observed that picture fuzzy discriminant mea-
sures help in better handling ambiguous and imprecise information by consider-
ing multiple dimensions of membership values. This leads to more reliable and

robust decision-making outcomes.

e With the utilization of picture fuzzy soft-hypersoft set up together with the
notion of Dombi norms, picture fuzzy hypersoft matrices allows for better han-
dling of conflicting criteria and provide a framework to incorporate different

types of uncertainty in the decision-making process.

e Further, by leveraging g-rung picture fuzzy sets into AHP/WASPAS decision-
making techniques, a more comprehensive evaluation of alternatives can take

place by taking into account multiple criteria and the associated uncertainties.
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1.2.6 Objectives of the Study

Based on the above literature survey, motivation and research gap the following ob-

jectives have been designed as follows:

e Utilization of bi-parametric picture fuzzy discriminant measure in VIKOR and

TOPSIS techniques for the assessment of hydrogen fuel cell technology.

e Construction of picture fuzzy soft Dombi operators along with EDAS technique

for the prioritization of agricultural farming.

e Development of picture fuzzy hypersoft matrices for assessing the best possible

renewable energy sources.

e Proposition of hybrid g-rung picture fuzzy AHP/WASPAS techniques for the

green supply chain management in the energy sector.
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Chapter 2

Picture Fuzzy Bi-parametric

Discriminant Measure in Decision
Making

In this chapter, a new picture fuzzy discriminant /cross-entropy measure involving the
parameters R, S has been presented and applied in the VIKOR & TOPSIS multi-
criteria decision-making techniques. This discriminant measure provides more flex-
ibility and comprehensiveness in comparison to the existing techniques in the lit-
erature. The presented techniques are utilized in the mathematical model for the
evaluation of “hydrogen fuel cell (HFC)” technology which gives structural analysis
for the expert. While developing the model, the evaluation criteria, criteria weights,
and step-by-step performance evaluation of HFC technologies for each criterion in the
picture fuzzy framework were taken into consideration. Further, a study of compari-
son on the helpful observations along with the consistency analysis has been provided

to show the effectiveness of the presented work.

17



2.1 Development of (R, S)-Norm Discriminant Mea-

sure Under Picture Fuzzy Framework

This section involves a novel notion of “(R, S)-Norm picture fuzzy discriminant mea-
sure” which is analogous to the notion given by Suman and Gandotra [76]. For any two
picture fuzzy set U and V € PFS(X), a bi-parametric picture fuzzy discriminant

measure is defined as follows:

(v (:) pv ()= + 70 (a3) 7y (24)

RXS S| wo(@)Swr ()0 + Oy ()56 (2,) 0 ) .

; — (pu (@) Ry ()~ 47y () By () O Rl 7
|+ wo(i) oy (2) T 4 Oy () MOy ()1 0)

Uyl

(2.1.1)
where R, S > 0; either0 < S<landl < R<ooor0<R<landl< S < 0.

Since, the measure I3(U, V) is not symmetric. Therefore, a symmetrized form of
the measure I3(U, V) may be defined as:
IHU, V) =T5(U, V) +I%(V,U). (2.1.2)

Guiwu Wei [31] presented the new concept of cross-entropy/discriminant measure for
the picture fuzzy framework and devised “picture fuzzy cross entropy” notated as
Ipps(A, B) which satisfies two axioms - “Ippg(A, B) > 0 and Iprg(A, B) = 0 iff
A = B. In general, for fuzzy sets Ipg(A, B) # Ips(A, B). However, for PFSs,
Iprs(A, B) = Iprs(A, B) holds.”

Theorem 1 The proposed measure 13,(U, V) is a valid picture fuzzy discriminant mea-
sure for allU, V € PFS(X).

Proof : First, we prove that I5(U, V) > 0 with equality if py(x;) = py (), 7v(2;) =

v (z;) and wy(z;) = wy(x;) for all i =1,2,... n.

Let Y pul(zi) = a, Y pv(x;) = b, Y 1u(zy) = ¢, domv(zy) =d, Y wyle) =e &
i=1 i=1 i=1 i=1 i—1
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"ol (vt
() () =
(pu(x:)%) (pv () 79)) > @b 5. (2.1.3)
Similarly, we have |
Tu(2;) S /7 (x;) (1=5
> () () =
Z(m(a:»S) (r () =)) > 5d' 5, (2.1.4)
wy () S wy (x;) (1-5)
> () () =
> (wur @) (wr () 79) = 1 (2.1.5)
and
D (00 (x:)%)(Ov (@) ) = (n—a-c—e)’(n—b—d— f)'° (2.1.6)

i=1

It may be noted that the validity of these inequalities is in accordance with the
empirical proof of them in view of the imposed restrictions on the parameters refer

[30].

From equations (2.1.3), (2.1.4), (2.1.5) and (2.1.6), we get

n

> pu () py ()5 7y () 1y (24) )+ w () 5wy ()15 + Oy (a4) 5y (a23) 0 )
i=1
> a5 + A+ + (n—a—c—e)¥(n—b—d— )15
(2.1.7)
Casel:0<S<land1l< R < .
Let pu(2:)° py ()= + 7y (3) 57 () U ey () Swy (20) 5 400 (23) 50y () 1) =
Zi.

Since z; < 1 and § > 1, therefore, z; > (zi)%.
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As £X5_ <0, then

n(S—R)
ngii>,[%ﬁ}>-€?€5 (2i) (2.1.8)
and for R > 1,
RxS < RxS <&
n(S - )Z[ } m;(%)- (2.1.9)

1
Therefore, from (2.1.8) and (2.1.9), we have I3(U, V) > 0 and if py(x;) = py (),
() = v (2:), wo(7;) = wy(x;) in (2.1.1), have I%(U, V) = 0. Hence, conclude that
I%(U, V) > 0.

Next we prove the convexity of I5(U, V) in this case.

For 0 < § < 1, equation (2.1.7) may be written as

TUnf=

(zomm>m<ﬂ1$+m@ﬁwwMP®+ummfwumls+%uf%<Ml%)
i=1

< (@04 I+ eSS + (n—a—c—e)(n—b—d— f)1‘5)§
Also, we can write the above equation as

il[(PU(xi)Spv(xi)(ls) (@) St ()0 4w () Swy () ) + 0y ()5 0y () 1- S))é]

1
< [z (w5 ov(@)0=9) + 7(e)S (@)1= + wp(a) Sy (@)1= + 8 ()50 (2:) 1 S»}
=1
(2.1.10)
Next, for R > 1, from equation (2.1.6), we have

(§°”<>Pﬂ DR 1y () Py () 0P+ wp () Ry (20) P + 8y (« W%(%lmﬂR
> (@R 4 BRI R 4 PR 4 (0 a—c—e)f(n—b—d— f)"R);

and the above equation can be written as

NgE

[(p (@) Fpy (2:) T+ 7y (a0) By () ) + wpr () By (22) T+ O (a00) Oy (i) R))}%]

7

=

1
[i pu (@) oy (@) IR 4 7 (@) oy (20) R 4w (i) ooy ()0 + 0y () R0y (:) 1 R))}
) (2.1.11)

Since (RXS < 0, therefore, from (2.1.10) and (2.1.11), we get

Rx S

]I,S%(U,V)zn(siR)

{a®p' =5 + a5 + 5175 4 (n—a—c—e)s(n—b—d—f)l_s}%
—{a®!' R 4 R@ R p R4 (n—a—c—e)R(n—b—d—f)l_R}% .
(2.1.12)
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Further, if we take

W(a,b) = RxS {asblfs—kcsdlfs—kesflfs + (n—a—c—e)s(n—b—d—f)lfs}
" n(S—R) —{afV R4 RP R L eBfI-R 4 (n—a—c—e)ff(n—b—d— )11} ’
then
a)\S-1 n—a—c—e 51
Qo o) _ R x5 {5(5) - o) } (2.113)
a B n S - R a R-1 n—a—c—e Rl 7 o
¢ ( ) - {R(E) _R(n—b—d—> }
and
S(S—l) a S_2 S(S—].) n—a—c—e 5_2
32¢(a7 b) R x S { b (Z) Ry <n—b—d—f> } -
SRy Jmen gy mmn, ()™
(2.1.14)

This proves the convexity of ¢¥(a,b) in a. Further, the minimum value of the mea-

sure will be 0 for & = 2:1?:5:;' For a = b, ¢ = dand e = f, value of the measure

becomes 0.
Case2: S > land0 < R < 1.
Let pU(xi)SpV(mi)(l_S) + TU(xi)STV(:Ui)(l_S)—i-wU(xi)swv(xi)(l_s)—i-@U(xi)SHV(xi)(l_s) =

;. Since z; < 1 and 1 < 1, therefore, z;, < (2 5,
S )

As £X5_ > 0, therefore,

n(S—R)
RxS & . RxS &
e NE| > 2 ); 2.1.1
n(S — R) & [@)S} TS —R) & (z4); (2.1.15)
and for 0 < R < 1,
R x S <& . RxS &
\k XD N 2.1.1
n(s - R) &= )F] > (S — R) ;(Z” (2.1.16)

Therefore, from (2.1.15) and (2.1.16), we have I3(U, V) > 0.
If py () = pv(2:), Tv(2:) = 7v () and wy (z;) = wy (7;) in (2.1.1), we have I5(U, V) =
0.

which concludes I%(U, V) > 0.
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Similarly, the convexity of I5(U, V) can be done same as Case 1.
In the last,
I3 (U, V) > 0, where equality holds only when

pu(xi) = pv(z;), 7v(x;) = 7v(2;) for every ¢

and a = b, ¢ = dand e = f, i.e., U = V. Therefore, I5(U,V) is a well-defined

“bi-parametric picture fuzzy discriminant measure”.

2.2 MCDM Methodology Based on (R,S)-Norm

Picture Fuzzy Information

In this section, we introduce two revised decision-making methodologies which are based
on VIKOR and TOPSIS techniques that take into account the concepts of bi-parametric

picture fuzzy information measures.

Consider a problem of multi-criteria decision-making, where A = {Ay, Ay, ..., A}
be the set of available alternatives and E = {E}, Es, ..., E,} be the set of criteria. For
opinions on the available alternatives w.r.t.each criterion, let D = {D;, Dy, ..., D;}
be the set of experts/decision-makers who assesses the alternatives and give their de-
cisions in terms of qualitative variables. Let R, = (vfj), 1 =1,2,....,mand j =
1,2,...,n be the qualitative matrix which is given concerning individual expert, say
kth expert, where vfj gives the evaluation of alternative A; in reference with criterion

C;, in the form of qualitative variables.

Further, to find the appropriate and the most promising alternative out of the
m alternatives, we developed a revised methodology based on VIKOR/TOPSIS tech-
niques that take into account the (R,S)-Norm picture fuzzy information measures.
To illustrate the suggested method, we describe the procedural steps by dividing them

into two stages as shown in Figure 2.1.

The various mathematical procedural steps involved in the proposed methodology

is shown as under:

e Step 1: Evaluation of the Criteria by Experts
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Criteria Evaluation by Expert’s Weights Aggregation of Picture
Experts Evaluation Fuzzy Expert Matrix
Evaluation of Criteria’s Weights "

N o Normalization of

Using (R, S)-Norm Picture Fuzzy .
Aggregated Matrix

Entropy
v

Compute the Best and the Worst
Solution
1

Picture Fuzzy VIKOR

Method

Picture Fuzzy TOPSIS
Method

the basis of (R, S)-Norm Picture Fuzzy with respect to the Best and the Worst
Discriminant Measure Solution

¥
Ranking of Alternatives

Evaluation the Coefficient of
Relative Closeness
Compute the Compromise
Solution

Ranking of Alternatives

Compute the Individual Regret, Compromise Compute the (R, S)-Norm Picture Fuzzy
and Utility Measure for each alternative on Discriminant Measure of each alternative

Figure 2.1: VIKOR & TOPSIS - (R, S)-Norm Picture Fuzzy Information Measures

In connection with the picture fuzzy number, selected experts give their valuable
opinions for individual criteria with the help of the defined set of qualitative vari-

ables.

e Step 2: Assessment of the Expert’s Weights

In a decision-making situation, it is noted that figuring out the decision maker’s
weight is crucial. We suppose the main component of expert is computed by the
pre-defined qualitative terms and expressed in the terms of picture fuzzy num-
bers. Analogous to the formula given in [78], the weight of k™" expert is com-
puted as:
o= ot ] (22.1)
kZ::l J [,ﬁ}

!
where Y~ ¢ =1 and ¢, >0V k.

k=1

e Step 3: Computing the Aggregated Picture Fuzzy Expert Matrix

For aggregating each of the expert matrices into one cluster based on the expert’s

perception, we shall make use of an average aggregation operator to formulate
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the aggregated expert matrix. Further, we apply the following picture fuzzy op-
erator given by Wei [77]:

R = [(Fij)]mxn, where 7;; is

l l l
~ l
Fiy = PFW A, 0, ol)) = (1 — I = e ] ()% H(wij)%)

Step 4: Normalization of Picture Fuzzy Expert Matrix

To evaluate all the criteria on a equal footing, it becomes utmost important
to normalize them before their application in the methodology. Therefore,
the expert matrix R = [7ijlmxn 1s transformed to another expert matrix, say,
R = [ij]mxn Where 7;; is given by

Ti;, for benefits criteria ;
(2.2.3)

=C
TZ] 3

Tij = (pij, Tij, Wij) = {

for cost criteria.

Step 5: Computing the Weights of the Criterions

It may be observed that the order of ranking of the alternatives will be affected
by considering distinct criteria weights. To avoid such shortcomings, we com-
pute the criteria weights by utilizing the (R, S)-Norm picture fuzzy information

measure as follows:

1 — e
ﬁjz—nej,j = 1,2,...,n; (2.2.4)
n—>ej
j=1

where e; = L 3" H{(2;), and

1

HS Zii) = LXS - l (pU(xi)S+TU($7;)S—|—wU(xi)S+9U(xi)S)§
" s ; ! — (pu (@) + 7y (x:) " + wu(e)® + 0y (2:)7)

=

is the (R, S) picture fuzzy entropy for z;; = (pij, ¢ij)-

Step 6: Evaluation of “Best/Worst Solution”

In this step, “the best and the worst” solution are computed in terms of picture fuzzy
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ideal solution 7“;-" and picture fuzzy negative ideal solution r;, as follows:
max p;j, for benefit criterion Cj,
(]
7“;7 = { min 75, for cost criterion Cj, (2.2.5)
1
min w;j, for cost criterion Cj;
1
and
.
min p;;, for benefit criterion Cj,
K3
r; = { maxTj, for cost criterion Cj, (2.2.6)
7
max w;;, for cost criterion Cj.
1

Remarks: In stage 1, the above-mentioned six steps remain the same for both tech-
niques. Now, based on the choice of the individual or any organization, we may choose
to go either for the picture fuzzy VIKOR or picture fuzzy TOPSIS methods. The pro-
cedural steps of the two methods have been given in two parts as follows:

— Picture Fuzzy VIKOR Method

With the presumption that a compromise is acceptable, Opricovic [33] created one of
the key MCDM methodologies, the VIKOR (VIseKriterijumska Optimizacija I Kom-
promisno Resenje), to address decision making problems with opposing criteria. This
approach is one of the MCDM techniques that is frequently used in literature to com-
promise solutions that simultaneously satisfy all the incompatible criteria. In addi-
tion to the calculations for the six steps mentioned above, perform the following ad-

ditional computations to complete the decision-making process below:

Step 7: Necessary Measures for all the alternatives

Here, we compute Group Utility S;, Individual Regret R; & Compromise Mea-
sure ); of each A; by making use of the concept of (R,S)-Norm picture fuzzy dis-

criminant measure. Further, we use the following formula to obtain these measures for

choices A; (i =1,2,...,m) as under:
n ]IS (TJF 7«,.)
R ) 1]
Si = Z’ﬁj ’ 5 (2.2.7)
j=1 Ig (7';_,7"._>
H% (’I”J ,7“@')
R; = max 9, ; (2.2.8)
Isjsn " 13 (r'-*' rj_>
] b



and

<S¢ — min SZ-> (Ri — min Ri)
Qi=y + -y . (2:2.9)
(max Si; — min S’i) <max R; — min Ri>

Here, y and 1 — y represents the weights of the maximum group utility approach and

the weight of individual regret respectively.

Step 8: Ordering of the Alternatives

Next, the ranking of the corresponding alternatives can be done based on the values

of S;, R;, QQ; in the decreasing order.

Step 9: Computing the Compromise Solution

To have the optimal and unique solution, the available alternatives must satisfy the fol-

lowing constraints:

— (C1- Advantage within the Range of Acceptability

Q(Ap) — Q(An)) = ! (2.2.10)

“m-1
where A(;) and A(y) are the first two optimal alternatives which are computed

from the measure of Q).

— (- Stability which is Acceptable in Decision-Making
It may be noted that A(;) must be the top ranked by S; or/and R;. For a de-
cision problem, the compromise solution is stable and may be the fixed highest

utility (for y > 0.5) or unanimous (for y > 0.5) or with prohibition (for y < 0.5).

Additionally, if the constraint C7 is not fulfilled, then the highest value of B should
be determined and obtained from the expression “Q(A(g)) — Q(A(1)) < —L_:” where
B denotes the random position in the ranking of the alternatives to the most suitable
one. As a result, for somei = 1,2,...,m, the alternative A() is the acceptable choice.

— Picture Fuzzy TOPSIS Method

The “TOPSIS(Technique for Order of Preference by Similarity to Ideal Solution)”
method for MCDM was developed by Hwang and Yoon [32] which has been extensively
applied. The basic underlying strategy is to pick an alternative with the “minimum
geometric distance” from the “positive ideal solution (PIS)” and the “maximum geo-

”

metric distance” from the “negative ideal solution (NIS)
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In continuation of the above-mentioned six steps of stage 1, we carry out some more

computations to complete the decision process as below:

e Step 7: Calculation of “(R,S)-Norm Discriminant Measure”

We compute the discriminant measures of the alternatives A;’s Vi =1,2,...,m from

7‘;7 and 7 respectively using the discriminant measure (2.1.1).

e Step 8: Computation of ” Coefficient of Relative Closeness”

We calculate the “coefficient of relative closeness”, i.e, CRC;’s , (i = 1,2,...m) as

_ H%(Ai,’l“j_)

CRC; (2.2.11)

e Step 9. Ordering of Alternatives

Thus, the ordering of the alternatives can be done by listing the obtained score of the
coeflicient of relative closeness in the increasing order i.e., the maximum score would

represent the optimal alternative.

Hence, we have systematically provided novel VIKOR and TOPSIS decision-making
approaches with the incorporation of the proposed (R, S)-Norm picture fuzzy informa-

tion measures.

2.3 Methodologies for Hydrogen Fuel Cell Technol-

ogy Assessment

In this section, we incorporate the (R, S)-Norm picture fuzzy information measures in
VIKOR/TOPSIS algorithms. The HFCs under consideration must have been chosen
after careful consideration and expert consultation. Based on the expert’s judgment
and the body of relevant literature, all factors influencing the cell assessment have
been established. The alternatives which are to be assessed include household electric-
heat composite systems [79], portable fuel cell power facilities [80], distributive fuel
cell power generation systems [79], [81] and fuel cell backup power systems [82],
[83], [79]. These are the five available HFCs, say, H, Ho, Hs, Hy & Hs, which are
to be assessed in solving this problem. These HFCs have been thoroughly assessed

referring to the four major criteria and 19 sub-criteria (Refer Table 2.1) and shown in
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Table 2.1: Study on Classification of Assessment Criteria in HFC Technology

“Major Criteria” “Sub-criteria” “Existing Literature” | “Classification”

Acquisition cost (E1) [84] Cost
Economic Cost of use (E2) [85] Cost
Logistics costs (E3) [86] Cost

Quantity discount (Ey4) [87][88] Benefit

Global market demand (Es) [89] Benefit

Energy efficiency (FEg) [90] Benefit

Environment Carbon-dioxide emission (E7) [91] Benefit

Geographical location (Eg) [92][93] Benefit

Environment-friendlily (Fo) Benefit

Safeguards (E10) [94] Benefit

Society Use environment maturity (E11) [94] Benefit

Social acceptability (E12) [95] Benefit

Fulfilling the urgent requirements (E13) [96] [97] Benefit

Information disclosure (E14) [98] [99] Benefit

Reliability (E15) [100] Benefit

Technology Capability System Performance (FE1¢) [89] Benefit

Product maturity (E17) [95] Benefit

Product development potential (E1g) [95] Benefit

Domestic technological ability (E19) [80] Benefit

Figure 2.2. Now, this model under the expert’s opinion and criterion weights using
the picture fuzzy orientation to VIKOR/TOPSIS technique, problem of choosing the

best potential hydrogen fuel cell from the set of possibilities is being analytically

solved.

Steps to Solve the Selection Problem Procedurally:

e Step 1. The decision-makers provided qualitative computations of the 19 cri-

teria that are under consideration (Table 2.5) and converted them into picture

fuzzy information by making use of pre-defined numerical ranges on the picture

fuzzy number scale provided in Table 2.2. Given Table 2.3 and the five avail-
able hydrogen fuel cells Hy, Hy, Hs, Hy & H5, the experts define the linguistic

information for each of the 19 criteria (Table 2.4) and has been converted into

picture fuzzy information.

e Step 2. Further, we discuss the significance of the expert’s opinion by making

use of qualitative variables which are converted into picture fuzzy information

using the defined quantitative ranking in terms of picture fuzzy numbers. These
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Hydrogen Fuel Cell Criteria’s Assessment

r r
. . . Technolo;
Economic Environment Society " ‘gy
Capability
Acquisition cost al Energy efficiency | Safeguards al Reliability |
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Figure 2.2: Hydrogen Fuel Cell Criteria’s Indicators

Table 2.2: Qualitative variables for Ranking the Weightage of Criteria and Decision
Makers

Table 2.3: Qualitative variables for computing the performance of alternatives

Qualitative Term PFNs
“Extremely Important (EI)” | (0.83, 0.04, 0.11)
“Very Important (VI)” (0.60, 0.05, 0.21)
“Important (I)” (0.53, 0.12, 0.25)
“Less Important(LI)” (0.45, 0.15, 0.30)
“Very Less Important (VLI)” | (0.30, 0.25, 0.35)

Qualitative Term

PFNs

“Absolutely High (AH)”

(0.83, 0.04, 0.11)

“Very Very High (VVH)”

(0.75, 0.05, 0.15)

“Very High (VH)”

(0.62, 0.1, 0.2)

“Very Low (VL)”

(0.25, 0.30, 0.43

“Very Very Low (VVL)”

“High (H)” (0.55, 0.11, 0.25)
“Medium High (MH)” | (0.50, 0.15, 0.30)
“Medium (M)” (0.45, 0.20, 0.35)
“Medium Low (ML)” (0.40, 0.22, 0.37)
“Low (L)” (0.35, 0.25, 0.40)

)

)

(0.15, 0.35, 0.48
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Table 2.4: Qualitative Computation for Ranking of the Alternatives by Experts

Hq H, Hs Hy Hs

Eq (H, M H, M) (H, M H, M L) (MH, H, VH) (VV H, VV H, H) (M, VH, H)
Eo (M H, M, V L) (H, V H, V H) (V H, M H, M H) (VH, VH, VH) (V H, M, M H)
Eg (VL L, ML) (M L, L, ML) (H, M, V L) (VH VL ML) (VV L VL, L)
Ey (L, M, M) (V L, ML, M L) (M H, VL ML) (V H, HA M L) (ML, VL VVL)
Es (VL VL VL) (M L, L, L) (V H, M, M L) (VH VVH VV H) (L, VL ML)
Eg (VV H, M H, V H) (H, L, M L) (M L, M L, MH) (V L, H, L) (VV H, H, L)
Er (H, M, M H) (M H, M L, V L) (M L, L, VL) (MH, L, M) (V H, M, L)
Eg (M H, V H, VL) (M L, L, L) (VH ML, L) (VH, MH, VL) (V H, L, ML)
Eq (H, M L, L) (L, VV L, ML) (L, ML, VV L) (VH, MH, L) (V H, M L, L)
E1io (VV H, M H, H) (H, M L, L) (H, L, M L) (V H, H, L) (VV H, M H, MH)
E11 (ML, L, VV L (L, VV L, L) (VH ML, L) (VH L, ML) (H, V L, M H)
Eig | (VVH MH ML) | (MH ML, VL) | (MH VL ML) (M H, L, M L) (V V H, H, H)
E13 (H, M H, L) (L, M L, V L) (H, V H, M L) (H, ML, V H) (V H, M H, V H)
Ei4 (V H, H, M L) (M H, M, V L) (ML, L, VVL (H, VL, M L) (VV H ML, L)
E1s (M H, M L, L) (M H, L, M L) (H, M L, L) (V H, H, L) (V H, M H, L)
Eig (M H, H, L) (M L, M L, L) (M H, L, H) (L, L, V L) (H, M H, M)
E1i7 (V L, L, L) (M L, L, V L) (V H, H, M) (H, V H, M L) (V L, M L, MH)
Eis (VH ML, L) (H, H, V L) (V H, M L, H) (VV H, HAL M H) (VV H, H M H)
E1g (H, V L, L) (M, VL, M L) (H, M H, L) (VL VVL, ML) (H, H, M H)

Table 2.5: Qualitative Computation for Ranking the Criterions

DM, | DM, | DMs;
E, | VH |MH| H
E, | MH | ML L
Es; |VVH| M | ML
Ey H vV H L
Es| MH |MH| VH
Es | ML L VL
E. |VVL| H ML
Ex H VL |VVL
Ey | VH H H
Eio| M VL | VL
En| VL |MH| VH
En| MH | M o
Eis| ML L H
Ey| VL L L
Eis| MH | M L
Eig| M H |VVH
En| M |MH|VVL
Ews| MH | M | MH
E1g L VL L
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values are being tabulated in Table 2.2. Then, the expert’s weights are com-

puted using equation (2.2.1), and the results are summarized in Table 2.6.

Table 2.6: Experts Weights

D M1 D M2 D M3
“Qualitative Variable” VI I VVI
“Weight” 0.329621 | 0.279867 | 0.390512

e Step 3. In this step, we all expert matrices acquired from the various experts

into a single expert matrix (shown in Table 2.7) using the picture fuzzy weighted

averaging aggregation operator.

Table 2.7: Aggregated Picture Fuzzy Expert Matrix

H, H, Hs Hy Hs

E1 | (0.499,0.152, 0.300) | (0.481,0.157, 0.307) | (0.564, 0.117, 0.243) | (0.685, 0.068, 0.183,) | (0.541, 0.130, 0.262)
Es | (0.398,0.213,0.361) | (0.598,0.103,0.215) | (0.543,0.131,0.262) | (0.620,0.100, 0.200) | (0.531, 0.142, 0.274)
Es | (0.339,0.252,0.397) | (0.386,0.228,0.378) | (0.419,0.192,0.339) | (0.451,0.185, 0.315) | (0.261, 0.294, 0.433)
E4 | (0.419,0.215,0.366) | (0.354, 0.244, 0.389) | (0.399, 0.211,0.360) | (0.524, 0.140, 0.271) | (0.268, 0.288, 0.427)
Es | (0.250, 0.300, 0.430) | (0.367, 0.240, 0.390) | (0.496, 0.165, 0.297) | (0.713, 0.063, 0.165) | (0.344, 0.250, 0.396)
Es | (0.643,0.089, 0.204) | (0.442, 0.181, 0.332) | (0.441, 0.189, 0.341) | (0.385,0.211, 0.359) | (0.572, 0.117, 0.254)
Er | (0.504,0.147, 0.295) | (0.383,0.219, 0.382) | (0.330, 0.257, 0.401) | (0.442, 0.194, 0.345) | (0.480, 0.174, 0.307)
Es | (0.458,0.176, 0.308) | (0.341, 0.252, 0.400) | (0.467,0.178,0.311) | (0.465,0.172, 0.302) | (0.472, 0.176, 0.309)
Ey | (0.437,0.184,0.335) | (0.321, 0.261, 0.408) | (0.294, 0.275, 0.420) | (0.494, 0.160, 0.294) | (0.467, 0.178, 0.311)
E1o | (0.573,0.121, 0.260) | (0.437,0.184, 0.335) | (0.442,0.181,0.332) | (0.509, 0.147,0.279) | (0.602, 0.104, 0.239)
E11 | (0.297,0.273,0.419) | (0.299, 0.275,0.421) | (0.467,0.178,0.311) | (0.472,0.176,0.309) | (0.457, 0.164, 0.312)
E12 | (0.573,0.121,0.260) | (0.383,0.219, 0.366) | (0.399,0.211, 0.360) | (0.422,0.201,0.353) | (0.629, 0.181, 0.211)
Eis | (0.465,0.165, 0.316) | (0.328,0.259, 0.402) | (0.520, 0.140, 0.274) | (0.543,0.129, 0.256) | (0.590, 0.112, 0.224)
E1s | (0.524,0.140, 0.271) | (0.398,0.213, 0.360) | (0.297, 0.273,0.402) | (0.419,0.191,0.340) | (0.536, 0.141, 0.283)
Eis | (0.417,0.204, 0.356) | (0.422,0.201, 0.353) | (0.437,0.184,0.335) | (0.509, 0.147, 0.279) | (0.494, 0.160, 0.294)
E1g | (0.462,0.168,0.319) | (0.381,0.231,0.381) | (0.483,0.153,0.303) | (0.313,0.268,0.411) | (0.499, 0.151, 0.300)
E17 | (0.319,0.265,0.410) | (0.330, 0.257, 0.401) | (0.540, 0.135,0.265) | (0.520,0.140, 0.274) | (0.399, 0.210, 0.358)
E1g | (0.467,0.178,0.311) | (0.451,0.163,0.309) | (0.539, 0.129, 0.259) | (0.614, 0.096, 0.227) | (0.614, 0.096, 0.227)
E1o | (0.366,0.215, 0.360) | (0.379,0.232, 0.379) | (0.437,0.184, 0.335) | (0.288,0.277,0.418) | (0.531, 0.124, 0.268)

e Step 4. Since the first three attributes are cost type, therefore the normaliza-

tion of the above-aggregated picture fuzzy expert matrix can be done by using

equation (3.2.2), and the resulting normalized matrix is shown in Table 2.8.

e Step 5. The criteria’s weights have been computed by making use of (R, S)-

Norm picture fuzzy entropy measure which is given by [76] (here are 3 experts,

i.e., n = 3) and the resulting values are shown in Table 2.9.
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Table 2.8: Normalized Aggregated Picture Fuzzy Expert Matrix

Hy

Hy

Hj

Hy

Hs

(0.300, 0.152, 0.499

0.307, 0.157

,0.481

0.243, 0.117, 0.564

(0.183, 0.068, 0.685,)

0.262, 0.130, 0.541

(0.361, 0.213, 0.398

0.215, 0.103

, 0.598

0.262, 0.131, 0.543

0.200, 0.100, 0.620)

0.274, 0.142, 0.531

(0.397, 0.252, 0.339

0.378, 0.228

, 0.386

0.339, 0.192, 0.419

0.315, 0.185, 0.451)

0.433, 0.294, 0.261

(0.419, 0.215, 0.366

0.354, 0.244

, 0.389

0.399, 0.211, 0.360

0.524, 0.140, 0.271)

0.268, 0.288, 0.427

(0.250, 0.300, 0.430

0.367, 0.240

, 0.390

0.496, 0.165, 0.297

0.713, 0.063, 0.165)

0.344, 0.250, 0.396

0.442, 0.181

,0.332

0.385, 0.211, 0.359)

(0.504, 0.147, 0.295

0.383, 0.219

,0.382

0.330, 0.257, 0.401

0.442, 0.194, 0.345)

0.480, 0.174, 0.307

(0.458, 0.176, 0.308

0.341, 0.252

,0.400

0.467, 0.178, 0.311

0.465, 0.172, 0.302)

0.472, 0.176, 0.309

(0.437, 0.184, 0.335

0.321, 0.261

, 0.408

0.294, 0.275, 0.420

0.494, 0.160, 0.294)

0.467, 0.178, 0.311

(0.573, 0.121, 0.260

0.437, 0.184

0.442, 0.181, 0.332

0.509, 0.147, 0.279)

0.602, 0.104, 0.239

)
)
)
)
)
(0.643, 0.089, 0.204)
)
)
)
)
)

(0.297, 0.273, 0.419

0.299, 0.275

,0.421

(
(
(
(
(
(0.441, 0.189, 0.341
(
(
(
(
(

0.467, 0.178, 0.311

0.472, 0.176, 0.309)

( )
( )
( )
( )
( )
(0.572, 0.117, 0.254)
( )
( )
( )
( )
( )

0.457, 0.164, 0.312

(0.573, 0.121, 0.260)

0.383, 0.219

, 0.366

(0.399, 0.211, 0.360

0.422, 0.201, 0.353)

(0.629, 0.181, 0.211)

(0.465, 0.165 0.316)

0.328, 0.259

. 0.402

(0.520, 0.140, 0.274

(
(
(
(
(
(
(
(
(
(
(
(

0.543, 0.129, 0.256)

(0.590, 0.112, 0.224

0.524, 0.140, 0.271

0.398, 0.213

, 0.360

0.297, 0.273, 0.402

(0.419, 0.191 0.340)

0.536, 0.141, 0.283

0.417, 0.204, 0.356

0.422, 0.201

,0.353

0.437, 0.184, 0.335

0.509, 0.147, 0.279)

0.494, 0.160, 0.294

0.381, 0.231

,0.381

0.483, 0.153, 0.303

0.313, 0.268, 0.411)

0.319, 0.265, 0.410

0.330, 0.257

,0.401

0.540, 0.135, 0.265

0.399, 0.210, 0.358

0.467, 0.178, 0.311

0.451, 0.163

, 0.309

0.539, 0.129, 0.259

0.614, 0.096, 0.227)

0.614, 0.096, 0.227

( )
( )
(0.462, 0.168, 0.319)
( )
( )
( )

0.366, 0.215, 0.360

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

0.379, 0.232

,0.379

)
)
)
)
)
)
)
)
)
, 0.335)
)
)
)
)
)
)
)
)
)

~l=ll|=]|=

0.437, 0.184, 0.335

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)

(
(
(0.520, 0.140, 0.274)
(
(

0.288, 0.277, 0.418)

—_ |~~~ ~ ]~

)
)
)
0.499, 0.151, 0.300)
)
)
)

0.531, 0.124, 0.268

Table 2.9: Computation of the Criteria’s Weights

Criteria | Weights (¢;)
E1 0.0213
E> 0.0344
E3 0.0432
Ey 0.0309
Es 0.0215
Ee 0.0353
Er 0.0243
Eg 0.0209
Eg 0.0166
Eio 0.0264
E 0.0166
Eq2 0.0294
Ei3 0.0224
E4 0.0274
Eis 0.0257
Eie 0.0221
Eq7 0.0193
Ehg 0.0171
E1o 0.0226
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Table 2.10: Determination of Compromise Measure for Each HFC

Si R; Qi
Hy 0.181 0.087 0.164
Ho 0.550 0.211 0.948
Hs 0.484 0.233 0.914
Hy 0.502 0.187 0.827
Hs 0.165 0.028 0.000
Ranking Order | S5 > S1 >S3>S4>S2 | Rs >R1 >Ra>R2>R3 | Q5 >Q1>Qa>Q3>Q2

e Step 6. In this step, the calculated values of “picture fuzzy positive ideal solu-
tion” 7";7 and “picture fuzzy negative ideal solution” ;" are as follows:

rf = {(0.481,0.157,0.307), (0.398, 0.213, 0.361), (0.261,0.294,0.433), (0.524, 0.140, 0.271),
(0.713,0.063,0.165), (0.642, 0.089, 0.204), (0.504, 0.148, 0.295), (0.472,0.172, 0.302),
(0.494, 0.160, 0.294), (0.602, 0.104, 0.239), (0.472, 0.164, 0.309), (0.630, 0.121, 0.211),
( ) ( ) ( ) ( )
( ) ( ) ( )

0.590,0.112,0.224), (0.536, 0.140, 0.271), (0.509, 0.147, 0.280), (0.499, 0.151, 0.300),
0.540,0.135,0.265), (0.614, 0.096, 0.227), (0.531,0.124, 0.268)}: (2.3.1)

and

r7 = {(0.685,0.068,0.183), (0.620, 0.100, 0.200), (0.451,0.185,0.315), (0.268, 0.288, 0.427),
(0.250,0.300, 0.397), (0.385,0.211, 0.366), (0.330, 0.257, 0.430), (0.341, 0.252, 0.398),
(0.294,0.275, 0.420), (0.437,0.184, 0.335), (0.297, 0.275, 0.421), (0.383,0.219, 0.366),
(0.328,0.259, 0.419), (0.297,0.303, 0.419), (0.417,0.204, 0.353), (0.313,0.268, 0.411),
(0.319,0.265,0.401), (0.451,0.178,0.319), (0.288,0.277,0.418) }; (2.3.2)

Remark: The above-mentioned steps cover the first 6 common stages of the
proposed technique. Now, we go for the computations in two stages - the pic-
ture fuzzy VIKOR method and the picture fuzzy TOPSIS method.

— Picture Fuzzy “VIKOR” Method

e Step 7. Now by making use of equations (2.2.7), (2.2.8) and (2.2.9), we com-
pute the values of S;, R; and (); respectively. To compute the values of the com-
promise measure, we take y = 0.5. The calculated values are shown in the Table
2.10.

e Step 8. Based on the values obtained from S;, R; and (); in the above step,

the rating results are found to be as follows:
S5>51>Sg>54>52; R5>R1>R4>R2>R3; Q5>Q1>Q4>Q3>Q2.

33



Table 2.11: Analysis of Sensitivity for Different Values of y

Hy Ho Hj Hy Hs

S 0.181 0.550 0.484 0.502 0.165

R; 0.087 0.211 0.233 0.187 0.028

Qi (y = 0.0) | 0.28746 | 0.89589 1.0000 0.77753 0.0
Qi (y = 0.1) | 0.26282 | 0.90630 | 0.98284 | 0.78747 0.0
Qi (y = 0.2) | 0.23818 | 0.91671 | 0.96569 | 0.79742 0.0
Q; (y = 0.3) | 0.21354 | 0.92712 | 0.94853 | 0.80736 0.0
Qi (y = 0.4) | 0.18889 | 0.93753 | 0.93137 0.8173 0.0
Qi (y = 0.5) | 0.16425 | 0.94794 | 0.91421 | 0.82724 0.0
Qi (y = 0.6) | 0.13961 | 0.95836 | 0.89706 | 0.83718 0.0
Qi (y = 0.7) | 0.11497 | 0.96877 0.8799 0.84712 0.0
Qi (y = 0.8) | 0.09033 | 0.97918 | 0.86274 | 0.85706 0.0
Qi (y = 0.9) | 0.06569 | 0.98959 | 0.84558 0.8670 0.0
Qi (y = 1.0) | 0.04105 1.0000 82843 0.87694 0.0

e Step 9. Based on the values obtained in the descending order of the @);’s, the

HFC Hj is considered to be the optimal alternative. Since
1

hence, the HFC Hj satisfies the condition C5. Therefore, the HFC Hj is the

optimal choice.

Discussion Over Compromise Solution’s Sensitivity:

Based on the proposed methodology and computational procedure, we present

the following analysis in context with the sensitivity:

— Here, we take different possible values of weights y ranging from 0 to 1 to
maximize the group utility and prepare the sensitivity analysis chart con-

cerning the compromise solution.

— It may also be noted that the values of the parameters are also varying to

understand the sensitivity issue.

— The computed values have been tabulated in Table 2.11 and presented with
the help of Figure 2.3 and Figure 2.4.

Based on the results obtained in Table 2.11, it is to be concluded that the fuel

cell Hy is the most suitable HFC which can also be viewed from Figure 2.5.
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Figure 2.3: Sensitivity Analysis of Alternatives w.r.t. Measures
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Figure 2.4: Sensitivity Analysis of Compromise Measure
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Figure 2.5: Order of Ranking w.r.t. Weights of Stability (y)

— Picture Fuzzy “TOPSIS” Method

e Step 7. The different values of the discriminant measures of H;’s V i =
1,2,3,4,5 from 7";7 and Ty respectively have been computed by making use of the
equation (2.1.1) and tabulated in Table 2.12.

Table 2.12: Computation of Discriminant Measure between H,s and r;r i

13 (Hi,r ) | I5(Hi,ry)
H; 0.3785 0.4531
Hs 0.4108 0.3891
Hj 0.3878 0.4370
Hy 0.3908 0.4409
Hs 0.3742 0.4639

e Step 8. Finally, we evaluate the values of the “coefficient of relative closeness”

with the help of equation (2.2.11) and shown in Table 2.13.

e Step 9. Now, based on the evaluated values of the “coefficient of relative close-

ness”, the order of prioritization for HFCs is listed as follows:

Hs > Hy > Hy > H3 > H,.
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Table 2.13: Relative Closeness’s Coefficient

Sites | Closeness Index
Hy 0.5448
Ho 0.4864
Hs 0.5298
Hy 0.5301
Hs 0.5535

Therefore, based on the “coefficient of relative closeness”, the HFC Hj is optimal

for use.

Remark: It may be noted that under the systematic process of prioritization with
the help of the proposed methodologies of (R, S)-Norm picture fuzzy information mea-
sures synced with VIKOR and TOPSIS techniques, both the methods work consis-
tently and appropriately. Based on the numerical values under consideration, the fuel

cell power backup system Hj was found to be the best solution by both methods.

The (R, S)-Norm discriminant measure is designed to address issues of uncertainty
and imprecision more effectively than TOPSIS and VIKOR. Empirical results from
simulations using benchmark datasets in supply chain management indicate higher

consistency in ranking when handling data with significant overlaps or missing values.

Compared to TOPSIS and VIKOR, the (R, S)-Norm reduces the number of iterative
calculations. For instance, in a dataset with many alternatives and criteria, the
(R, S)-Norm achieved decision results faster due to its simplified normalization and

aggregation mechanisms.

2.4 Comparative Analysis and Advantages

Here, the advantageous features of the presented picture fuzzy VIKOR/TOPSIS tech-
niques are listed along with comparative remarks in contrast with the existing tech-
niques. Based on the obtained results and motivation behind the proposed method-

ologies, the following remarks are being listed:

e The overall computational analysis incorporating the (R, S)-Norm picture in-

formation measures (entropy/discriminant measure) provides a wider/broader
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coverage of the imprecise information in the fulfillment of the requirements, as
well as the issue of information loss, has been greatly reduced in the suggested
approaches with the involvement of the two important uncertainty components,
i.e., degree of abstain and degree of refusal. Also, with the parameters R and S,

we gain flexibility in the computations for better and optimal results.

The proposed bi-parametric information measure includes the idea of picture
fuzzy sets while many researchers have applied FSs/IFSs/PyFSs in which the
degree of abstain and refusal are missing, which may have a risk of information
loss. As mentioned in the section of the introduction, picture fuzzy sets have a

greater range of coverage for inaccurate and missing information.

To have complete and precise decisions for the multi-criteria problems under
consideration, we have properly assigned the expert’s weights in devising the
proposed techniques for the optimal solution, while Juli et al. [101] implemented
the picture fuzzy TOPSIS in risk management problems without considering the
expert’s weights. Also, Boran et al. [78] applied the TOPSIS in a straight way in

group decision-making problems.

The ability to produce a compromise solution that maximizes the group utility
while minimizing individual regret is one of the key advantages of the picture
fuzzy VIKOR method. In comparison to the ideal solution, the compromise so-
lution has been found by using the modified VIKOR approach which is the op-

timal one.

The idea of picture fuzzy numbers can used to handle the ambiguous and insuf-
ficient information that can arise in MCDM problems. The use of the picture
fuzzy number is determined to be more suited since the input parameters, such
as the expert’s weights, the weights assigned to the criterion, selection of alter-
natives may have some degree of extra uncertainty which is easily covered by the

degree of abstain and refusal.

It may be observed that the main components of an MCDM technique are the
criterion’s weights, the expert’s weights, and the computation of the available al-

ternatives using the established criteria. Hence, any novel MCDM technique
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Table 2.14: Comparison with the Existing Techniques

“Research Articles” “Expert’s “Criterion’s “Qualitative “Entropy and | “Assessment In-
Weightage” ‘Weight” Vari- Discriminant formation of Al-
ables” Measure” ternatives”
Kaya & Kahraman Taken into ac- | Partly v X “Fuzzy Set”
[102] count Known
Kahraman & Kaya Taken into ac- | Partly v X “Fuzzy Set”
[103] count Known
Mousavi et al. [104] Calculated Totally Un- | v X “Hesitant Fuzzy
known Set”
Mishra et al. [105] Taken into ac- | Partly v Discriminant “Intuitionistic
count Known Measure Fuzzy Set”
Schitea et al. [106] Calculated Totally Un- | v X “Intuitionistic
known Fuzzy Set”
Alipour et al. [86] Calculated Totally Un- | v Entropy Mea- | “Pythagorean
known sure Fuzzy Set”
Proposed Methods Calculated Totally Un- | v Entropy and | “Picture Fuzzy
known Discriminant Set”
Measure

Table 2.15: Comparative Analysis with the Various Existing MCDM Methods

“WASPAS] “SWARA- | “Fuzzy| “Proposed | “Proposed
[107] COPRAS” | MCDM” VIKOR” TPOSIS”
[86] [80]

Hy 2 2 2 2 2

Hoy 5 5 5 5 5

Hs | 4 4 4 4 4

Hy 3 3 3 3 3

Hs 1 1 1 1 1

stresses these mentioned characteristics. Here, we compare our proposed tech-
nique along with its advantages based on the above-mentioned characteristics

with various existing techniques in the literature as shown in Table 2.14.

e The final order of rankings for the potential HFCs that have been the subject of
recent studies by a variety of scholars are compiled and presented in Table 2.15,
which demonstrates the sharp consistency of the suggested methodology. The re-
sults are statistically comparable, the proposed techniques are distinct from the

other techniques described in the literature.

e [t may also be noted that the qualitative data used in the present work is iden-
tical to the data in the study [80] and [86]. The qualitative data has been incor-

porated with the simple fuzzy/Pythagorean fuzzy information and conjunction
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with some other MCDM methodologies. The framed model is following [107] to
have a valid comparison. On the other hand, the proposed study utilizes the
picture fuzzy set with the modified MCDM techniques of VIKOR/TOPSIS. To
have a valid comparison we should take the same informative data otherwise
comparing distinct data problems has no meaning, and the results are exists not

consistent.

e The application of the proposed technique is under the necessity of a MCDM
problem. VIKOR can enhance the collective utility and reduce individual regret
whereas TOPSIS’s compensating strategy enables the barter between the crite-
ria. Generally speaking, our proposed techniques accommodate the maximum
impreciseness and vagueness of the information having the components of ab-

stain and refusal, which is appropriate for complex situations.

2.5 Conclusions

The evaluation techniques discussed in this chapter give policymakers valuable in-
formation to help them with the selection of the best possible HFC technology. The
criteria under assessment were deemed to be highly diversified by integrating the tech-
nological, environmental, economic, and social factors and were managed through the
application of TOPSIS and VIKOR decision-making methodologies within the frame-
work of “bi-parametric fuzzy picture discriminant measure”. The evaluation results
for the alternative “Fuel Cell Backup Power Systems” after utilizing the suggested

approaches are found to be consistent and acceptable.
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Chapter 3

Picture Fuzzy Soft Dombi
Aggregation Operators

In this chapter, the notion of the score/accuracy function of picture fuzzy soft num-
bers and picture fuzzy soft Dombi aggregation operators (weighted/ordered weighted
average, hybrid /weighted geometric) have been introduced along with various opera-
tional laws and properties. Further, for the sake of providing a larger space to the de-
cision makers and including the parametrization feature of the imprecise information,
the traditional “EDAS (Evaluation Based On Distance from Average Solution)”
method has been modified and presented in the light of the proposed score/accuracy
function and the introduced Dombi aggregation operators. In addition to this, an il-
lustrative example related to digital farming has been studied in detail showing that
the proposed methodology is highly helpful in finding the best alternative to have sus-
tainable farming among various types of agrifarming. To understand the feasibility,
loftiness and dependability of the proposed modified EDAS methodology, the compar-
ative remarks and advantages have been listed for better understanding and readabil-

ity with some existing MCDM approaches.
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3.1 Picture Fuzzy Soft Dombi Arithmetic Aggrega-
tion Operators

In this section, for the sake of computations, a picture fuzzy soft set (PFSS) is re-

garded as I,, = (pr,, 71, wr, ) and called as picture fuzzy soft number (PFSN), where u

is referential subscript which is used for building a relationship between alternatives

and attributes in the required examples. For applications, we have to prioritize these

numbers, for which we propose the score and accuracy functions for the picture fuzzy

soft numbers as follows:
Definition 13 Let I, = (py,, 71,,wr,) be the picture fuzzy soft number, then

e the score function is given as S(I,) = pf, —wi,; S(I,) € [-1,1].

e the accuracy function is given as H(I,) = p} + 717 +wi: H(I,) € [0,1].

Next, the order-relation between two picture fuzzy soft numbers are given as follows:

Let I, = (p1,, 71,,wr,) and I, = (pr,, 71,,wr,) be two picture fuzzy soft numbers then

o I,>1,if S(I,) > S(I,).

I, <1,if S(I,) < S(I,).
In case, if S(I,) = S(1,) for any two PFSN, then

I, > I, if H(I,) > H(I,).

I, < I, if H(I,) < H(L).

I, ~ I, if H(I,) = H(L).

Remark: From, the above definition, the score function is monotonically increasing

with respect to its variables.

Definition 14 Let I, = (p1,71,,wr,) and I, = (pg,,71,,wr,) two picture fuzzy soft
numbers and A > 0 be any real number. Then the following operations are defined over

the two picture fuzzy soft numbers:
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(a) I, ® I, = (p1, + p1, — Pr.P1,> TI,T1,> WIWI,)-

(b) I.® I, = (pr,p1,: T1, + 71, = 71,71, WI, + Wi, — Wr,Wr,)-
(¢) X[, =(1—(1— p]u))\77—ﬁ7w?u)'

(d) I = ((pr) 1= (1 —=71,)% 1= (1 —wp,)).

(¢) 1= (Wi T p1.)-

Definition 15 Suppose I, = (pr,, 71, ,wr,) and I, = (py, Ty, w,) be two picture fuzzy

soft numbers and A\, A\, Ao > 0 be the real numbers. Then the following operational

laws hold:

(i) I, & I, = I, ® I,
(vi) IM @ I» = [+

(iii) NI, & I,) = M, & A,

(iv) (I, @ L) = I} @ I) (vii) (IM)*2 = [MA2,

Definition 16 Suppose T is a collection of all picture fuzzy soft numbers.
Let (I, Luy, -y Lu,) € T™. A mapping PESWAy : T™ — T is said to be
picture fuzzy soft weighted averaging operator(PFSW A), if

m m

PFSWA#’(IUNIUW s 7Ium,) = 69;‘nzl (11[}j]uj) = (1 - H(l - pluj )wj7 H(Tluj )wj7 (wluj )wj
j=1 j=1

(3.1.1)

j=1

where Y = (11,1, ..., ¥n)" is the weight vector corresponding to (I, )ity such that
Y; >0, forall j; 3 ;= 1.
=1

J

Definition 17 Suppose T is a collection of all picture fuzzy soft numbers.
Let (I, Luy, -y Lu,) € T™. A mapping PFSOWAy, : T™ — T iscalled

picture fuzzy soft ordered weighted averaging operator(PFSOW A), if

PFSOW Ay(Luy, Luys - 1u,) = (1 - =pn, )% T, 0" H(wzua(j))%) ;

j=1 j=1 j=1
(3.1.2)
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where 1 = (1, wg, )T is the weight vector corresponding to (Lu;)jey such that

p; >0, forall j; Zl/}] =1 and (o(1), 0(2), ..., o(m)) is a possible permutation
of (1,2,... )stlmﬂ) Ly, forallj = 1,2, ..., m—1.

Definition 18 Suppose P is a collection of all picture fuzzy soft numbers.
Let (T, Tuyy ---, Tu,,) € P™. A mapping PFSHA, : P™ — P is called pic-
ture fuzzy soft hybrid averaging operator, if

PFSHAy (L, Luy, -, Lu,) = (1= -p; 5 I s [
i=1 <"(J) i=1 0(7) i=1 0(J)
(3.1.3)
where v = (71, Yo, -, Ym)L 18 the weight vector corresponding to (fu o) such
that
v =0, forallj; 30 v =1
j=1
Ly, s the g largest of the weighted PFSNs L; where I, = (m;)l,; andm is

the balancing coefficient with v = (Y1, s, ..., ¥,)" being the weight vector of L, with
Gy >0, forall ji Yoy =1

J=1

Remarks:

e In case, we take uniform distribution of weights as v = (£, £, ... 1)T then

n’> n’

the picture fuzzy soft hybrid averaging operator gives picture fuzzy soft weighted

averaging operator.

e However, if we take ¢ = (£, 1, ..., n) then the picture fuzzy soft hybrid av-

n’ n’

eraging operator gives picture fuzzy soft ordered weighted averaging operator.

Definition 19 Letl, = (p;,, 71,, wi,) and I, = (py,, 71,, wr,) be two PFSNs, R >
1 and A > 0. Then Dombi t—norm and t—conorm operations of PFSNs are as follows:

(i) Iu@lv:<1— — —, Rl —, >
v () " ()T e () M () " e { ()" +<1 )L

(ii) Iu®Iv:< e — mrvtw U 1 11— 1
() ()"} )"+ (ke s




ﬁw,n<1 1 - L — ! 1>
() () )

(iv) [é‘:< ! -, 1 — ! -, 1 — 1 1>
1+{,\(ﬂ)R}R 1+{>\(III;;H)R}R 1+{,\<%)R}R

Theorem 2 Let I, = (p1,, 71, wi,): Lv = (p1,, 71, wi,) and 1, = (p1,, T1,, WI,)
be three PFSNs and A\, A1, Ao > 0 be the real numbers. Then the following operational

laws (in terms of Dombi soft operations) hold:
(i) I, I, = I, & 1, (v) Ml, & Xol, = (M + \o)l,
(i) I, & I, = I, ® I,
(i) I} © I = I

(i) NI, & I,) = A, & A,

(w) (I, @ L) = I}) @ I (vii) (Ip ) = Iy,
Proof: For the proof of this theorem we shall make use of the definition 19. As per the
definition 19, we get

(1) I“@[”:<1_ o Rl bl \R)E 1-7p Rl 1—rp \R\ R 1wy Rl 1—wy \R 11?.>
e (20) " ()"} e { () () e () ()"

=(1-— 1 1 1
< e (222 ) " (2 )" e () e ()} 1+{(1:?5“)R+(1Li5“)’%}}*>

=I1,®I,
(ii) Proof of (ii) will be the same as proof of (i).

1 .
()" ()"}
R R) ® R R R
s mpes hat 12 = { (2252) "+ (s25) "} = (152) " = { (e25) "+ (20) '}

Now, using the above argument, we get

(iii) Let z =1—

AT, @ 1)

) )

=A(1- 1 1 1
< e () ()" e { () ()" 1+{<1:¢5“>R+<1:751’>R}}*>

2l
2l

-
-

1 1 1 1 .
< 1+{/\(1ff;}u )R+/\(%)R} ’ 1+{,\(1;;u’“)R+/\(1:;jv )R} 7 1+{/\(1;X“ )R+,\(1;‘;UI” )R}% >
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N 1+ A(IZZL{?’)R}%, 1+{A(%)R}%’ 1+{A(:+}U)R}%
= ®I).
— 1 1
(v) ALy, @ Aol <1 1.:,.{)\1(12‘; )R}%’l_i_{)\l(l:;iw)ﬁ}%’1+{>\1(1;2‘,w

=
[

=(1— 1 7 7
( e (s0) } oe{ e ()}

+{(Ay+xg(
= (A1 + A2) L.
(Vl) IA1®1A2< 11 R%’li - R%’li R
{M(%ﬁ) P (=) T (e
® < 1 L 1 L
(A1+A2) ”’w) }R 1+{(A1+A2)(lif,’l§w)R}R 1+{(A1+A2)(1 Lo

1 1
< )\1+/\2 1— oy )R} ,’1+{(,\1+)\2)(ﬁ>3}% {()\1+)\2)<1 .

)\1+k2)

Tl

(vii) The proof of this can be outlined on similar lines.
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Definition 20 Suppose T is a collection of all picture fuzzy soft numbers.
Let (L, Lu,, -, Lu,,) € T™. A mapping PFSDWAy, : T™ — T is said to
be a picture fuzzy soft Dombi weighted averaging operator, if

PESDWAy(Luy, Ly, ooy Lu,) = @7 (¥l); (3.1.4)

, Um)T is the weight vector corresponding to (I1,,)7-, s.t.

Wherelb = (wlv w27
Y; >0, forallj; > ; =1.
=1

Theorem 3 The picture fuzzy soft Dombi weighted averaging operator PFSDW A,

aggregates all the input values and yields a PFSN given by
PFSDWAy(Iy,, Iu,, -, Iu,,) = EB;"Zl (wjluj)

1 1
= 1-— 1 1
or RY R T R) R
1+ {Z;n_l ¥; (1,{]) } 1+ {Z;ﬂ_l ¥; ('nﬁ) }
1

where Yy = (1, 1o, , ¥m)T is the weight vector corresponding to (I,;)7., s.t.

m

w; > 0, forallj;zlezl.
j:

Proof: We will prove this theorem by making use of the principle of mathematical in-
duction.

(i) Form =2, we get

PFSDWA’LZJ(IUI7I’U,2) = Iu1 @ qu = (p1u17TIu1 7U.}Iu1> @ (pfuszqu7qu2>
1

1

=

— s 1
1—7 R 1—7 R) R
1 + {% ( 7—1::1 ) + wQ ( 7'1::2 ) }

_ <1_
1+ {wl (121;11 )R + 12 (12122 )R}
1 >

1
1—w R 1—wry, R E
1+{w1 (e ) ™ 4 gy (A }
1 w2

W1y,
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1 1 1
= p[u R %, ] o R %a
14430 1w3<1 T ) 1+ Zj_le( )

1 >
2 17(4)1,’", R %
I+ Zj:l V; (w;ujj)

(ii) Suppose that the result holds for m = k, then by using definition 5, we get

Hence, the result holds for m = 2.

1 1

PFSDWA’(/)( ul uza""[uk) = <1_

=

k Ply. R 1- Tlu,
1+ Zj:l ¥; (1,”]%) L+ Zg 1wj( I,

1

1— qu
1 Z] lwﬂ “”uj

Now, for m = k + 1, we get

PFSDWAl/J(Iul ) quv cee 7Iuk:7luk+1) = @§:1(¢jj’u1) S (¢k+1juk+1)
1

= 1—

1

R F - r, R %
I+ {Z] 12/}J — } { Jj= 1¢J < Tl ) }
R
1+ .

)

—
H,_/
\/
2]
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Therefore, the result holds for m = k + 1. Hence, the proof of the theorem.
Next, we define and prove some properties that are related to the picture fuzzy soft

Dombi weighted averaging operators as follows:
(i) Idempotency : If I, = I,; forall j = 1,2,...,m, then

PFSDW Ay(Ly,, L, ... 1.,) = I..

Proof: For the proof of this property, we shall make use of the theorem 3. As per
the theorem,

PFSDWAy (L, Luys -y Lu,) = @®7y (¥514,)

/e 1 1
Pl R 3 l1—-7p,. R =
1 + Z]:l ,l;Z)] (1_1)1]“7‘ > 1 + 2]21 w] < 47_1’“7‘ J )

= (pr., T1., wr,) = Lu.
Hence, the proof.

(ii) Boundedness: If I, (j = 1,2,...,m) be the collection of PFSNs.
Let I= = min(I,,, L., ... I,,)and I = max(I,,, L., ... I, ). Then

I~ < PFSDWAy(Ly, Loy, ... 1) < I*.

Proof: Let I~ =min(Iy,, lu,,... Ly,,) = (pI_u,TI;,wI_u) and I'™ = max (I, Ly, ... I,,,) =

(pf .71, wf) . Then, we have p; = mjin {pr,}, 71 = max {r,}w; = max {wi,}, 01 =
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mas {py,}, 77, = min {7}, = min {eo,}
J
Now, we have the following three inequalities,

1 < 1 < 1

P " % N m PI R E P+ " %
1+ Z}rl_le<1_£1;> 1+4 2000 wj(l—plu> 1+4 220y Wy 1_,1];+>
: - < L T < ! T
m 17T}L e 144 3™ iy T m =T e
19 200 ¥ TI+“ 3=1%i\ ", 149 22551 ¢ TI_“

and
! - < ! - < ! T
m —wr \ ) E m [ 1=wr, B E m 1-w Rl R
1+{Zj_1wj< WIfF) } 1+{2j—1¢1( o1, ) } l+{2j—1¢j<wlul“> }
Therefore,
I < PFSDWA¢(]U1,]UQ, o I,,) < It

(iii) Monotonicity: Let I,, and I; (j = 1,2,...,m) be the two collections of pic-

J
ture fuzzy soft numbers. If I, < I, then
J

Upp

PFSDW Ay(Luy, Ly, - Lu,) < PESDWAy(Ly 10, o I ),

Proof: The proof of this property can similarly be done.

Next, we would introduce the notion of picture fuzzy soft Dombi ordered weighted av-

erage (PFSDOW A) aggregation operators and their properties.

Definition 21 Suppose T is a collection of all picture fuzzy soft numbers.
Let (L, Luy, -, Lu,,) € T™. A mapping PFSDOWA, : T™ — T is said to

Um
be picture fuzzy soft Dombi ordered weighted averaging operator, if

PFSDOW Ay(Lyy, Ly, -, Luy) = &0 (5L,,,); (3.1.5)
where v = (Y1, Yo, ..., Pm)T is the weight vector corresponding to (Lu,)jey st Yy >
0, forallj; > ¢; = 1 and (o(1), 0(2), ..., a(m)) is a possible permutation of

j=1
(1, 2, ..., m), s.t. Luyoy < luyforallj = 1,2, ..., m—1.
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Theorem 4 The picture fuzzy soft Dombi ordered weighted averaging operator PESDOW Ay,
aggregates all the input values and yields a PFSN given by

PFSDOW Ay (Ly, s Luyy -y Lu,) = @;":1 (wjluog))
= 1- ! g ! )
Ply . Ry R 1—7r, .. R) R
1+{Z§n—1¢j (1_,,;;“())) } 1—|—{Z;n—11//j (m:?) }
1
lwau ) R % .
1+ {Z;ﬂ_l ¥j (ﬂ) }
where vy = (1, Vo, ..., Uy)T is the weight vector corresponding to (Lu,)jy st
w; > 0, forall j; > ;=1 and (o(1), 0(2), ..., o(m)) is a possible permutation
j=1
of (1, 2, ..., m), st. L.\, < lu, forallj = 1,2, ..., m—1.

Proof: The proof of this theorem is the same as the proof of Theorem 3.

Remark: On similar lines, we can define and prove the properties of Idempotency,
Monotonicity and Boundedness for PF'SDOW A aggregation operators by mak-

ing use of the above definitions.

Note: The picture fuzzy soft Dombi weighted averaging operator takes weights of
PFSN into account, while the picture fuzzy soft Dombi ordered weighted averaging op-
erator takes only the weights of the ordered positions of PFSNs into account. This
means that both operators are dealing with the same factor. For the better incorpo-
ration of both aspects together, we introduce the picture fuzzy soft Dombi hybrid av-

eraging (PFSDHA) operator and define it as follows:

Definition 22 Suppose T is a collection of all picture fuzzy soft numbers.
Let (1, Luy, -, Lu,) € T™. Amapping PFSDHA, : T™ — T s called a
picture fuzzy soft Dombi hybrid averaging operator, if

PFSDHAw,’Y(IuU Luyy -, Ium) = 69;nzl (Vj[uo(j));

where y = (71, Y2, ---5 Ym)L is the weight vector corresponding to (Luy ()7 st

v > 0, forally; Y v = 1. Eg(j) is the j*" largest of the weighted PFSNs Tuj;
j=1
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where Ej = (map;)1,, and m is the balancing coefficient with = (11, Yo, ..., Py)"
being the weight vector of I,; with; > 0, forall j; > ;= 1.
j=1

Remarks:

11 ;)T

n' n’ BRI

o If we take weights asy = ( then picture fuzzy soft Dombi hy-
brid averaging operator gives picture fuzzy Dombi soft weighted averaging oper-

ator.

e However, if we take¢p = (%, %, ce %)T then picture fuzzy soft Dombi hy-
brid averaging operator gives picture fuzzy soft ordered weighted averaging op-

erator.

Theorem 5 The picture fuzzy soft Dombi hybrid averaging operator PFSDHA,, ., ag-
gregates all the input values and yields a PFSN is given by

PFSDHAy (I, Luys -3 1u,,) = <1— =,

Proof: The proof is the same as that of the proof of Theorem 3 and can easily be done.

Also, on similar lines, the other properties like Idempotency, Boundedness and Mono-
tonicity related to the picture fuzzy Dombi soft hybrid averaging operator can easily be
defined and proved with the help of the definitions.
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3.2 Picture Fuzzy Soft Dombi Geometric Aggrega-
tion Operators

In this section, we present the notion of picture fuzzy soft Dombi geometric aggrega-

tion operator and discuss their properties and results.

Definition 23 Suppose T is a collection of all picture fuzzy soft numbers.
Let (L, Luy, -, Lu,,) € T™. Amapping PFSDWGy : T™ — T is said to

be a picture fuzzy sof Dombi weighted geometric operator, if

PFSDWGy(Luy, Luy, -y Luy) = @1y (1,)" (3.2.1)
where v = (Y1, Yo, ..., Pm)T is the weight vector corresponding to (Ly)jey st ¥y >

0, forall j; > 1; =1.
j=1

Theorem 6 The picture fuzzy soft Dombi weighted geometric operator PFSDW G,
aggregates all the input values and yields a PFSN given by

PFSDWGw(I1117 ITL27 ety Ium) = ®_77n:1 (Iuj )d)?
1 1
= T 1— 1
< m 1-pr,. R " m Tl Ry "
1+ 925 % (,ﬁ) L+ 2050 (1nJJ>

1 >

1— ).
Wry, . R R
1+ {23’11 (o <1_w,]u) }
where y = (Y1, o, ..., Un)" is the weight vector corresponding to (I, VL, st

w; > 0, forall j; lejzl.
j:

Proof: The proof of the theorem can be done as that of Theorem 3.

Here, are some properties analogous to the weighted averaging operators.

(i) Idempotency: If I, = I,; for all j =1,2,...,m, then
PFSDWG (L, Ly, ... 1, = L.
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(i) Boundedness: If I,; (j =1,2,...,m) be the collection of PFSNs.
Let I™ =min(l,,, Lu,,... L, ) and IT = max(I,,, I,,,...I,,, ). Then

[_ S PFSDWGw(Iulal’ILQ’ .. ‘Ium) < ]+

(iii) Monotonicity: Let I,, and I, (j = 1,2,...,m) be the two collections of
J
picture fuzzy soft numbers. If I,, < I, then

J

PFSDWGy(Luy, Luy,s - 1u,) < PESDWGy(Is Ly, ... 1y ).

’u7 Uy,

Note: The proof of all these properties can similarly be given by making use
of the definitions.

Next, we would introduce the notion of picture fuzzy soft Dombi-ordered weighted ge-

ometric (PFSDOW G) aggregation operators an their properties.

Definition 24 Suppose T s a collection of all picture fuzzy soft numbers.
Let (L, Lu,, -, Lu,,) € T™. A mapping PESDOWG, : T™ — T is said to

be picture fuzzy soft Dombi ordered weighted geometric operator, if

PFSDOWGy(Luy, Ly, -y Luy,) = @y (L))" (3.2.2)
where v = (Y1, Yo, ..., Pm)T is the weight vector corresponding to (Lu,)jey st >
0, for all j; i Y; =1 and (0(1), 0(2), ..., o(m)) is a possible permutation of
(1, 2, ..., )st[mH) < Ly,forallj=1,2, ..., m—1

Theorem 7 The picture fuzzy soft Dombi ordered weighted geometric operator
PFSDOW G,y aggregates all the input values and yields a PFSN given by

PFSDOWGy(Luy, Tug, -y L) = @7y (Iu,,,)?
= ! 11— ! )
1-prp, R) R TIy . R) R
1+ {Z; i <Pfu<,(a7(>])> } 1+ {Zj—l ¥j <1—TIZ(:()7_) > }
1 >
1— S
wr, RY R
1+ {Z;n—l w]' (1w12<3(),) > }
where = (11, Yo, ..., )" is the weight vector corresponding to (I, Vit s.tw; >
0, for all j; Z Y; =1and (6(1),0(2), ..., o(m)) is a possible permutation of
(1,2,..., ),st Ly < luy forally = 1,2, ..., m—1
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Proof: The proof of this theorem is same as of Theorem 3.
Note:Further, the hybrid operators for geometric can similarly be defined as in av-

eraging case.

3.3 EDAS Methodology Based on Picture Fuzzy Soft
Dombi Aggregation Operators

The classical “EDAS (Evaluation based on Distance from Average Solution)” method
Keshavarz Ghorabaee et al.[46] which involves the different attributes, has been studied in
many MCDM problems. This method involves the computation of the average solu-
tion (AV'), this also describes the distinction between the average solution and all the
alternatives which are based on the two different distance measures, i.e., “Positive Dis-
tance from Average (PDA)” and “Negative Distance from Average (NDA)”. For the
best choice of alternatives, higher values of PDA and lower values of NDA are pre-
ferred.

We have combined the existing EDAS model with picture fuzzy Dombi soft aggrega-
tion operators and PFSNs, which give rise to picture fuzzy soft Dombi EDAS
model (PFSD-EDAS Methodology). The proposed methodology involves the var-

ious steps of computations as follows:

Suppose that there are n alternatives { Ay, As, ..., A,}, m criterions {Cy, Cs, ..., Cp}
& k experts {Ey, Es, ..., Ex}. Let {1, o, ..., ¥} & {01, 02, ..., Ox} be the weight-
ing vectors of criterion’s and experts respectively, where ¢; € [0,1],0; € [0,1],Yy;

m k
7=1 r=1

The various steps of the proposed algorithm are illustrated with the help of the follow-

ing chart:

The detailed procedural steps of the proposed (PFSD-EDAS Methodology)

have been explained below:

Step 1. The information given by the experts collected in the form of picture fuzzy
soft numbers of all the alternatives w.r.t. different criteria and construct the picture

fuzzy soft evaluation matrix Z = [(pgj,T[j,w{j)} i=1,2,...n,5 =12, ....mr =

nxm
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Construction of Matrices Normalization of Collected Information of
w.r.t Expert’s Opinion Expert’s Matrices all Experts

y

r

ettt 1t V(4 it s Yoo Ettonctivag
s s ’ and NDAS Values Solution (A V)
ie, SP; and SN; L
y

( Ranking of Alternatives
Normalization of SP; and SN;to Compute the Appraisal on the Basis of Values of

compute NSN;and NSP; Score (AS)) Values AS.

k 1

4

End

Figure 3.1: Procedural Steps of Picture Fuzzy Soft Dombi EDAS Model

1,2, ..., k, given by

C’l 02 e cm
Al (p1£17 7-{17 w{l) ()071"2, 7—{27 W71"2> T (pqm7 Tfm? w{m)
[Z] A? (pgh 7-517 wgl) (lOgQa T£2a WEQ) T (pgm, Tgm? wgm)
nxm — . . . .
A"\ (Pp1s Tors W) (Phas Thas Wna) = (Phms Toms Wiim)

Step 2. We normalize the evaluation matrices obtained from Step 1, i.e., from Z to Z;

(i) For beneficial criterion

/

(o, 78 wh)] = [, 75 wi] i = L,2,m, j=1,2,..m, r=1,2,.. k.
(ii) For non-beneficial criterion
(o 70, wih)] = [, 75, p)] i = 1,2,m, j=1,2,...,m, r=1,2,.. k.

i Yij i

Step 3. Next, we compute the aggregated matrix [Z],, « ,, using “PFSDW A (PFSDWG/

PFSDOW A/PFSDOWG)” operator and convert [(p,%, 75, w)] to [(pi;, 7ij, wij)]
with the help of the expert’s weighting vector {();, 0s, ..., 0;}. The obtained results can
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be shown as:

Cl 02 e cm
Al (plllv 7—117 wlll) (p/127 7-{27 ("/12) (p/lm7 T{mv w/1m>
! I !
o A? (P215 Tors War) (Pl22, 7'2/27 C“)l22) (pIva Tém? c‘)l2m>
Z]n xm = : : , .
A" (p;zlﬁ Trlzl> w;zl) (pln27 Tr’ﬂ? w;ﬂ) (p;l'rrm T’rllm7 W;Lm)

Step 4. Now, we compute the average solution (AV') by using all the proposed criterions

as follows:

n

- [Fir ]

On the basis of the definition 14, we get

n

Z[@w’ z/w )]:<1_ﬁ1_pw’ﬁ ’ﬁ > ;

i=1 Jj=1 j=1

n

and AV = [AV}]ixm = [ o (G ”’“ij)]]
Ixm

1

= (1= T (= i), T () T () )
Similarly, for (PFSDWG/PFSDOW A/PFSDOWG) operators, we can evaluate AV

using the other parts of definition 14.
Step 5. Now, from the results of average solution (AV'), we can find the PDA and

1xm

by making use of th following expressions:

0, ((pyj, 7350 wi) — AV
PDA; = [PDAylyxm = max (0, ((py; ,lev.w”) ]));
J

/ ’

max (07 (AV] B (pzj7 ij wzy)))

AV '
For simplifications, we can make use of the score function as defined in Definition 13
to compute PDA and NDA as follows:

max (O, (S’((pu, Z/], w;j)) — S(AV; )))
S(AV;)

max (O, (S(AV,) — ((PW i ;g))))
S(AV;) '

7
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Step 6. Next, we compute the weighted sum values of PDA and NDA, i.e., the val-

ues of SP; and SN; which can be calculated as follows:
S.PZ — Z;nzl ¢j PDA,‘]‘, SNZ — Z;nzl 77[)]‘ NDAZ]

Step 7. The normalized form of SP; and SN; can be computed as:

_ SPi — SNi
NSP; = ma NSN; =1 — max(SN;) *

Step 8. Now, for NSP;, and NSN; w.r.t. each alternative compute the values of ap-

praisal score (AS;) as:
AS; = L(NSP, + NSN,).

Step 9. In the final step, ranking of alternativ can be done with supreme values of

appraisal score (AS;).

3.4 PFSD-EDAS Methodology in Sustainable Agri-

farming

In the moder era, there is the development of a new industry known as “Agriculture
Farming” which ensures the farmer’s financial benefits and the long-term viability of
their production. There is one more important application of sustainable farming
termed “Green Agriculture” which minimizes the usage of pesticides to avoid harmful
effects on the health of consumers and farmers. In addition to this, it may be noted
that the irregular and destructive kind of farming may result in some kind of crisis.
Therefore, the concept of precision agriculture and digital farming will play an im-
portant role in the growth of humankind for their development. The four essential

alternatives about sustainable and smart agrifarming may be considered as follows:

(1) Good Farm Production (A;): Devising high-yielding techniques, self-reliant
and economical production which gives a good earning. Also, it would generate
job opportunities for poor people and is very good for society. Further, there will
be the development of rural areas which would help the good connections between

rural and urban areas.
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(2)

Environmental Control (A,): The first benefit of agriculture is environmental
control, as it reduces deforestation, the depletion of natural resources, the pro-
gressing bio-diversity and the reduction of CO, emissions. Also, it controls the

quality of water, air and soil by preserving and protecting the regions.

Availability of Ecological Resources (Aj3): To improve the quality of resources
to be used in farming. The other main difficulty while facing green agriculture is
torrent depletion and loss of these resources. The availability of ecological re-

sources improves agriculture which is very beneficial for the ecosystem.

Food Safety and Efficiency (A4): To increase the efficiency of food and energy
in sales and production. As the world population is rapidly increasing, food secu-
rity issues can be solved with sustainable agriculture practices by producing more

in minimal time.

Now, these four alternatives are being evaluated based on five attributes. Suppose that

the following are the five attributes of robotic agrifarming for the above alternatives:

(1)

Superior Quality Production (C}): There are specific agriculture factors, such
as soil and time for a crop to ripe, that play a role in the product quality. For
crops ike rice, wheat, maize, barley, cereals and other pulses, ripeness and degree

of waterlessness matter.

Confining the Requirement of Man Power (C5): In farming, the cost of la-
bor is very expensive and therefore the suitability of employees and the manpower

are in great demand.

Minimal Production Cost (Cj3): In agriculture, the cost of production can be
reduced with the usage of agriculture robots. In addition, we need to deal with
some of the variables like environmental conditions, purchasing different brands

of seeds and using numerous chemicals.

Accomplishment of Time-Constraint Project (C,): To complete the sophis-
ticated projects quickly and within time, one should make use of scientists, tech-

nicians, farmers, scholars and robotization.
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(5) Role of Consistency in Project (C5): For maintaining a consistent site, the
use of artificial intelligence in agricultural farming from the process of seeding to

the process of harvesting.

Further, to assess the given alternatives w.r.t. the above stated criterions, a panel of
three experts { £y, Es, E3} has been appointed. The proposed methodology involves
the various steps of computations as follows:
Step 1. The information given by the experts collected in the form of picture fuzzy
soft numbers of all the alternatives w.r.t. different criteria and construct the picture
fuzzy soft evaluation matrix given in Table 3.1, Table 3.2 and Table 3.3.
Step 2. Normalized evaluation matrices obtained from Step 1 are given in Table 3.4,
Table 3.5 and Table 3.6.
Step 3. The collected information of all the Experts for “PFSDWA, PESDWG, PFS-
DOWA, PFSDOWG” operators are given in Table 3.7, Table 3.8, Table 3.9 and Table
3.10.
Step 4. The averaging solutions (AV') of the proposed picture fuzzy Dombi soft ag-
gregation operations are given in Table 3.11 and Table 3.12.
Step 5. Now, PDA,;; and NDA;; are computed as per the following cases:

Case 1 - “PF Soft Dombi WA aggregation operator” given in Table 3.13 and Ta-
ble 3.14.

Case 2 - “PF Soft Dombi WG aggregation operator” given in Table 3.15 and
Table 3.16.

Case 3 - “PF Soft Dombi OWA aggregation operator” given in Table 3.17 and
Table 3.18.

Case 4 - “PF Soft Dombi OWG aggregation operator” given in Table 3.19 and
Table 3.20.
Step 6. On the basis of proposed operators, the positive and negative weighted dis-
tances, i.e., SP; and SN, have been tabulated in Table 3.21 and Table 3.22.
Step 7. Normalized form of SP; and SN;, i.e., NSP; and NSN; are being provided
in Table 3.23 and Table 3.24.
Step 8. The appraisal score values (AS;) are being tabulated in Table 3.25.
Step 9. Now, on the basis of the values of (AS;), the ranking of the alternatives is
being done and given in Table 3.26.
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On the basis of the above steps of methodology and the necessary computations car-

ried out, we find that the alternative A4 is mostly preferred by the experts.

Hence, in the process of agriculture farming, it is suggested that food safety and effi-
ciency have to be given the highest priority. All the tables for ready reference have

been provided.

Table 3.1: Picture Fuzzy Soft Information by Expert E

C1 Ca Cs Cs Cs
A1 | (0.20,0.12,0.56) | (0.23,0.15,0.62) | (0.10,0.33,0.47) | (0.15,0.34,0.51) | (0.20, 0.37, 0.43)
Az | (0.18,0.25,0.43) | (0.22,0.28,0.50) | (0.17,0.29,0.54) | (0.19,0.17,0.64) | (0.37,0.13, 0.50)
As | (0.08,0.32,0.60) | (0.30,0.12,0.58) | (0.28,0.11,0.62) | (0.05,0.15,0.80) | (0.25,0.10, 0.65)
As | (0.10,0.22,0.58) | (0.26,0.13,0.61) | (0.18,0.27,0.55) | (0.07,0.26,0.67) | (0.23,0.01, 0.76)

Table 3.2: Picture Fuzzy Soft Information by Expert Es

Cl Cz C3 C4 Cs
Ar | (0.17,0.35,0.48) | (0.10,0.27,0.53) | (0.19,0.28,0.61) | (0.05,0.15,0.80) | (0.64,0.29, 0.07)
Az | (0.10,0.27,0.53) | (0.19,0.17,0.64) | (0.20,0.37,0.43) | (0.65,0.22,0.23) | (0.45,0.28,0.27)
As | (0.14,0.20,0.66) | (0.20,0.21,0.59) | (0.77,0.11,0.18) | (0.10,0.17,0.73) | (0.08,0.27, 0.55)
As | (0.31,0.28,0.41) | (0.50,0.32,0.18) | (0.39,0.32,0.29) | (0.17,0.34,0.49) | (0.18,0.14, 0.68)

Table 3.3: Picture Fuzzy Soft Information by Expert F3

C1 Ca Cs Ca Cs
A | (0.25,0.24,0.51) | (0.18,0.12,0.70) | (0.23,0.25,0.52) | (0.20,0.12,0.56) | (0.56, 0.18, 0.26)
Az | (0.23,0.08,0.69) | (0.10,0.21,0.59) | (0.63,0.02,0.35) | (0.15,0.09,0.76) | (0.19, 0.34, 0.47)
As | (0.42,0.21,0.37) | (0.32,0.23,0.45) | (0.13,0.14,0.73) | (0.08,0.27,0.55) | (0.19,0.17, 0.64)
Ag | (0.33,0.25,0.42) | (0.15,0.19,0.66) | (0.17,0.26,0.57) | (0.50,0.32,0.18) | (0.08,0.10, 0.82)

3.5 Advantageous Remarks

The following important advantageous remarks are listed as follows:

e The formal inclusion of parametrization through the picture fuzzy soft sets
proves to be more consistent in the orientation of the obtained results and the in-

volved parameters give rise to robustness in the proposed methodology.

e Also, in literature, it has been found that the implementation of Dombi norms[108]
leads to certain superiorities in the results in terms of variability concerning the

functioning of parameters.
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Table 3.4: Normalized Picture Fuzzy Soft Information by Expert F;

Cl C2 Cs C4 C5
A1 | (0.56,0.12,0.20) | (0.62,0.15,0.23) | (0.47,0.33,0.10) | (0.51,0.34,0.15) | (0.43, 0.37, 0.20)
Az | (0.43,0.25,0.18) | (0.50,0.28,0.22) | (0.54,0.29,0.17) | (0.64,0.17,0.19) | (0.50,0.13, 0.37)
As | (0.60,0.32,0.08) | (0.58,0.12,0.30) | (0.62,0.11,0.28) | (0.80, 0.15,0.05) | (0.65, 0.10, 0.25)
Asq | (058,0.22,0.10) | (0.61,0.13,0.26) | (0.55,0.27,0.18) | (0.67,0.26,0.07) | (0.76, 0.01, 0.23)
Table 3.5: Normalized Picture Fuzzy Soft Information by Expert E5
C: Ca Cs Ca Cs
Ay | (0.48,0.35,0.17) | (0.53,0.27,0.10) | (0.61,0.28,0.19) | (0.80,0.15,0.05) | (0.07,0.29, 0.64)
Az | (0.53,0.27,0.10) | (0.64,0.17,0.19) | (0.43,0.37,0.20) | (0.23,0.22,0.65) | (0.27, 0.28, 0.45)
As | (0.66,0.20,0.14) | (0.59,0.21,0.20) | (0.18,0.11,0.77) | (0.73,0.17,0.10) | (0.55,0.27, 0.08)
As | (0.41,0.28,0.31) | (0.18,0.32,0.50) | (0.29,0.32,0.39) | (0.49,0.34,0.17) | (0.68, 0.14, 0.18)
Table 3.6: Normalized Picture Fuzzy Soft Information by Expert E3
C: Ca Cs Ca Cs
Ar | (051,0.24,0.25) | (0.70,0.12,0.18) | (0.52,0.25,0.23) | (0.56,0.12,0.20) | (0.26, 0.18, 0.56)
Az | (0.69,0.08,0.23) | (0.59,0.21,0.10) | (0.35,0.02,0.63) | (0.76,0.09,0.15) | (0.47,0.34, 0.19)
As | (0.37,0.21,0.42) | (0.45,0.23,0.32) | (0.73,0.14,0.13) | (0.55,0.27,0.08) | (0.64,0.17, 0.19)
Aq | (0.42,0.25,0.33) | (0.66,0.19,0.15) | (0.57,0.26,0.17) | (0.18,0.32,0.50) | (0.82, 0.10, 0.08)

Table 3.7: Collected information of all the Experts for PESDW A Operators

Az A2 As Ag
C1 (0.5234, 0.1864, 0.2116) (0.5986, 0.1288, 0.1695) (0.5408, 0.2360, 0.1455) (0.4867, 0.2436, 0.1815)
Co (0.6488, 0.1465, 0.1661) (0.5750, 0.2188, 0.1399) (0.5943, 0.1716, 0.2107) (0.5943, 0.1759, 0.2107)
Cs3s (0.5262, 0.2793, 0.1536) (0.4457, 0.0412, 0.2658) (0.6468, 0.1217, 0.2011) (0.5252, 0.2738, 0.1959)
Cy (0.6346, 0.1636, 0.1165) (0.6781, 0.1255, 0.1941) (0.7135, 0.1932, 0.068) (0.5003, 0.2993, 0.14113)
Cs | (0.3042,0.2418, 0.3489) | (0.4515, 0.2114, 0.2390) | (0.6289, 0.1452, 0.1595) | (0.7818, 0.0244 0.1211)

Table 3.8: Collected information of all the Experts for PFSDW G Operators

Aq Az As Ag
Ci (0.5197, 0.2293, 0.2178) | (0.5424, 0.1868, 0.1893) | (0.4756, 0.2506, 0.2799) | (0.4624, 0.2461, 0.2595)
Ca2 (0.6310, 0.1846, 0.1840) | (0.5633, 0.2288, 0.1636) | (0.5148, 0.1904, 0.2917) | (0.4225, 0.2012, 0.2869)
C3 (0.5160, 0.2858, 0.1805) | (0.4168, 0.2123, 0.4796) | (0.4363, 0.1238, 0.4661) | (0.4727, 0.2762, 0.2289)
Cy (0.5748, 0.2169, 0.1559) | (0.4979, 0.1472, 0.3477) | (0.6537, 0.2121, 0.0738) | (0.2915, 0.3045, 0.3409)
Cs (0.1851, 0.2785, 0.5039) | (0.4169, 0.2657, 0.2705) | (0.6229, 0.1701, 0.1933) | (0.7672, 0.0793, 0.1579)

Table 3.9: Collected information of all the Experts for PF'SDOW A Operators

Aq A2z As Ay
C1 | (0.5167,0.0823,0.0914) | (0.5734, 0.0608, 0.0636) | (0.5543, 0.1052, 0.0523) | (0.4848, 0.1184, 0.0773)
Ca> | (0.6227,0.0669, 0.0636) | (0.5763, 0.0948, 0.0645) | (0.5344, 0.0753, 0.1238) | (0.5218, 0.0787, 0.1014)
Cs | (0.5377,0.1373,0.0648) | (0.4457, 0.0188, 0.0991) | (0.5783,0.0517, 0.0964) | (0.4715, 0.1371, 0.0910)
Ca (0.6798, 0.0681, 0.0369) (0.6151, 0.058, 0.0899) (0.7135, 0.0800, 0.0289) (0.5004, 0.1504, 0.0512)
Cs (0.2691, 0.1163, 0.1672) | (0.4096, 0.0914, 0.1086) | (0.6087, 0.0632, 0.05614) | (0.7609, 0.0089, 0.0549)
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Table 3.10: Collected information of all th Experts for PFSDOW G Operators

A

Az

Aj

Ay

C1

0.5116, 0.2384, 0.2056

(0.5178, 0.1904, 0.1656)

(0.4808, 0.2483, 0.2454)

(0.4593, 0.2479, 0.2375

Ca2

0.5982, 0.1844, 0.1656

(0.5599, 0.2196, 0.1636)

(0.5159, 0.1797, 0.2663)

(0.2978, 0.2181, 0.3332

Cs

(0.4168, 0.2286, 0.4247)

(0.3028, 0.1207, 0.5684)

C4

0.5963, 0.2169, 0.1278

(0.3664, 0.1555, 0.437)

(0.6537, 0.1999, 0.874)

(0.2915, 0.3019, 0.2982

Cs

( )
( )
(0.5219, 0.2858, 0.1677)
( )
( )

0.1248, 0.2785, 0.4973

(0.3581, 0.2455, 0.2705)

(0.5991, 0.1806, 0.1685)

)
)
(0.3954, 0.2841, 0.2646)
)
)

(0.7398, 0.0773, 0.1579

Table 3.11: Averaging Aggregation Operators (AV')

WA

OW A

Ci

(0.5391, 0.1928, 0.1754

(0.5335, 0.0888, 0.0696)

Cs

(0.4499, 0.1764, 0.1924

(0.5655, 0.0783, 0.0847)

Cs3

(0.5112, 0.0654, 0.0866)

Cy

(0.6398, 0.1856, 0.1216

(0.6356, 0.083, 0.0471)

Cs

)
)
(0.5419, 0.1399, 0.2002)
)
)

(0.5807, 0.1160, 0.2003

(0.5518, 0.0496, 0.0865)

Table 3.12: Geometric Aggregation Operators(AV)

waG

owaG

Ci

(0.4992, 0.2286, 0.2374

—~

0.4918, 0.2316, 0.2141

~—

Cs

(0.5273, 0.2015, 0.2338

—~

0.4763, 0.2007, 0.2356

=

Cs

—

0.4017, 0.2326 0.3756

=

Ca

(0.4832, 0.2222, 0.2386

—

0.4517, 0.2204, 0.2484

N

Cs

)
)
(0.4589, 0.2271, 0.3527)
)
)

(0.4383, 0.2023, 0.2959

(0.3752, 0.199, 0.2882)

Table 3.13: PDA,;; (Soft Dombi W A)

Cq Co Cs Ca Cs
A; | (0.8249) | (4.9502) | (0.8479) | (0.5578) | (0.0000)
Az | (1.5109) | (4.3635) | (0.0000) | (0.4551) | (0.0000)
As | (1.3130) | (21152) | (1.2104) | (0.9397) | (0.7756)
Ay | (07645) | (3.7293) | (0.6329) | (0.0796) | (1.4996)
Table 3.14: NDA;;(Soft Dombi W A)
Cq Co C3s Ca Cs
A1 | (0.0000) | (0.0000) | (0.0000 ) [ (0.0000) | (0.1601)
Az | (0.0000) | (0.0000) | (0.1040 ) | (0.0000) | (0.2985)
As | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)
As | (0.0000) | (0.0000) | (0.0000) [ (0.0000) | (0.0000)
Table 3.15: PDA;;(Soft Dombi WG)
Ci C- Cs Ca Cs
Ar | (0.1533) | (0.1430) | (2.9416) | (0.0000) | (2.1389)
Az | (0.5267) | (0.0000) | (0.2762) | (0.4437) | (0.0000)
As | (0.0000) | (0.0000) | (0.8412) [ (0.0000) | (3.0721)
Ay | (0.6412) | (0.0000) | (1.2945) | (0.0000) | (3.2785)
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Table 3.16: NDA;; (Soft Dombi WQG)

C, C2 Cs Ca Cs
Ay | (0.0000) | (0.0000) | (0.0000) | (2.3032) | (0.0000)
Az | (0.0000) | (0.2398) | (0.0000) | (0.0000) | (1.4409)
Az | (0.4262) | (0.5011) | (0.0000) | (1.2178) | (0.0000)
Asg | (0.0000) | (0.3087) | (0.0000) | (1.2021) | (0.0000)
Table 3.17: PDA;;(Soft Dombi OW A)
(o5} C2 Cs Cy Cs
Ay | (0.1338) | (0.3894) | (0.3172) | (0.2718) | (0.0000)
Az | (0.3593) | (0.2717) | (0.0000) | (0.0391) | (0.0000)
Az | (0.3386) | (0.0204) | (0.3421) | (0.3546) | (0.3291)
Asg | (0.0865) | (0.0446) | (0.0597) | (0.0000) | (0.0698)
Table 3.18: NDA,;;(Soft Dombi OW A)
C1 C2 Cs Cy Cs
Ay | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.7548)
Az | (0.0000) | (0.0000) | (0.0347) | (0.0000) | (0.2760)
Az | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)
As | (0.0000) | (0.0000) | (0.0000) | (0.1114) | (0.0000)
Table 3.19: PDA,;(Soft Dombi OWG)
Cl Cz Cs C4 Cs
A1 | (0.1019) | (0.7973) | (0.3550) | (1.3047) | (0.0000)
Az | (0.2686) | (0.6464) | (0.0000) | (0.0000) | (0.0000)
Az | (0.0000) | (0.0373) | (0.0000) | (1.8514) | (0.0000)
As | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (0.0000)
Table 3.20: NDA,;(Soft Dombi OWG)
Cl Cz C3 C4 CS
A1 | (0.0000) | (0.0000) | (0.0000) | (0.0000) | (1.2424)
Az | (0.0000) | (0.0000) | (0.2699) | (0.2739) | (0.7824)
As | (0.0422) | (0.0000) | (0.5269) | (0.0000) | (0.4394)
Ag | (0.0559) | (0.2761) | (0.1307) | (0.2099) | (0.2882)
Table 3.21: SP,(i = 1, 2, 3, 4)
SP, | SP, | SP; | SP4
WA | 11461 | 08168 | 1.083 | 1.0956
OWA | 02096 | 01202 | 00569 | 0.2985
WG | 1.3465 | 0.2598 | 09114 | 1.2248
OWG | 00000 | 0.1431 | 0.2826 | 0.4212
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Table 3.22: SN;(i = 1, 2, 3, 4)
SN SN SN3 SNy
WA 0.2572 0.0948 0.0000 0.0000
OWA 0.1660 0.0704 0.0145 0.0000
WG 0.3455 0.3482 0.3416 0.2204
owaG 0.1644 0.2888 0.2535 0.1644

Table 3.23: NSP;(i = 1, 2, 3, 4)

NSP;y NSP; NSP3 NSP,4

WA 1.0000 0.7127 0.9449 0.9559

OWA 0.7022 0.4028 0.1906 1.0000

waG 1.0000 0.1929 0.6768 0.2204

owaG 0.0000 0.3355 0.6709 1.0000

Table 3.24: NSN,;(i = 1, 2, 3, 4)

NSN, NSN- NSN3 NSN4

WA 0.0000 0.6314 1.0000 1.0000

OWA 0.0000 0.5757 0.9128 1.0000

waG 0.07734 0.0000 0.0189 0.3668

owaG 0.4307 0.0000 0.1222 0.0535

Table 3.25: AS;(i = 1, 2, 3, 4)
AS, AS2 AS3 ASy
WA 0.5 0.6721 0.9725 0.9779
OWA 0.3511 0.4892 0.5507 1.0000
WG 0.5387 0.0965 0.3479 0.6382
owaG 0.2153 0.1678 0.3965 0.5268

Table 3.26: Ranking of the Alternatives

Operators Ranking on the Basis of AS; Values
WA Ay > Az > Az > Ay
OWA Ay > Az > Ay > Ap
WG Ay > A > A3 > A
OwWG Ay > Az > A1 > A
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e The proposed aggregation operators make the aggregation information more flex-

ible with the involvement of the parameter R.

(a) (b)

Figure 3.2: Sensitivity Analysis (a) Ranking of alternatives w.r.t. proposed opera-

tors (b) Ranking of alternatives w.r.t. values of R

Sensitivity Analysis:

On the basis of computations and the above sensitivity diagram, we observe that

e The effect of this parameter R on PF.SDW A operators is illustrated with the
help of the sensitivity analysis as shown in Figure 3.2 (b). The role of the pa-
rameter R is very important in understanding the variability and reliability of
the obtained result. We consider the value of R = 1 for our MCDM problem.
However, the decision makers can choos the appropriate value o R according to

their convenience.

e Figure 3.2 (b) clearly shows that if we keep on changing the values of R with re-
spect to weighted aggregation operators, the obtained ranking reflects a kind of
consistency in the selection of alternatives. This enables us to make sure that

the uncertainty in the decision is reduced.
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e Also, there is a comparison among the proposed aggregation operators which is

shown by Figure 3.2 (a).

e Figure 3.2 (a) explains that if we carry on our computation with respect to
weighted average and ordered weighted average operators and keep the value of
R fixed, then the ranking of the alternatives slightly deviates at the least prefer-

ence level but remains intact at the highest preference level.

3.6 Conclusions

In this chapter, we successfully proposed new aggregation operators called picture
fuzzy soft Dombi aggregation operators. We devised the Dombi operational laws un-
der picture fuzzy soft environment to develop some new aggregation operators, i.e.,
“PFSDWA, PFSDOWA, PFSDHA, PFSDWG, PESDOWG, PFSDHG” aggregation
operators by making use of Dombi norms. Also, we proposed some important results
and properties along with their proofs which helps us in designing and validating the
proposed methodology. On the basis of thes aggregation operators, we modified the
EDAS methodology which involves the parametrization of attributes and interrelation-
ship among the input arguments. Further, we have successfully applied the proposed
methodology to the problem of robotic agrifarming problem. Also, the work in this
chapter can further be modified to some dimensionality reduction problems, experi-
mental studies [109], [110].

67






Chapter 4
Picture Fuzzy Hypersoft Sets

In this chapter, a new way of defining Picture Fuzzy Hypersoft Set (PFHSS) has been
presented which contains an additional capacity of accommodating the components of
neutral membership (abstain) and refusal compared to intuitionistic fuzzy hypersoft
set. Some of the important properties and operational laws related to the introduced
picture fuzzy hypersoft weighted average/ordered weighted average operator and
weighted geometric/ordered weighted geometric operator have been proved in detail.
Also, we have proposed the notion of similarity measure in the pictur fuzzy hypersoft
sets along with some important theorems and their utilization in a decision-making
problem. Based on these aggregation operators and obtained results, a new algorithm
for solving a decision-making problem, involving the multi-sub attributes and their
parametrization in the shade of abstain and refusal feature, has been proposed. A nu-
merical example of the selection process of employees for a company has been solved
to suitably ensure and validate the implementation of the proposed methodology.
Some of the advantageous features of the proposed notions and algorithm have been

listed along with the comparative analysis in contrast with the existing literature.

4.1 Picture Fuzzy Hypersoft Set & Operations

In this section, we introduce the novel notion of Picture Fuzzy Hypersoft Set (PFHSS)

along with various important properties and fundamental operations. The following
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definition of PFHSS (the parametrization of multi-sub attributes and all the four com-

ponents of picture fuzzy information) is being proposed:

Definition 25 (Picture Fuzzy Hypersoft Set). Let V' be the universal set and
PFS(V') be the set of all picture fuzzy subsets of V.. Consider ki, ks, . ...k, for n >
1, be n well-defined attributes, whose corresponding attribute values are the sets
Ky, Ky, ...,K, with K; N K; = ¢ fori # j and i,j € {1,2,....n}. Let B; be the
non-empty subsets of K; for each i =1,2,...,n.

A Picture Fuzzy Hypersoft Set (PFHSS) is defined as the pair (R, By X By X .... X By);
where R: K1 x Ky x ... x K, = PFS(V) and

Y ) >|veV }
€ .
Prw) (V) , Tr) (V) , Wre) (V)

It may be noted thaty € By x By X ....xB, C K1 xKyx....K, and p ,7 and w rep-

R(leBQX....xBn):{<19,(

resent the positive membership, neutral membership and negative membership degrees

respectively, and satisfies the condition

Pr) (V) + Tr@) (V) + wre) (v) < 1 where pre) (V) , TrE) (V) ,wWre) (v) €10,1].

The term Cr) (v) = 1 — pr) (v) — Trw) (V) — Wrw)(v) is called the degree of refusal
membership of v in PES(V)). For the sake of simplicity, we denote K1 X Ky X .... K,
by I' and By X By X .... x B, by A. We denote the set of all PFHSSs over V' by
PFHSS(V).

Particular Case: In particular, the proposed definition also directs that every pic-
ture fuzzy hypersoft set is also a picture fuzzy soft set. If we select the parameters
from only one attribute set, say K7, while forming the picture fuzzy hypersoft set,
then the resulting set becomes the picture fuzzy soft set. In other words, the picture
fuzzy hypersoft set is the generalized version of the picture fuzzy soft set. In view of
the possible variability based on the extreme values of the four components of picture

fuzzy information, we may categorize two sub-definitions of PFHSS as follows:

Definition 26 A picture fuzzy hypersoft set (R, I" ) over the universe V' is known as
r) if forallv € 'V and
ve I, PR(®) (’U) = 0, TR(9) (U) = 0 and WR(W) (U) = 1.

VerH

void picture fuzzy hypersoft set and denoted by 0(
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Definition 27 A picture fuzzy hypersoft set (R, I ) over the universe V is known as
absolute picture fuzzy hypersoft set and denoted by 1(VPFHF) if forallv € V
and ¥ € I', prep) (v) = 1, Tre) (v) = 0 and wp) (v) = 0.

Example 1 Let V be the set of available four smart phones given asV = {v1, v, vs, v4} and the
set of attributes given as Ky = Display, Ko = Storagel(ROM), K3 = Storage2(RAM), K, = Colour.
Further, in order to understand the framework of the proposed notion, assume that their respective

sub-attributes are
K; = Display = {OLED («;), AMOLED (az), super AMOLED (as)}

K, = Storagel = {32GB (51), 64GB (82), 128GB (83)}
K3 = Storage2 = {4GB (y1), 8G B(72), 16GB (v3)}
K, = Colour = {Black (41), Rose Gold (d2), Space Grey (d3)}

Also, assume that
By = {az}, Bo = {B1, B2}, Bs = {7, 73}, Ba = {1}

Cy = {ai, as}, By = {fi}, Bs = {7, 72}, Bs = {02}

are the subsets of K; for each ¢ = 1,2, 3. Then the picture fuzzy hypersoft set (R, Ay ) and (R, Ay)

may have the following set-theoretic and tabular representation:

v Ve Ve
< (ag, Br,71,61), {(0.1,0.13,0.5)’ 02,04,02) (0.1,0.32,0.4)} >

V1 V2 U3
< (ag, B1,73,61), { (0.2,0.3,02)° (02,0.1,0.2)° (0.1,0.3,04) [ ~

(R’ Al ): v Vo v3 V4
< (ag, B2, 71,61), (0.1,0.1,0.5)° (0.2,0.2,0.3) (0.1,0.4,04)° (0.1,0.2,03) [
< (a3, B2,73,61), (0‘1,(1)}.12,0.5)’ (0.2,6}.22,0.2)> (0.2,(1)}.31,0.4)7 (0.1,(;}.42,0.6) >
< (0‘1’5177%52)7 {(0.1,5.13,0.2)’ (0.2,8).24,0.3)’ (0.1,8).32,0.5)} >
(R, Ay ): < (0‘1?517')’2752)’ { (0.2,(;).13,0.1)7 (0.2,(7;.21,0.1)7 (0.1,(7;.%,0,5) >
< (ag, Br,m,62), (0‘1,(1)}.11,0.7)> (0‘2,6}.23,0.2)> (0.1,6}.?21,0.2)7 (0.1,(;}.42,0.6) >
< (o, B1,72,02), (045,6).12,0.1)’ (042,8).31,0.2)’ (0.2,(;).3;1,0.1)’ (0.1,(;}.42,0.1) >

Some Basic Operations on Picture Fuzzy Hypersoft Sets:

In view of the proposed definition of the picture fuzzy hypersoft set above, we for-
mally define some of the fundamental set-theoretic operations for the sake of under-

standing and better readability.
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Table 4.1: Tabular form of PFHSS (R, A,

)

(R7 A ) U1 () U3 on
(g B1, 7, 61) | (0.1, 03, 05) | (02 04, 02)] (01,02 04)] (0,0, 1)
(g, Br, 73, 01) | (0.2, 03, 02) [ (02 01,02)|(01,03 04)| (0,0, 1)
(g, Boy 71, 81) | (0.1, 0.1, 0.5 ) | (0.2, 02, 0.3) | (0.1, 04, 0.4 )| (0.1, 02, 0.3)
(g, Boy 73, 01) | (0.1, 0.2, 05) | (0.2, 02 02) (0.2 04, 04)] (01,02 06)

Table 4.2: Tabular form of PFHSS (R, As )

(R, As) U Uy U3 N
(ay, B1, M, 02) | (0.1, 03,02)| (02 04, 03) (0.1, 02, 05) (0,0, 1)
(o), Buy 72y 02 ) | (102,03, 01) | (0.2, 01,01)] (01,03 05)] (0,0 1)
(g, By 71, 02 ) | (0.1, 01, 0.7) | (0.2, 03, 02) | (01,04, 02)] (01,02 0.6)
(g, B1, Y2, 02 ) | (05,02, 01) | (02 04, 02)](02 04, 01)] (01,02 0.1)

Let (Ry, A) and (Ry, A’) be two picture fuzzy hypersoft setson V and 4, A' C I

be the set of multi-parameters.

Complement . The complement of picture fuzzy hypersoft set over V' is denoted
by (Ri, A)€and defined as (R, A)° = (R A), where 1% — PFS(V)isa
mapping given by R;¢(A) = (Ry(4)° V A C TI.

Thus if,

v
Ri,A)=<<9, > veV,ﬁe/l}
(Fr, 4) { <PR(0) (v), Trep) (V) MR(&)(U)) |

then
v
R, A= <19,( )> veV, 196/1}.
) { o) @) 70 @) o))
Subset . Let V be the universe of discourse and (R, 4) (R2, A’) be any two

picture fuzzy hypersoft sets over the set V. Then, (R;, A) is said to be a picture fuzzy
hypersoft subset of (Ry, A’) and denoted by(R;, A) C (Ry, A')if A C A’ and for
any 9 € A, Ri(V)CRy(9), ie, Yo € Vandd € A,

Pry9) (V) < PRo(o) (V)5 TRi0) (V) = Try) (v) and wr, ) (v) > wryw) (V) -
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Equality . Let V' be the universe of discourse and (R, A4 ), (R2, A" ) be any
two picture fuzzy hypersoft sets over the set V. Then, (R;, A ) is said to be a picture
fuzzy hypersoft equal (Ry, A’ ) and denoted by(Ry, A )= (Ry, A" ) if for all v € V and
V€A, priw) (V) = Prow) (V) Triw) (V) = Try) (v) and wr, () (V) = Wry() (V) -

Union . Let V be the universe of discourse, A, A/ C A and (Ry, A), (R, A)
be any two picture fuzzy hypersoft sets over V. The union of (Ry, A) and (Ry, A’) is
denoted by (Ry, A) U (R, A')= (R, A"), where A" = AUA and ¥ € A" There-
fore, V¢4 € A N A’ we have

R(J) = {Ua max (pRl(ﬁ) (V) PRa(v) (U)) , in (Tle) (V) , TRy () (U)) )

min(wp, ) (V) Wry9) (v))

Intersection. Let V' be the universe of discourse, A, A" C I"and (Ry, A ), (Ra, A")
be any two picture fuzzy hypersoft sets over V. The intersection of (R, A ) and
(R2, A" ) is denoted by (Ry, A )N (R, A" )= (R, A*), where 4* = ANA" and 9 € A*
Therefore, Vi) € ANA’, we have
R () {v min (pRl( 9 (), pR2 0 (v )) , min (TRl(ﬁ) (V) , TRy(9) (v)) ,

max(le( 9) ) Wry(9) (v }

Remarks: Let (R, A) be a picture fuzzy hypersoft set over the universal set V.
Then,

o (R, A))" = (R 4)

* O(VPFH, F) - 1(VPFH7 F)
¢ 1(VPFH, F) - O(VPFH7 F)

Now, for the sake of methodological calculations and further simplifications, the notion
of PFHSS can also be viewed as a Picture Fuzzy Hypersoft Number (PFHSN) given be-

low:
Ry, (0;) = {prw, (vi), Trw, (vi), W, (v;) v € V }.

This structure would be known as Picture Fuzzy Hypersoft Number (PFHSN).

Also, for convenience, PFHSN can also be described as Iy,; = (pR(ﬁij), TR(9,;)> W R(,gij)) ;
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where the subscript ¥;; is used to establish the connection between the alternatives

and the parameters for the calculation purposes.

In order to propose a new algorithm for ranking the alternatives based on the pro-
posed PFHSS and their aggregation operators, we suitably reframe the notion of the

score function and accuracy function for PEFHSNs as follows:

Let Iy, = (pR(ﬁi].)7 TR(0,;)> wR(gij)) be a PFHSN. The score function of Iy, is
given by S (Lgij) = PR@;) — TRWy,) — Wr); 7 € {1, 2, ... ,n}and S (ng.j) €
[—1,1].

Remarks:

e [t may be noted that in some situations, the score function for two different PFH-
SNs may be the same, e.g.,
if we take Iy,, = (0.3, 0.5, 0.2) and Iy,, = (0.6, 0.4, 0.6) as two PFHSNs

then as per the definition of the score function, the score value would be -0.4.

e In such cases, it will not be easy to decide which one is the most appropriate Iy,,
or Iy,,. Therefore, in order to overcome such problems, the notion of accuracy

function has to be further introduced.
The Accuracy function of Iy, is given by
H (Iﬁij) = PR@:;) T TR@y;) T WRE@y)-

It may also be noted that H (I,gij) € [0, 1] and for the comparison of the two PFHSNs,

Iy,; and Jy,;, the following comparisons of the above-defined functions have been done.

o IfS (L%j) > S (Jﬁij) then [192.].> Jgij. I§¢j> Jﬁij.
o 1S (Iy,) <S(Jy,) then Iy, < Jo,.  ® I H(ly,) < H(J,) then
Lgij< Jﬁij.
o IfS(Iy,) =S (Jy,,;) then Iy, = Jy,,.
o If  H(ly,)=H(Jy,) then
o If H (Lgij> > H (Jﬁij) then IﬂijE Jgij.
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Remark: From, the above definition, the score function is monotonically in-

creasing with respect to its variables.

4.2 Average/Geometric Aggregation Operators

In the process of information fusion, the mathematical notion of aggregation operator
which aggregates the interrelated multiple input values to solely one outturn value, is
an essential tool and widely utilized for handling various decision-making problems.
The problems are not only limited to the field of mathematics but also widely spread
in physics, economics, engineering, social and other sciences. In this section, we de-
vise two types of aggregation operators (Averaging aggregation operators and Geo-
metric aggregation operators) for Picture Fuzzy Hypersoft Numbers and discuss vari-

ous results based on this.

For the sake of defining the picture fuzzy hypersoft weighted averaging and weighted
geometric operator, we first need to understand the notion of sum, product, scalar mul-

tiplication, exponent and complement of PFHSNs which have been defined as below:

Let Iﬁd = (pﬂdﬂ—ﬁdeﬁd)? 11911 = (pﬂ1177_19117w1911) and ]1912 = (p191177_1912vw1912) be
three PFHSNs and x be a positive real number. Then, the following operations are
defined over three PFHSN s:

(@) Ly, @ Loy, = (Pos + P01y = P011PO12s T Toay Wi Woys) -

(b) Iy, @ Loy = (P91, 012y Tony T Tors — To11Toe, Woyy + Wiy — Woy W) -
(c) kly, = (1= (1 —=ps,) ", (T0,) ", (wo,) "])-

(d) 15, = ([(ps,) " 1= (1 =79,) ", 1= (1 —wy,) "]).

<e> Igd = (wﬂw T, pﬂd) :
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4.2.1 Picture Fuzzy Hypersoft Weighted Averaging (PFH-
SWA) Aggregation Operator

Definition 28 Let Iy, = (py,, To,, ws,) be a PFHSN, J; and §; represent weight

vectors for expert’s and sub-attributes for selected parameters respectively with the con-
straint J; > 0, >0 Ji=1land §; > 0, >0 & =1. Then, the Picture Fuzzy

Hypersoft Weighted Average (PFHSWA ) aggregation operator is a mapping
N — N given by

PFHSWA(Ly,,, Tyr s Io) = &8 (@ 103ils,) - (4.2.1)
where MW" = (Lyy,, Loy, --. 1y, ) is a collection of all the PFHSNs.
Theorem 8 Let Iy, = (pv,, To, ws,) be a PFHSN. Then from equation (4.2.1),

the weighted average aggregation (fusion) of all the input values also gives a PFHSN,

represented by,

PFHSWA(Iy,,, Iy, ... Iy,.)
S

= <1 - H;n=1 (H?:l (1 - ij)&)gja H;n:1 (H?:l (mij)&) , (4,2,2)
m n S
H (H (wﬁz‘j)&) > .

j=1 \i=1
where J; and §; represent weight vectors for expert’s and sub-attributes for selected pa-

rameters respectively with the constraint J; >0, > " | J; = 1 and§; > 0, Z?:1 S§; =1

Proof 1 The proof of the theorem follows from the principle of mathematical induction.

Forn = 1, we get 31 = 1. (because > ;. | Ji=1. )
Then, from equation (4.2.1), we have
PFHSW ALy, Ioys - Do) = & 1851,

Now, using the above-stated functional laws (a)-(e), we get

PFHSWA(Ly,,, Ly,y, .- 1y,.)

m

<1 - f[ (1 - p1911>3j’ H (71914')3]" ﬁ (wﬁlj)&

Jj=1 Jj=1 Jj=1
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fi{ie) )

Also, Form = 1, we get § = 1. (because Z;nﬂ §i=1.)

Then, from equation (4.2.1), we have
PFHSW A(Iy,,, Ly,,,

Ay, ) = @®F,Jily,. Again, using the above-stated func-
tional laws (a)-(e), we get

PFHSW A(Ly,,, Ls,,,

1y,,,) =

<1H(1p191‘1):‘i7 H(Tﬂil)ﬁivn(wﬂil)ai >
i=1 i=1 i=1

1 n Sj 1 n S

(T {0 e0®) T (")

This shows that equation (4.2.2) satisfies for n = 1 and m = 1. As per induction
hypothesis, assume that equation (4.2.2) holds for m

ar +1,n = ay and m
o1,N = g + 1,' Z'.e.,
ar+1 o S
vntzain - (i ([0 )
j=1 \i=1
ar1+1 [/ as i a1+l /as . 3,
11 (H <mij>3i> I (H (Wl_m) >;
g=t \i=l j=1 \i=1

o ag+1 Sj
L35 (721 3ily,,) = <1 - H ( H (1- pﬁlj)3i> ;
=1 \ i=1
ar  [fas+1 ], i ay  faz+1 30 i
H <H (T'l9ij)‘l> ? H (H (wﬁij) 1) >
j=1 \ i=1

j=1 \ i=1

Now form =ay+1,n=as+ 1, we get

1 1 1
@?Lf Sj (@iif Jilﬂij) = @‘;;T 5j <®?:213¢L9ij @3a2+11ﬁ(a2+1)j>
1 ~ 1o ~
= @;2'1" ©72,853ilv,; @;2'1" BiJaa+1190, 41y,

7



( f[ _: I1( = ro, 3>5)
(o))

i (ﬁ <>3)g

j=1 i=1
a1+1

J(ag+1) KE
L ((oe)™)"
j=1
ar+1 /a2 - \
H (H (wﬂij)dl>

j=1 i=1
ar1+1

~ i
J(ag+1) \ 7
o I1 ((wann) ")
Jj=1

T (H <>) B (H <w>) J >

j=1 \i=1

Therefore, the result is true for m = a1 +1,n = as + 1 and the theorem is proved.
Properties of PFHSWA Operator

e Idempotency

If]ﬁi]. = Lga = (pﬁij, Tﬁij, W§ij) \V/i,j, thenPFHSWA(IﬂM, 11912, ,Iﬁnm) =

Iy, .

@

Proof. Let Iy, = Iy, = (,019”,, T (.Uﬁij) be a collection of PFHSNs, then
with the use of equation (4.2.2), we get

PFHSWA(L%U 119127 7]19nm)

S §j

- <1 o HTzl (H?:l (1 - p&j)&) ’ H;n 1 (H?zl (7’191.].)&> ,

fi(fe) )

78



= <1 - <(1 —Pﬁij)z?zlﬁi )211 3 | <(Tﬁij)z?:13i >Zj1 3 |

((wa,) =2 )

= <1_ ((1_p19ij)7 (Tﬁij)a wﬁij> = (pﬁijv Tz wﬂij) = Iy,.
Hence, th idempotency holds.

e Boundedness

Suppose Iy,; be a collection of picture fuzzy hypersoft numbers.

Let I;ij: mjin miin {,019”.} , mjax max {7'191.].} ) mjax max {Wﬁij}> and

[Jij:<mjax max {ps,;}, mjin miin {9}, mjin min; {wgij}>, then

Iﬁ_z‘j = PFHSWA([19117 [19127 SR [19 < I+

nm — ”

Proof.
Let Iy, = (pgij,Tﬁij,w,gij) be a PFHSN, then min min {,0191.].} < {pgij} <
: : : ; : :

mjax max { pﬁij}

== 1- mjax max {pgij} < {1 - p,,gij} <1- mjm miin {pgw}

Ji ~
— (1 — max max {pgij }) < (1 _pﬁij)dz

J
Ji
< (1 ~ min min {pmﬁ)

i J n
1- y 1-
— ( m]ax mlax {1019”}) H PV,

=1

o T
< <1 ~ min min {pﬁij})

1- 1—
> ( mjax max {pﬁ ) 11;[1 P95
< (1 — min min {pﬁij}>
7 7
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(as >, 3 =1.)

S

Z;'nzl Sj T n _
1-— g < (1- Ji
— ( max max {pgw}) < H ( 1 o,

j=1 \i=

E]’:1 Sj
< (1 — min min {plgi]. })
J K2

3

<:><1—mjaxmlax{p19 ) ﬁ<H1—pﬂ )E

j=1 \i=1

o

(as X7, 85 = 1)

— <mjin min {pqyij}) <1 _f[l (ﬁ (- pﬁij)3i>sj

i=1
< ( max max {pﬁ”}> . (4.2.3)
i i

Similarly,

(oo (1) < T (T 07)

i=1

< < max max {%}) : (4.2.4)

J

s

win min (w0, }) < T (I] (00" ’
( )< (1L

< (max max {wﬁij}> . (4.2.5)

J
LetPFHSW A(ILy,,, Ly,ys-- - Lo, )= (po.,To.,ws.) = Iy, so that the inequalities (4.2.3),
(4.2.4) and (4.2.5) could be transformed into following forms:
min min {py;; } < {po,;} < {po.}

< mjaX miaX {pﬂij} ;

rnjin min {ro,;} <{moi; } <{mo.}

< mjax mlax {7‘19”.} ;
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and

mjin miin {wo,; } < {wo,, } < {wo,}

< mjax mzax {wqgij}

respectively. So, by making use of the earlier defined score function, we obtain
the following values:

S(Iy,.) = po. — 79, —wy, < max max {py,, |
i 7

g ) (e, =5 1)

Also,

S(Is.) = po. = o, = wo, = minmin {py,, }

mmong {ra, } —max m {n, } =5 (13,).

Now, by making use of the order relation between these two PFHSNs, we get

Iy < PFHSWA(ly,, Loy, oo 1o, < [g'ij which is the proof of the bound-

edness.

e Shift Invariance If Iy, = (py,, T, wg,) be a PFHSN, then,

PFHSWA(LgH @Iﬁa,lﬁl2 EBLga,...,Ignm @Iﬁa) = PFHSWA(I@II,Iﬁlz,...,Lgnm) @Iﬁa.

Proof. Let Iy, and Iy, be two PFHSNs. Then, by the operational law of di-

rect sum defined above in (a), we get Iy, @© Iy, =

<p19a + Po; = POaPbijs T9aT0555 wﬁawﬂij>' Therefore,

PFHSWA (Iy,,® Ly, 19,,® Lo, 19, ® Iy,) = &1, F; (B11Ji(ls,, & Iy,))



7j=1 \i=1
m n S
(H (wﬂij)3i> > 2] <p19a7 T9q wﬁa>
=1 \i=1
= PFHSWA(ly,,, Ly,,, --. ,1g,,.) © Iy ; which completes the proof of oper-

ator being shift invariant.
Homogeneity For any positive real number x,
PFHSWA(K[ﬁu, Ii[ﬁm, “o ,Ii[gnm) - KPFHSWA(I@M, 11912, e ,Iﬁnm>.

Proof. Let Iy, be a PFHSN and x > 0 be a real number, then by the opera-

tional law of scalar multiplication defined above in (c), we get

Kl = <[1 —(L=pa,) " (70,) " (ws,,) H] > .
Thus,

PFHSW A(kly,,, klg,,,... ,klg,, ) =

(=T (T 0= 0) ™)™ T (T () ™)™ T (T () ™))

(i) ) (ffeor)) (T (e

= KR PFHSWA([ﬁH, [19127 ceey [gnm).

82



e Monotonicity Let Iy, and I;ij be the collection of two PFHSNs. If I, <

/

Iy, then,

PFHSWA(Iy,,, Iy, ... .1y ) < PFHSWA (119 I

vy Ly )

Proof. The proof follows by making use of the operational laws stated above.

’
11’

Further, we introduce another type of average aggregation operator called the ordered

weighted averaging operator for Picture Fuzzy Hypersoft Numbers as follows:

Definition 29 Let Iy, = (py,, Ts,, wy,) be a PFHSN, J; and §; represent weight
vectors for expert’s and sub-attributes for the selected parameters respectively with the
constraint J; > 0, >"  Ji=1land §; > 0, >, §j=1. Then, Picture Fuzzy
Hypersoft Ordered Weighted Average (PFHSOWA) Aggregation Opera-
tor is a mapping MN" — N given by

PFHSOWA(ILy,, Tpyy - 1) = & ™5 ( ® ;?:131-1190(”)) . (4.2.6)
where N" = (1y,,, Ly, .. 1y, ) is a collection of Picture Fuzzy Hypersoft Numbers
and o (11), 0 (12), o (21), ...... o (nm) is a possible permutation of i and j withi =

1,2 ...mandj=1,2,....m.

4.2.2 Geometric Aggregation Operators

In this subsection, we subsequently study and define the new geometric aggregation op-

erators for the proposed picture fuzzy hypersoft numbers as follows:

Definition 30 Let Iy, = (py,, To,, wo,) be a PFHSN, J; and §; represent weight vec-
tors for expert’s and sub-attributes for selected parameters respectively with the con-
straintJ; > 0, >0 Ji=1land F; > 0, >.», §; =1. Then the Picture Fuzzy
Hypersoft Weighted Geometric (PFHSWG) Aggregation Operator is a map-
ping N* — N given by

m n 3.\ S
PFHSWG(Iy,,, lpyy: - 1 1o,,) = @y (®F1y,%)"; (4.2.7)
where N = (Iy,,, Loy, --- 1y, ) s a collection of PFHSNS.
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Theorem 9 Let Iy, = (py,, To,, ws,) be a PFHSN. Then from equation (4.2.7),
the weighted geometric aggregation(fusion) of all the input values also gives a PFHSN

given by
PFHSWG(1y,,,Ly,p,---1y,,)

= <H;‘n—1 (H?:l (pﬂij)&)gjvl - H;‘n:l (H?:l (1 - Wu)&)&v 1- H;n:1 (H:‘l:l (1 - Wﬁu)si)&(%z&
where J; and §; represent weight vectors for expert’s and sub-attributes for selected pa-

rameters respectively with the constraint J; > 0, 2?2131‘ =1 and§; > 0, Z?Zl 5 =1

Proof 2 The proof of the theorem follows from the principle of mathematical in-

duction.

Forn =1, we get 31 = 1. (because Y | Ji=1.)

Then, from (4.2.7), we have
PFHSWG Iy, Ioss, - 1g,,) = @7yl 5

Now, using the above-stated functional laws (a)-(e), we get

PFHSWG(Iﬂlu-[ﬁlz?‘ e '7‘[’19nm> =

<ﬁ (pﬁlj)gj’ 1 - ﬁ (1 - Tﬂlj)&a

(i) )
iffe)’)

Also, form = 1, we get §1 = 1. (because Z;”Zl §;i=1.)
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Then, from (4.2.7), we have
PFHSWG([§11,1§12, Cee [ﬁnm) = ®?:1[19113i.

Again, using the above-stated functional laws (a)-(e), we get

PFHSWG<-[191U -[7912a ceeey ‘['197Lm)

) <H (o)™ 1= (0= 70)™,

=1 =1

This shows that equation (4.2.7) satisfies forn = 1 and m = 1.
Assume that equation (4.2.7) holds for m=ay +1, n = ag and m = oy, n = as + 1;
1.€.,

~ 5]‘ atl 2 Ji SJ
ezt (etan, ) = (T (T 60"

j=1 \i=1
a1+l [/ as 3, i
1- H < (1_7-1%') Z) ’
j=1 \i=1

ar+1 /a2 R \E
1- H < (1_‘*}191'3')‘”) >;
j=1 \i=1

3 a1 az+1 3, 8
®?21 (®?:21F1[19ij3i) = <H H (pﬂij) l) )



Now form =ay+1,n=as+ 1, we get
a1+1 ootlyp  Ji $i _ a1+l a2 10 Ji [ Jag+1 8
®j=1 (®i:1 Vij ) = Q=1 (®izile,; " @ D(ag+1);

, S
oo+l g Ji S oar+l Jag+1 J
—®j:1 (®i:1119¢j ) ®j:1 <[‘9<a2+1>j : )

= <aﬁ1 (H (pmj)ai> Sj@

j=1 \i=1
T Jagrn\ ¥
H (pﬂ(az-*-l)j) )
j=1
a1+1 a2 3j
Ji
1—H( (1—7g,) ) ®
j=1 \i=1
a1+1 ~
Y(ag+1) \ Y
T (1))
j=1
ai+1 a2 gj
Ji
([T w0 e
j=1 \i=1

a1+1 ~ T
J(ag+1) \
- H ((1 - wﬁ(aw)j) ) >

Jj=1

- <H ( T (%)&)ﬁ

j=1 \ i=1
a1+l foas+1 N 8
1= H (H (1 _Tﬁij)di) d
j=1 \ i=1
a1+1 fas+1 ~ \f
1- H <H (1_“)1917)‘”) >
j=1 \ i=1

Therefore, the result is true for m= oy +1, n = as+ 1 and the theorem is proved.

Remark: Further, the properties like Idempotency, Boundedness, Homogeneity, Shift
Invariance and Monotonicity can be defined for geometric aggregation operators anal-

ogous to averaging aggregation operators.
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4.2.3 Algorithm for Proposed Articulation and Devised Ag-
gregation Operators under the surroundings of PFHSS.

For the sake of solving the proposed articulation outlined above, we present a new al-
gorithm and list out the necessary steps with the help of the following Figure 4.1 as fol-

lows:

| l |

Specify the Structure of Deputing a Team of Decision Makers Select the paramet‘ers as per }he
Alternatives MCDM Model with respective
sub-attributes

Formulation of Decision Matrices for Alternativ per
the Decision Maker’s Opinion in the form of PFHSNs

Conversion of Cost type to Benefit type sub-attributes " . .
with the help of Normalization Identify the Cost type attributes

Process of Ag
proposed operation
PFHSWA Operator

Arrange the aggregated Picture Fuzzy Hypersoft
Numbers(PFHSNs)

Computation of Score Values for Aggregated

| PFHSNs
Ordering with maximum Score .
T Ty S N S — Rank the Alternatives —.@

Figure 4.1: Flowchart of the Proposed Algorithm

The detailing of the outlined steps of the proposed methodology is being presented be-
low:

Step 1: Assemble the data related to each alternative in the form of Picture Fuzzy Hy-
persoft Number in accordance with several conditions of multi-parameterizations and
rearrange them to construct a Picture Fuzzy Hypersoft decision matrix for the avail-

able experts provided with respect to each alternative {y<<1> q=1,2,...,n } as fol-
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lows:

/

9, 0, 9

p
1 (@ _(@ (9 (@ (@)  (q) (@ _(@ (9
2 ) T ) )
2 q q q q q q q
0 = 2| T ) P T ) )
) WXPp
Zw (p;/) 9 lg?) 9 w’éfn)l) (pgila ’Lgl) 9 w’é;;) c (pg{) 9 ’ng)p, w’l(;i)p)

Step 2: In the case of inconsistent sub-attributes, transformation of cost and ben-
efit type sub-attributes is required. This can be done with help of the normalization
rule and the resulting normalized decision matrix is as below:

Iﬁijfc = (wﬁij/ (@) Tﬁij/(q), pﬂij/(‘;’)> ; cost type parameter

Sij =

]ﬂij, = (pﬁij/(q), Tﬂij_l(q), wﬂij_f(q)>; benefit type parameter

If the data is consistent then move to Step 3.

Step 3: Now with the use of the devised aggregation operators, we get a collective de-
cision matrix Iy, for each alternative Y = {Y', V*, ... ,Y"}.

Step 4: For the collection of alternatives ) = {Y', V? ... ,Y"}, we compute the
scoring values with the help of the formulae of scoring function.

Step 5: Choose the alternative with maximum score value & then rank the alterna-

tives.

4.2.4 Numerical Illustration and Computation

In order to solve a MCDM problem based on the proposed methodology, a numerical
problem of selecting the most suitable employee for a multi-national company from
the set of employees by taking into account the choice of parameterizations is based
on the following formulation
Let Y = {Y', V% Y3 Y} beaset of employees and Q2 be the set of attributes
given in the form of a hypersoft set as

Q = {¥; = Age, ¥, = Foreign Language knowledge, )3 = Academic qualification, ¢, =

Work experience}and their further sub-parameters given by

® Age = 191 = {1911 =21 — 35,1912 =35 — 52},
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e Foreign Language Knowledge = v = {91 = English, 155 = French},
e Academic Qualification = 3 = {33 = under-graduation, 135 = post-graduation},

e Work Experience = 9, = {141 = atleast one year} .

Let 2" =1, x ¥y x U5 x ¥4 be a collection of sub-attributes, which is explicitly given
by

_ { ((0117 19217 19317 1941) ) (7-9117 7-9217 19327 1941) 3 (7-9117 7-9227 7-9317 7-941) ) (19117 19227 7-9327 l941)) }
(19127 /19217 /§317 /§4l) ) (1912a 1921) 7-932a 1941) ) (1912a 1922) 1931) 1941) ) (19127 19227 1932) 1941)

For the sake of simplicity collection of all sub-attributes can be restated as

!

0 = {79'1, 0y, 0y, O, O, O 19;}
and their respective weights are (0.12, 0.18, 0.1, 0.15, 0.22, 0.08, O.l)T.

Consider Z = {Z', 22, Z3, Z*} be a collection of experts with weight’s
(0.2, 0.3, 0.4, 0.1)T to examine the suitable alternative. The preferences are sup-
posed to be given by experts in terms of PFHSNs by using multi sub-attributes. In or-

der to obtain the most suitable choice, we go through the following process.

Productive Employees Selection Using Picture Fuzzy Hypersoft Weighted

Average Operator

Step 1: The situations are examined by the experts in terms of PFHSNs. The multi-
subattributes of the selected attributes, along with computation of score values are

given in the following tables:

Step 2: Since al attributes are identical, so there is no need for normalization.

Step 3: By using equation(4.2.2), the opinion of expert’s can be summarized as
J1 = (0.309967,0.231837, 0.200275), J> = (0.269288,0.275446, 0.196839) ,

J3 = (0.288827,0.238588,0.212493) , J, = (0.198194,0.304841,0.213194) .

Step 4: Now compute the scoring values by using the formulae of scoring functions.
S(J) = —0.122145, S(J>) = —0.202997, S(J3) = —0.162254, S (J,) = —0.319841.
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Table 4.3: Decision Matrix given by Experts for Alternative )*

z1 z2 z3 zZ!
9 1 (02,0501) | (04,03,02) | (01,0205 )| (03,0501 )
9 | (03,04,02) | (0204,01) |(04,01,02) (020401 )
95 | (04,01,02) | (01,0203) |(03,0201)]| (01,0204 )
d, | (03,05, 01)|(03, 02 01)]|(020403)](03,04,02)
9. 1 (04,01,02) | (04,0203) |(0201,05) (01,0305 )
9 | (03,02,01) | (01,03,05) |(0.7,01,01) (020401 )
97 1 (03,02,04) | (01,02,04) |(04,0203)]|(04,01,02)
P | (0.1,02,03) | (0203,04) | (01,0503 )| (04,0302 )

Table 4.4: Decision Matrix given by Experts for Alternative )?

zZ! z2 z3 z4
9 1 (04,0203 )] (0.1,02,05)|(04,01,02)|(04,03,02)
¥ | (0.1,02,06 )] (0204,01)|(01,0204)|(020.1,05)
9, | (02,0501 )] (03,0501)|(03,050.1)|(0.1,03,05)
9, | (0.1,02,03)](0204,03)|(04,03,02) (01,0204 )
9. | (0.3,02,01)](01,0305)|(01,0503)|(0304,02)
9 | (07,0101) | (02,0501)|(03,0201)|(02060.1)
97 1 (02,04,01 )] (01,0503 )| (03,04,02)|(0.1,0.7,0.1 )
9% | (02,0502 )] (04,01,02)|(020501)|(03,020.1)

Table 4.5: Decision Matrix given by Experts for Alternative )}

zZ! z2 z3 z4
9, | (0.1,03,04 )] (03,0501)|(04,01,02) (03,0501 )
9 | (04,03,02)](04,03,02)|(0.1,02,03)|(0204,0.1)
9 | (02,06,01)](0.1,0503)|(020.1,05)| (01,02 04 )
9, 1 (03,02,01)](02,04,01)|(0.7,01,01)|(03,04,02)
9% | (02,0501 )](04,0203)|(04,01,02)|(0.1,0.3,05)
9 | (04,01,02)](04,03,02)|(0.1,03,01) (020401 )
97 1 (01,0204 )] (0.1,02,03)|(0.1,02,03)|(04,0.1,02 )
9% | (02,04,01)](020305) |(0.1,03,06 )| (040.3,02)
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Table 4.6: Decision Matrix given by Experts for Alternative J*

zZ! z2 z3 zZ4
9, | (03,0501 )] (0203,04)|(0201,05)| (01,0502 )
9 | (02,0304 )](0.1,02,03)|(0205,02)|(0203,0.1)
9 | (0.1,03,02)](03,04,02)|(0.1,0502) (020501 )
9, 1 (03,02,01)](0.1,02,06)|(03,0201)|(0.1,0203)
9% 1 (02,04,03)](0.1,02,02)|(0.1,04,02)|(0.3,04,02)
9 | (02,06,01)](02,04,03)|(0205,01)|(0.1,0203)
97 1 (05,03,02)](02,01,04)|(0.1,03,05) | (03,0201 )
9% | (0.1,03,04 )] (03,0201 )|(0204,03)|(0204,0.1)

Step 5: Finally, on the basis of the obtained values of the score function, we observe
that

S(J) > S(Js) > S(J) > S(Tu).
So, V' > Y3 > Y2 > Y Hence, the alternative V' is the most appropriate one.

Step 6: Also, by using equation (4.2.8), opinion of expert’s can be summarized as

J1 = (0.239208,0.278116, 0.254269), J> = (0.216339,0.335441, 0.259252) ,

Js = (0.217776,0.284027,0.27034) , J4 = (0.178452,0.353784,0.287766) .

Step 7: Now compute the scoring values by using the formulae of scoring functions.
S(J) = —0.293177, S(J>) = —0.378354, S(J3) = —0.336591,S (J4) = —0.463098

Step 8: Finally, on the basis of the obtained values of the score function, we observe
that

S(J) > S(J3) > S(J) > S(Tu).

So, V!
one.Therefore, by both the aggregation operators the alternative ! is the optimal

> Y3 > Y2 > Y% Hence, the alternative V! is the most appropriate

one.
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4.3 Comparative Analysis, Advantages and Discus-

sions

In this section, we discuss the functionality, receptiveness, and conformity of the pro-
posed notion and methodology in contrast with the existing techniques. In addition
to this, some advantages and discussions over the obtained results have also been pre-
sented for better understanding and readability. In view of the numerical example un-
der consideration and the results obtained through the existing techniques utilizing
the intuitionistic fuzzy soft /hypersoft aggregation operators, we present the following

Table 4.3, stating the ranking o the alternatives for the decision-making problem:

Table 4.7: Results of Comparative Analysis with Some Existing Aggregation Opera-

tors
Method % »? A% A Ranking Order
IFSWA [111] 0.08158 0.07674 0.14762 0.09959 VEs>yt o> yto> )?
IFSWG [111] 0.49830 0.41735 0.40935 0.46175 | Y1 > y* > Y2 > )3

IFHSWA [112] | -0.195086 | -0.124363 | 0.084652 0.095501 yE>2 o> yzo> oyl
IFHSWG [112] | -0.259867 | -0.242376 | -0.141950 | -0.035913 | Y* > 3 > 2 > !

Subsequently, on the basis of the obtained results by utilizing th proposed method-
ology involving the introduced PFHSWA /PFHSWG aggregation operators, we present

the following respective computed values:

S(J) = —0.122145, S(J,) = —0.202997, S(J3) = —0.162254, S (J,) = —0.319841.
and

S(J) = —0.293177, S(J>) = —0.378354, S(J3) = —0.336591, S(J4) = —0.463098

On the basis of the computed score values, we finally conclude the following ranking
of the alternatives (employee) which is certainly different due to the extra flexibil-
ity of sub-attributes:

A N

Important Remarks and Advantages:

e Finally, we are able to state that the proposed notion o picture fuzzy hypersoft

set (PFHSS) is a novel concept and a vali extension of fuzzy set/hypersoft set the-

92



ories. The PFHSS has an added advantage to deal with the wider sense of ap-
plicability in uncertain situations with the incorporation of degree of refusal and

abstain.

The existing types of hypersoft sets - intuitionistic fuzzy hypersoft set [14],
Pythagorean fuzzy hypersoft set [113], Neutrosophic hypersoft set [14] have their

own limitations because of the exclusion of refusal and abstain component.

It may be noted that the categorically designed information having the picture
fuzzy relation would not be possible to address with the help of existing hyper-

soft set theory in order to ensure a kind of parametrization in the relation.

The methodology implementing the proposed PFHSWA /PFHSWG aggregation
operators can be well utilized for various group strategic MCDM models in a gen-

eralized framework effectively and consistently.

As an overall critical aspect, we observe that eventually with the picture fuzzy in-
formation, it won’t be possible to suitably address those membership values
(given by the decision-makers/experts) whose sum exceeds one. Such restric-
tions in respect of decision-maker’s opinion can be eradicated with the notion of

T-spherical fuzzy information.

Similarity Measures of Picture Fuzzy Hyper-
soft Sets

Next, we define the similarity and weighted similarity measures between PFHSSs and

some of its fundamental operations.

Definition 31 Let V' be the universal set and PFHSS(V') be the set of all picture fuzzy
hypersoft sets over V. Consider a mapping S : PFHSS(V) x PFHSS(V) —
[0,1], for any (R, A1), (R, Ay)) € PFHSS(V), S((R, A1), (R, A3)) is called a
similarity measure between the picture fuzzy hypersoft sets (R, A1) and (R, Ay) if it

satisfies the following conditions:

(i) 0 < S((R7 Al)? (R,a A2)> < 1
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(i) S((R, M), (R, A3)) = 1R = R
(iit) S{(R, Av), (R, A3)) = S((R', 42), (R, Av));

(i) Let (R, A3) be a picture fuzzy hypersoft set, if (R, A;) C (R, Ay) and
(R, Ay) C (R", A3), then S((R, A1), (R", A3)) < SR, A&), (R, Ay))
and S((R, A1), (R", A3)) < S{(R, Ay),(R", As)).

Definition 32 Let (R, A) and (R, A) be any two PFHSSs over the universe of dis-
course V.= {vl, v?, ... v"} with the attribute set values K¢ x K& x ... x KZ,.

Then, a similarity measure between (R, A) and (R, A) can be defined as:

Spruss (R, R') = (4.4.1)

(mindlpreosy(v7) = prgap (09)] 17 (v) = Trgap (09}

Flwres (V) — wrrn (V)]

)
o Dot D >
nm £i=1 £aj=1 i i i i
(max{\PRw;)(v ) = pr@s) (V)] [T (V) = Triws) (V)]}

1+4 ) 4
+|wR(19;)(vZ) — wR/(g;j)(UZ |
where, 7 = 1,2, .m;2 = 1, 2, .n;s = a,b,....z;a,b,....2 = 1,2, ...n and
08 e Kf x K§ x ... x KJ.

Definition 33 Let (R, A) and (R, A) be any two PFHSSs over the universe of dis-
course V- = {vt, v2, ... o™} with the attribute set values K¢ x K§ x ... x KZ.
Then, a tangent similarity measure between (R, A) and (R, A) can be defined as:
Tpriss (R, R) = (4.4.2)
1 —n m - <’PR(19;)(Ui) - pR’(ﬁj)<Ui)| + \TR(ﬂ;)(Ui) - Tapr(v")l
o 2aiet 2je1 § 1 — tan g5 ; ;
Hwa;)(U ) — wR/(ﬁj)(U )‘)

where, 7 = 1,2, .m;1 = 1, 2, ..n;s = a,b,....z;a,b,....2 = 1,2,....n and
0 e Kf x K} x ... x K7

Theorem 10 Let (R, A), (R, A) and (R", A) be three PFHSSs over the universal set V.

Then Spruss satisfies the four axioms of similarity measures as follows:
(1) 0 < S(R, R') < 1;
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(i) S(R, R) = S(R,R)
(ii)) SR,R) = 1R = R

() If (R, A) C (R, A) and (R', A) C (R", A), then
Spruss(R, RN) < Spruss(R, R') and Spruss(R, R”) < Spruss(R, RH)-

Proof 3 Proof of (i) and (ii) can be easily done by making use of the definition of
the proposed measure.

(111) For the proof this part, let us suppose R = R’

Then, PR(@;)(Ui) = PR’(ﬁj)(Ui)ﬂ_R(ﬂj)(Ui) = TR/(ﬂj)(Ui)7wR(ﬁj)(Ui) = WR/(19§)(Ui)'

= S(R,R') =1.

Conversely, let S(R,R') =

) <min{|pR(§;)(v ) = PR3 (v V)|, [Tros (v ") = Tr( o9y (v pli;
1-3
FHwres (V) — wrs)( |)
= = =1
141 (maXﬂPR 92 (V") = prios) (V)]s [Treos) (V1) = Troos) (V) [}
2 i
+|WR(19§.)( v') — WR (93 5y (v )|> ]

= 1—g[min{|pres) (V") =pr w2 (V)] [Treo) (V1) = Trron) (V) [H|wres) (v) —wri @ ()] =
1+ 5[max{|pres) (V") — preo (V)] [TReo3) ( )= TRy (UZ)!}HWR 29 (V") = wrr(os) (01)]]

= g[min{|pren (V) =prr@s V)], [TrRe:) (V) = Tri@s) (V) [} wres) () —wrs) () [+
smax{|pres) (v') = prrs) (V)] TRy (V) = Trr o) (V') [} +wros) (v') —wrros) (V)] = 0

= |10R(19 y(v') = PR/(&;)(UN =0, |TR(19;.)(Ui) - TR’(&;)(Ui)| = 0 and |WR(19;)(Ui) -
Wiy (V)] =0
= R=R.

(i) (R,A) C (R',A) C (R",\).
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= |prws) (") = pry (V)] < |prwy (V) = pre ey (V)] [TRES) (V') = Tr@) (01)] <

TR (V) = Trr ey (V)| and |wres) (V') — wrrs) (V)] < Jwrws) (07) = wgrge (0]
J J

= min{|pR(§;)(vi)_pR,w;)(m)|, |TR(19§)(UZ')—TR/(19§)(Ui)|}—|—|wR(19;)(UZ)—wR/(,9;)(vi)| S
min{|PR(a9§)(Ul) - PR”(ﬁ;)(W”a |TR(19§)(01) - TR"(&;)(UZ)H + |°~’R(19§)(“1) - wR"(ﬁ;)(UlM

and max{|pr(s) (V') —pr/w3) (V)], [TRe2) (V) = TR (03) (V1) [} wReos) (0°) —wrr2) (0)) | <
max{|prws) (V') = pr s (V)] TR (V) = Tro 9s) (W)} + [WRes) (V') — Whr ey (7))

= 1 — gmin{|prws (V') = priw:) V)], [Tres) (V1) = TR (V)]} + [wres) (') —
wrr(s)(v)]] 2 1=g[minf|pres) (V) =g ws) (V)] [TR95) (V) =T (o) (V) [FH [wRos) (07)
WR”(ﬂ;)(UZ)”

and
1+%[maX{|PR(ﬁ;)(Ui)—PR/(ﬂ;)(Ui)%|TR(19;)( V) =T ) (V") [} +lwrg %) (v .)—WR'(ﬁ;)(Ui)H <
L+ g[max{|pres) (V') = P o) (V)]s [ TR (V) = T ey (V) [} + [wreos) () = whr s (V)]
= Spruss(R, R") < Spruss(R, R'). Likewise, we can prove

SPFHSS(R7 RN) S SPFHSS(R/a R”)'

Theorem 11 Let (R, A), (R, A) and (R", A) be three PFHSSs over the universal set V.

Then Tprpgss also satisfies the four axioms of similarity measures.

Proof 4 The proof can be done on the similar lines as above.

Definition 34 The two PFHSSs (R, A) and (R, A) are said to be =* —similar,
denoted by (R, A) =* (R', A) < Spruss (R, R') > a fora € (0,1).

Definition 35 The two PFHSSs (R, A) and (R, A) are said to be significantly sim-
tar if SPFHSS (R, R,) 2 0.8
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4.5 Application of Proposed PFHSSs Similarity Mea-

sures in Medical Diagnosis

In this section, we proposed a methodology for the diagnosis of a medical problem on
the basis of proposed similarity measures of PF'HSS's. The methodology has been out-
lined in Figure 4.2. Further, a numerical illustration has been presented which in-
volves the similarity measures of two PF'HSS's to detect whether a patient suffering
from a particular disease or not. Let us consider that there ar two patients I, I in a
hospital having a symptoms of COVID-19. Suppose there are three stages of charac-
terization of the symptoms as severe(vt), mild(v?) and no(v?), i.e., the universal set

V = {v!, v, 3}

Step 1 Step 2 Step 3
Construction of Picture Construction of Picture Compute the Proposed
Fuzzy Hypersoft Sets Fuzzy Hypersoft Sets Similarity Measures
corresponding to the corresponding to the between the corresponding

Disease to be Identified Patients Disease and the Patients

Step 4
Choose the Patient with
significant value of

Similarity M

Finish

Figure 4.2: Proposed Methodology

Let K = {K"' = sense of taste, K* = temperature, K* = chest pain, K* = flu}

be the set of symptoms which are classified into sub-attributes as:
K' = sense of taste = {no taste, Can taste}
K? = temperature = {97.5 — 98.5, 98.6 — 99.5, 99.6 — 101.5, 101.6 — 102.5}
K3 = chest pain = {shortness of breath, no pain, normal pain angina}
K* = flu = {sore throat, cough, strep throat}
Now, let us define a relationvR : (K¢ x K5 x K§ x K¢ — P(V) defined as,
R(K¢ x Kb x K$ x K{) = {S = shortness of breath, p = 101.3, R = sore throat,
U = no taste} is the most prominent sample of the patient for the confirmation of the
COVID-19. Two patients are randomly selected based on the above sample. Let (R, A)
bea PFHSS over V for COVID-19 prepared with the help of a medical expert as given
in Table 4.8

Next, the PFHSS's for two patients under consideration is given in Table 4.9 and
Table 4.10.

Now, by making use of the proposed similarity measure we get Sprpss (R, I1) =
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Table 4.8: PFHSS(R, A) for COVID-19

(R, A) K¢ K} K§ K¢
vl (S(0.4, 0.1, 0.1)) | (p(0.3, 0.0, 0.3)) | (R(0.7, 0.0, 0.2)) | (U5(0.4, 0.2, 0.3))
v? (S(0.5, 0.1, 0.3)) | (p(0.1, 0.3, 0.2)) | (R(0.4, 0.3, 0.1)) | (U(0.1, 0.2, 0.3))
v? (S5(0.3, 0.5, 0.1)) | (p(0.1, 0.3, 0.5)) | (R(0.0, 0.4, 0.3)) | (05(0.1, 0.2, 0.6))

Table 4.9: PFHSS(R, A) for the patient I

(I, A) K¢ Kb K§ K¢
vl (5(04, 0.2, 0.2)) | (p(0.3, 0.1, 0.2)) | (R(0.5, 0.1, 0.3)) | (B(0.4, 0.1, 0.1))
v? (5(0.5, 0.2, 0.2)) | (p(0.1, 0.2, 0.4)) | (R(0.2, 0.3, 0.1)) | (B(0.1, 0.5, 0.3))
v? (3(0.2, 0.5, 0.1)) | (p(0.2, 0.3, 0.5)) | (R(0.0, 0.3, 0.3)) | (0(0.1, 0.2, 0.0))

0.8657 > 0.75 and Spryss (R, 1) = 0.6892 < 0.75.
Therefore, we conclude that the patient I; is suffering from COVID-19.

4.6 Conclusions

The processing of uncertain information in terms of multi sub-attributes parametriza-
tion with the help of proposed notion of Picture Fuzzy Hypersoft Set (PFHSS) is a
novel and useful concept. PFHSSs and their aggregation operators can be a strong
mathematical too to handle incomplete and inexact information with vagueness. Here,
we could additionally address the components of neutral membership (abstain)and
refusal in PFHSS and establish various important properties and operational laws
helpful in a decision making problem. Also, the notion of similarity measure in the
picture fuzzy hypersoft sets is also very useful for solving a decision-making problem.
The concept of picture fuzzy hypersoft weighted average/ordered weighted average
operator (PFHSWA /PFHSOWA) and weighted geometric/ordered weighted geomet-
ric operator (PFHSWG/PFHSOWG) have been proved and studied in detail.

Table 4.10: PFHSS(R, A) for the patient I,

(I2, A) K¢ K} K§ K§
vl (3(0.3, 0.2, 0.3)) | (p(0.2, 0.3, 0.1)) | (R(0.5, 0.1, 0.0)) | (5(0.4, 0.0, 0.1))
v? (3(0.4, 0.2, 0.2)) | (p(0.3, 0.2, 0.1)) | (R(0.1, 0.4, 0.2)) | (5(0.2, 0.4, 0.5))
v3 (3(0.1, 0.5, 0.1)) | (p(0.2, 0.3, 0.0)) | (R(0.0, 0.5, 0.3)) | (B(0.4, 0.2, 0.2))
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Chapter 5
Picture Fuzzy Hypersoft Matrices

In this chapter, we first introduce the novel notion of picture fuzzy hypersoft matrix
along with various important binary operations and properties. The proposition con-
centrates on presenting a robust decision-making framework for identifying the opti-
mal and most suitable renewable energy source. In this regard, the revised definition
of picture fuzzy hypersoft choice matrix/weighted choice matrix, value matrix, and to-
tal score matrix have been presented. Further, two algorithms of decision-making for
the selection of the best renewable energy sources have been provided along with ap-
propriate illustrations and ranking descriptions. A numerical example has also been
worked out for the sake of illustrating the proposed algorithms. Finally, to establish
the robustness of the MCDM algorithms, a necessary comparative analysis has been

carried out successfully.

5.1 Picture Fuzzy Hypersoft Matrices & Opera-

tions

In this section, on the basis of the proposed notion of a picture fuzzy hypersoft set, we
are also presenting the concept of a new type of hypersoft matrix termed a Picture
Fuzzy Hypersoft Matrix (PFHSM) along with various binary operations and impor-

tant properties.
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Let V. = {v!, v?
of discourse and PFS(V') be the collection of all picture fuzzy subsets of V. Suppose
Kla K27

tribute values are the sets K¢, K3, ..

Picture Fuzzy Hypersoft Matrix. ..., v"} be the universe
..., K, form > 1bem well-defined attributes, whose respective at-
., KZ with the relation K¢ x K& x... x KZ,
The pair (R, K{ x K} x ---x KZ) is called a
x Kz — PFS(V)

where a, b, ¢,...,z = 1,2,...,n.
picture fuzzy hypersoft set over V where R : K¢ x K5 x
defined by

R(K¢x Kix -+ x K7)

={<v,p9 (v), 79 (v),we(v) >|veV, Ve Kix Kyx---x K2 }.

Here, p, 7, w represents the positive membership, neutral membership and negative mem-
Let Z, = K¢ x K5 x x K7 be the rela-
tion with its characteristic function is xz, : K¢ x K} x ... xK? — PFS(V) given by

bership degrees respectively.

Xz, = {<v,po(v), T9(v), we(v) >veV, Je K} x Ky x... x K, }.
The tabular representation of Z, is given in Table 6.1
Table 5.1: Tabular form of Z,
K¢ Kb KZ,
! XZ’U (/017 K]C.L) XZ’U (v17 KS) XZ’U (Ul? Kz)
If Bj = xz, (v!, K) wherei =1, 2, ., n,j = 1,2, ., mands = a, b, ¢, ..., 2

Then a matrix is defined as

Bll B12 e Blm

BQl B22 e BZm
[Bij]n xm = . . . .

Bnl Bn2 e Bnm

which is called Picture Fuzzy Hypersoft Matrix of order n x m, where
B = (o (), 7oy (0), e (o) iV, (e K x K x5 IG5, )) = (B 78 8.

Hence, it may be noted that any picture fuzzy hypersoft set can be represented in
terms of the picture fuzzy hypersoft matrix. Throughout the chapter, we will denote

the collection of all picture fuzzy hypersoft matrices by PFHSM,, « .
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Example 1: Suppose a need arises for a School to hire a Mathematics teacher for the
10th class. A total of five candidates have applied to fill up the void space. The Hu-
man Resource cell of the school appoints an expert/decision-maker for this selection
process. Let V. = {v!, v?, 3, v* v°} be the set of all five candidates with their set
of attributes as K7 = Qualification, Ky = Experience, K3 = Age, K, = Gender. Fur-

ther, their respective sub-attributes are
K; = Qualification = {BS Hons., MS, M.Phil., Ph.D. }

K, = Experience = {3yr, byr, T7yr, 10yr}
K3 = Age = {Less than twenty five, Great than twenty five}
Ky = Gender = { Male, Female}.

Let the functionbe R : K¢ x K x ---x K? — PFS(V). Based on some
empirical-hypothetical assumptions and the decision maker’s opinion, we present the
following tables with respect to each attribute and with their further sub-attributes are
given in Table 5.2, Table 5.3, Table 5.4 and Table 5.5

Table 5.2: Decision maker’s opinion for Qualification

K$ (Qualification) vl v2 v3 v v
BS Hons. (0.2,03,04 ) | (0.1,0.3,0.5 ) | ( 0.3,0.5,0.1 ) | ( 0.3,02,01 ) | ( 0.4,0.1,0.2 )
MS (0.1,02,04 ) | (04,0203 )| (03,0501) | (0.1,0.1,05 ) | (0.1,0.3,04 )
M.Phil. (0.1,03,05 ) | (0.1,0.3,05 ) | (0.1,0.3,0.5 ) | ( 0.1,0.3,0.5 ) | ( 0.1,0.3,0.5 )
Ph.D. (0.3,01,05 ) | (0.4,03,01 ) | (0.2050.1) | (020.1,05) | (03,0105 )
Table 5.3: Decision maker’s opinion for Experience
K% (Experience) vl v? v3 vt v°
3yr (0.4,03,0.1 ) | (0.2,03,05) | (020203 ) | (050.1,02 ) | (020305 )
Syr (0.1,0.3,05 ) | (03,0303 ) | (0303,03 )] (0204,02) | (0.7,0.1,01)
Tyr (0.1,0.7,0.1 ) | ( 0.4,0.3,02 ) | ( 0.1,0.3,0.5 ) | ( 0.2,0.2,0.5 ) | ( 0.2,0.5,0.2 )
10yr (03,0501 ) | (020403 )| (0303,02) ] (01,0306 ) | (0.6,03,01 )

Table 5.4: Decision maker’s opinion for Age

KS (Age) vl v? v3 vt v®

Less than twenty five ( 0.2,0.1,0.5 ) | ( 0.3,0.3,0.3 ) | ( 0.5,0.2,0.1 ) | ( 0.6,0.2,0.1 ) | ( 0.2,0.3,0.4 )

Greater than twentyfive | ( 0.5,0.3,0.1 ) | ( 0.4,0.3,0.1 ) | ( 0.2,0.4,0.3 ) | ( 0.5,0.2,0.2 ) | ( 0.4,0.3,0.1 )

Now, let us consider
R(K{ x Kix K§x K{) = R(MS, 7yr, Greater than twenty five, Male)
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Table 5.5: Decision maker’s opinion for Gender

K¢ (Gender) vl v? v3 vt v°
Male (0.2,01,02 )| (030203)] (01,0206 )| (040203 )| (050201 )
Female (0.2,0.1,0.5 ) | (04,03,0.1) | (0.3,050.1) | (020202 )| (04,0301 )

= (v, V% 03, V).

For the above relational expression, the picture fuzzy hypersoft set can be expressed as

R(K{ x K x K§ x K{) =
{< o', (MS(0.1,0.2,0.4), 7yr(0.1,0.7,0.1), Greater than twenty five(0.5,0.3,0.1), Male(0.2,0.1,0.2)) >
<%, (MS(0.4,0.2,0.3), Tyr(0.4,0.3,0.2), Greater than twenty five(0.4,0.3,0.1), Male(0.3,0.2,0.3)) >
<v®,(MS(0.3,0.5,0.1), 7yr(0.1,0.3,0.5), Greater than twenty five(0.2,0.4,0.3), Male(0.1,0.2,0.6)) >

) >

<v®,(MS(0.1,0.3,0.4), 7yr(0.2,0.5,0.2), Greater than twenty five(0.4,0.3,0.1), Male(0.5,0.2,0.1 }

The above example of picture fuzzy hypersoft set relational expression can be written
in the following form:

MS(0.1, 0.2, 0.4
MS(0.4, 0.2, 0.3
MS(0.3, 0.5, 0.1
MS(0.1, 0.3, 0.4

(7yr(0.1, 0.7, 0.1)

)  (Greater than twenty five(0.5, 0.3, 0.1
(Tyr(0.4, 0.3, 0.2))

)

)

)) (Male(0.2, 0.1, 0.2)
Greater than twenty five(0.4, 0.3, 0.1)

)

)

)

) (Male(0.3, 0.2, 0.3)
) (Male(0.1, 0.2, 0.6)
) (Male(0.5, 0.2, 0.1)

(7yr(0.1, 0.3, 0.5)
(7yr(0.2, 0.5, 0.2)

Greater than twenty five(0.2, 0.4, 0.3
Greater than twenty five(0.4, 0.3, 0.1

AA/—\/—\
= D D D

Various Types of Picture Fuzzy Hypersoft Matrices:

Let B = [B;;] be a picture fuzzy hypersoft matrix of order n x m; where B;; = (p2,, 75, w

then various kinds of important matrice can be presented as below:

e “Picture fuzzy hypersoft zero matrix if pJ, = 0, 75, =0 & w/}, = 0;Vi, j, s
and the matrix is denoted by 0 = [0, 0, 0].”

e “Picture fuzzy hypersoft square matrix if n = m.”
e “Picture fuzzy hypersoft row matrix if m = 1.7

e “Picture fuzzy hypersoft column matrix if n = 1.7

e “Picture fuzzy hypersoft diagonal matrix if all its non-diagonal entries are

zero V 1, 7,8.”
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e “Picture fuzzy hypersoft p-universal matrix if ,058 =1,70.,=0& wus 0;

Vi, j & s, denoted by p,.”

e “Picture fuzzy hypersoft 7-universal matrix if 055 =0,78, =1& w,gs = 0;

Vi,j & s, denoted by p,.”

e “Picture fuzzy hypersoft w-universal matrix if pgs =0,75. =0& wgs =
1; Vi & j & s, denoted by g,,.”

e “Picture fuzzy hypersoft Scalar multiplication: for any scalar m, we

B
z]s’

define mB = [(mpf,, m,,mwl)|, Vi, j& s”

e “Picture fuzzy hypersoft Symmetric Matrix: if
(B B wB):(,B.T.B.w]Sl)leBt B

pz]s’ ijs? Mijs ij’L’ st

Further, we propose some set-theoretic relations for two given picture fuzzy hypersoft

wi )] and C = [(p5,. 75 wW5,)| € PFHSM, o .

matrices, say, B = [(p,, T, Pijss Tijsr Wijs

7,337

e “Subsethood: B C C'if p}, < p5,, 7. > 75, & v, > v Vi, j & s’

ijs = 'ijs

e “Containment: B D C'if pJ, > pi, 75 <75 & wl < v Vi, j&s’

zys

o “Equality: B=Cif pB. =pC 78 =7¢ & wB =wCl Vi, j&s.”
Pijs Pijs ijs ijs

i‘s - zjs
e “Max Min Product:
Let B = [Bl]] = [(pngz?s? zys)] S PFHSMnXm & C [C ] [(Pﬁtﬁﬁtachst)] €

PFHSM,,, be two picture fuzzy hypersoft matrices then

BAC = [y = (mias(min(pf, p%)), min(min (72, 7€), min(max(f, ) )
Vi,j,s&t’

e “Average Max Min Product:
Let B = [BU] = [(pi'?s”ri?s? Us)] S PFHSM'ﬂXm & C [O ] [(pfst7Tﬁt7ij;t>] S
PFHSM,,, be two picture fuzzy hypersoft matrices then

B C B C B C
B x4 C = [dit)nxp = {(mjax s(—p”S;pj“),mjin S(—TijS;TjSt),rrljjn 8(_%]»2%“) :

Vi, s &t
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Some Fundamental Binary Operations for Picture fuzzy hypersoft matrices:
Consider two Picture fuzzy hypersoft matrices By = [(,ows, i B wgé)] and

By = [(pws, gj, wﬁi)] € PFHSM, « . Some of the basic binary operations on
these matrices can be presented as follows:

o B = [(wBl B )], Vi, 7 and s.

ijs? ’L]S ) IOz]s

e BiUBy = [(max(pgé,pgi),min(nfg,Ti?j),min(wgé,wws))} Vi, j and s.
e BN By = [(min(pf;;,pﬁi),min(rﬁé,rﬁﬁ),max(wﬁé, 1]3)):| V; i and j.

e B ® By = [(pz]s p7,]37 zl]?; ’ Tz?j’ 7\1/("‘)5;)2 + (ng)z - (w52)2 ’ (w5§>2>:|’ v i, j
amd s.

o Bro By = (/052 + (0022 = (o (2% 7wl -l )i Vi

and s
Bi, B2 _Bi1 WwB
Py Bl@B2 — |:( 1]52 1]57 1]52 135’ 1]52 zgs):|;\vl Z, j and s.
By Ba By B2 WPl Ba
_ wlpijs+w2pijs w1 ’L]S+w2T’L]S w1 zys+w2wz]s . . . .
e BQ,By = e R R R ; V1, 5 and s ; where

wy,ws > 0 are the weights.

hd Bl$BQ = [(\/pms pz]s? v '5; ’ Ti?sgv vwgi ’ Z]S>:| v Z .] and s.

o BiSwBa = (5" - (057, ((rfe)™ - (7)) 775, (i)™ - (w) )77 )

YV 1, 7 and s, where wy, wy > 0 are the weights.

pBl P32 TBl ‘I'B2 wBl w32

_ 1js Fijs ijs 'ijs ijs ’L]S . . .

e BixiBy=|[2- g 32,2- 55,2 " B ; Vi, 5 and s.
z]s+ ijs ijs ijs z]s+ z]s

.BlbﬂwBQ:

w1
+ +3 B+
ijs ijs ijs ijs ijs ijs

( pltus  _itus _witie )] : Vi, j and s ; where wy,wy > 0
P

are the weights.

Proposition 1 Let By and B, € PFHSM,,, then the following laws hold:
(Z) BlUBQ BQUBl (ZZZ) (BlLJBQ)c:BfﬂBg
(Z’L) BlﬂBnggﬂBl (’L’U) (BlﬂBg)C:BfUBg
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(v) (BSNBS)® = By U B, (vi) (BSU BS)° = By N Bs.

Proof : Let B; = [(pgé,T-Bl wih)], By = [(pgi,rﬁj,wgi)] € PFHSM,,xm.

ijs ) Yijs

Then V 7, j and s we get,

(1)

ByU B, = [(max(pgi,pgi),minh& 722), min(w?! wB2))}

ijs? 'ijs ijs? Mijs
By B ./ By _B ./ By B
= [(maX(szi» pij;)a mln(Tijga Tij;)> mln(wijgv %é))} = By U B;.

(i)

ByUBy = [(min(pgg,pg";),min(TBl 722) max(w?! wBQ))}

YEREEYE Y ERRE Y E
_ : By B : By _Bi By B _
= [(mln(pi_js7 pijs)7 mm(Tz‘js ) Tijs)? max(wijsa wijs)):| = By U By.

(iii)

(BuU Bo)* = (([(pf it whD U (o1 752, w12)]))

— [max(p, p%2), min (72, 722), min(w

ERIEYE o B2)]C

ijsr Wijs
B1 BQ : B1 BQ Bl BQ
ijs wijs)’ mln(Tijs s Tijs ), maX(pij57 pijs))]

= [l 758 o N [(wi2, 722, pi2)])] = Bf N Bs.

= [(min(w

On similar lines, (iv), (v) and (vi) can be proved accordingly.

Proposition 2 Let B; = [(pgg,ng,wBl)] € PFHSM,xm. On the basis of the

iJs

proposed definitions, the following laws hold:

(i) (Bf)" =B (vi) B1U g, = p,
(ii) (9p)° = u (vii) By N, = B
(111) (p:) = pr (viti) By N By = By
(iv) (90)" = 9, (ix) BiNp,= DB
(v) ByUB, = B (x) BiN g, = 9.
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Proposition 3 Let By and By, € PFHSM, «,,. In view of the weighted form, the
following laws hold:

(’L) (Bf@wBS)C = Bl@wB2 (Z’U) Bl@wBQ = BZ@wBl
(ii) (Bi$,B5) = B1$,Bs (v) B1$,,By = B2$,, By
(ZZZ) (Bf >, Bg)c = B1 >, 32 (’UZ) B1 > B2 = B2 >, Bl.

Proof : Let By = [(p/L, 758, wi)], By = [(p2, 712, w)?)] € PFHSM, . Then

ngs’ ijs o igs pZ]S’ ijs?
Vi,7, s & wy,wy >0, we get,

(i)

(Bi@y, B3)*

([((wfj;, BB @, (w7 p>)])

BQ B2 ¢
wlwzgs + wazys w17, zgs + w27—z]s wlpz]s + w2ngs
) 7
w1+w2 w1+w2 w1+w2
Bz B2

wlngs + wﬂpus w1 T, zgs + wQszs wlwz]s + wa wz]s
) Y
w1+w2 w1+w2 w1+w2

- Bl@wBQ.

([(tamtnmmsaetitom)] )
= ([ (- @Byt (e - Beynywee, (B - oy e ) | )
I

1 w w 1 1\w w 1
(P22 - (pB2ysymrkes  (eBryon - (rB2yeoyorder ((wBh)™ - (wP2) >)}

Similar proof for (ii).
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wlpzys+w2pus w1, st

+ 11)2’7'32

E L

Bl@’wBQ = <

wy + Wy

w1 + Wo w1 + Wo

+ ’lUlTB1

E L

Wy + Wy

= B,Q,B;.

1
U (pia) ) ((

e (B ) = ((

o <w2pms+w pus WaT, Z]S

B
ij;)WI

B B
ij;)wz (7354

Wa + W1 Wa + W1

Ty (W) - (W)Y

ijs

On similar lines, (vi) can be verified accordingly.

B
wiwD + wgwwi)

B
Wyw? + wlwwé)

1 1
By (WBe - (Wl e )]

1
1) wo Fwy )]

Proposition 4 For By, By and By € PFHSM, «m, the following associative laws

hold:

(Z) (BlLJBQ)UBg B1U(BQUBg)

(ZZ) (Bl N BQ) N B3 Bl N (BQ N Bg)

Proof: For all ¢ & 7 we write,

(1)

(Bl UBQ) UB3 =

Il
e Y

= B, U (By U By).

B
max{(pijgvpi_ys) p?,_]s} mln{( z]i? 7,_73)7 z_]q} mln{( 1,_7?97 zjs)?

B B B
max{(pijls, (pijzsapij?é))} min{r, Usﬂ(
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(Z’U) (Bl$B2)$Bg =

Bs).

2 2

B,

B1$(B>$B;3)

(’U) (Bl [><]B2) DQBg :Bl > (BQ >

3

({8 s minr 5 7223). min i, w21 U K, 7080 )|

o))

B
’L];’ z]s)} mln{wzjs7(wijs’wiji)}):|



(i)

(Bl n BQ) N B3 = (pz]37 1?27w52)>:|

(mln{p”s,pmi} (mln{ z]e’ 2j5}7max{wzjs7 z]e})

. B B B
mln{(pij}sapiji)vpzji} (mln{( 1j;7sz§)’ z]s}mmaX{( z_]}s? ”1)7 1J5})):|

I
e R

. B B B B B B
min{(pB, (02, pB2) ), (min{(r2:, (B2, 752))}, max{wm,wijz,wmz)}))}

=BiN (BQ n Bg)

On similar lines, (iii), (iv) and (v) can be proved accordingly.

Proposition 5 For By, By and By € PFHSM,w,, the following distributive laws
hold:

(i) BiN(BaUBs) = (B1NB2)U(B1NB3)  (iz) B1Q(ByUB3) = (B1QBy)U(B,QBs3)
(ii) (BiNBs)UB; = (BiUB3)N(BsUBs) (1) Bi@Q(BaNBs) = (By@By)N(B,QB3)
(iii) BiU(BsNBy) = (BiUB)N(B1UBs)  (zi) BiS(Bs U By) = (B1$By) U (B1$Bs)
(iv) (BiUBy)NBs = (B1NBs)U(ByNBs) (wii) (B U By)$Bs = (B1$B3) U (By$Bs)

(U) (BlﬂBg)@Bg = (Bl@Bg)m<B2@Bg) (IZZZ) Bl U (32 > Bg) = (Bl U BQ) >

: (B1U Bs)
(’UZ) (BlmBg) > Bg = (Bl > Bg)ﬂ(Bg >
Bg) (.’L'Z’U) B1 > (BQUBg) = (Bl > Bg)U(Bl >
Bs)

(vii) BiU(B2@QB3) = (B1UB3)Q(B;UBs)

(viti) (B1UBs) < By = (By >4 B3)U(Bs > (wv) Bi$(B2 N By) = (Bi1$Bs) N (B2$Bs)

Bs) (2vi) (ByN By)$Bs = (B1$B3) N (B$Bs).

Proof :
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(i)

Blﬁ(BQUBg):[

|

(1081 7)) (o o2, min{r 2, 722 min{ B o820)] )|
(mln{pz]57max{pzjs7p1]s}} mln{ zjs’mln{ ]s’pz]s}}

max{wz]s,mln{wws, m}})]

Now,

(B1 N B2) U (By 0 By) = | (mindpfj, pi2 ), mindr 2, 722} masc{wf, wf2h) | U [ (min{plL, o2},
mm{ Tiies Us},max{wws, z]S})]
— [(masx(min{pf. o5z} min{p2. p22). min(min{r2, 722}, min{r2, 752}).
mm(max{wws, ”S} max{wljs, ”S}))}
= [(max(pgg,min{piji,pij'j’;}) min( 53,m1n{ 5:, m})
min(wﬁs,max{wms, US}))}
= {(mm(pws,max{pus,p”s}) mln(pms7mln{pws,pws}),max(wgé,

min{wf2, Wi ))] = Bi 0 (B2 U By).
Hence, By N (By U By) = (B1 N By) U (By N Bs) holds.
(i)
(B1 N By) U By = [(min{piL, pi} min{rfl, 752} max{wiit, wi2 )] U [(p 732 i) ]

B
— [(max(mm{pws,pws} ngs) min(min{7;;, 7JJS,} ngs)

mln(max{w”s, st} w”s))}

Now,

(Bl UB3) m(BQUB?)) = [(ma‘x{pms’pws} Hlln{ 1]57 zgs} mln{wzgs’ zgs})] [(max{pws’pus
mln{ 5;’ z]s} mln{wws’ Us})]
(min{r7, 772}, min{r[72, 772}),
= [(mln(max{pws’ngs} max{pz]s’pzjs ) min(m Tijss Tijs ’L]S’ Tijs
max(min{wf}, wi}, min{ws?, w5 })) |
= [(mln(max{pwi,p”i} pz]s) mln(mln{ 13;7 1]5}7 z]s)

B
max(mln{wz]s7 1]\29 Z]S ):|

B
= {(ma‘x(mln{pm;’pz] } pz]s) mln(mln{ ’L];’ 1]5}7 1]3)

2

mm(max{wws, l_]S z]s ):|

(By N By) U By
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Hence, (Bl N BQ) U B3 = (Bl @] Bg) N (B2 @) Bg)

On a similar pattern, the rest of the laws can be proved accordingly.

5.2 Application of PFHSM in Renewable Energy

Source Selection

In this section, we consider a basic framework of the renewable energy source selection
problem where the formulation of the problem has been considered to be in the form
of a picture fuzzy hypersoft matrix & proposed some revised definitions keeping the ne-

cessity of the problem into account.

Problem Statement (Renewable Energy Source Selection):

Suppose we have a set of m renewable energy resources X = {x1, 2, ..., T}
which are to be evaluated against n parameters (criteria) Z = {z1, 22, ..., z,} hav-
ing further a set of k sub-attribute’s parameters @ = {q1, ¢2, ..., qx}. For the sake

of the best possible selection of the available renewable energy sources, suppose that a
committee gets constituted, say, with two experts (decision-makers) having adequate
knowledge of the field of engineering, economics, management, government services
and national energy policies, etc. The computation and the procedure of the decision-
making should yield the best suitable source of renewable energy given all the interre-
lated parameters and sub-parameters. In case we take up a very formal selection pro-
cess structure where the nature of information is accounted as a picture fuzzy hyper-
soft matrix then we need to propose some notions in a revised format that are essen-
tial for solving such MCDM problem. In view of the widely utilized structure of a
decision-making problem and taking the proposed notion of picture fuzzy hypersoft
matrices into consideration, we express the following revised definition of choice matrix

and weighted choice matrix:

Definition 36 If B, = [(pi’;;, 721 whY)] € PFHSM, y m,then the choice matriz

YER YL
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of PFHSM (PFHSCM) By, in case the weights are same, is defined as

,sZ_Zl(pZL)q 452_31@5;)" ,Sﬁ_ll(wﬁé)q
C(By) = 2 , = = 0 Vi
n n n
n x 1
Definition 37 If By = [(p[, 7t wil)] € PFHSM, y ., then the weighted

choice matriz of PFHSM (PFHSWCM) By, where w;s > 0 are weights, is defined
by

n n n

PORTNPENID SEONC AT SN 0%

S= S= S= .
Cu(B) = ||? R ! . Vi

> Wjs > Wis

n x 1

By making use of the revised choice matrix/weighted choice matrix, we present a new

technique to handle the MCDM problem which is being presented with the help of Fig-

( Start )

Step 1
Construction of picture
fuzzy hypersoft matrices
corresponding to PFHSS.

ure 5.1.

Casel:
Equal weights

Step 2
Computation of Choice Matrix of
Membership, Neutral membership

Case 2:
Unequal weights

Step2
Computation of Weighted
Choice Matrix of Membership,
Neutral membership and Non- and Non-membership value of
PFHSM.

membership value of PFHSM.

Step 3
Choose the
alternative
with highest
membership
value.

Figure 5.1: MCDM with Choice/Weighted Choice Picture Fuzzy Hypersoft Matrix

For the sake of better understanding and readability of the proposed methodology, the

essential procedural steps are listed as follows:
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Algorithm: I (MCDM Using Choice and Weighted Choice Picture Fuzzy
Hypersoft Matrices)

Step 1: Construct the picture fuzzy hypersoft matrices corresponding to the picture
fuzzy hypersoft sets.

Step 2: Compute the choice matrix of membership, neutral membership and non-
membership value of the picture fuzzy hypersoft matrix.

Step 3: Compute the weighted choice matrix of membership, neutral membership
and non-membership value of picture fuzzy hypersoft matrix.

Step 4: Choose the alternative with the highest membership value.

Remark: In case of any tie, we select the alternative with the highest membership

value and the lowest non-membership value.

Further, in addition to the above methodology for MCDM, we propose an alternative
technique where the notion of Value matrix and Score matrix in the form of picture

fuzzy hypersoft information is utilized which is found to be more suitable and consistent.

Definition 38 Let B = [B;;] be the PFHSM of ordern x m, where
By = (pl,, 7. wh,) then the value matriz of B (PFHSVM) is denoted by §(B)

and is defined by 6(B) = [B]]] of ordern x m, where Bf] = pZ — 75 — wh..

Definition 39 Let B = [B;;] and C = [Cj;] be two picture fuzzy hypersoft matrices
of order n. x m then the score matriz of B and C is given by I'(B, C') = §(B) +
6(C) and (B, C) = [[y;] whereTy; = 0 + 6. The total score of every member
is given by | 37, Tyl

Based on the above definitions of value matrix and score matrix, we outline Algo-

rithm IT for solving the MCDM problem as given in Figure 5.2:

Similarly, for a better understanding and readability of the proposed methodology,

the essential procedural steps are listed as follows:

Algorithm: IT (MCDM Using Value & Score Picture Fuzzy Hypersoft Ma-

trices)
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Step 1
Construction of Picture Fuzzy
Hypersoft Matrices corresponding
to the PFHSSs

Step 2
Computation of the Value Matrices

of the corresponding PFHSMs.

Step 3
Determine the Score Matrices of
the correspondmg Value Matrices

Step 4
Calculate the Total Score of the
corresponding Score Matrices

Step 5
Pick the
Alternative with
maximum Score
Value

Figure 5.2: MCDM with Value/Score Picture Fuzzy Hypersoft Matrix

Step 1: Construct the picture fuzzy hypersoft matrices corresponding to the picture

fuzzy hypersoft sets.

Step 2: Compute the value matrix obtained from PFHSM. Let B = [B;;] be the
PFHSM of order n x m, where Bj; = (pf,, 75, wl,) then the value matrix of
B is denoted by §(B) and is defined by §(B) = [B]}] of order n- x m, where Bf} =
Phs = Tigs — Wi

Step 3: Then compute the score matrix by making use of the value matrix obtained
from step 2. Let B = [B;;] and C = [C};] be two picture fuzzy hypersoft matrices
of order n x m then the score matrix of B and C'is given by I'(B, C) = §(B) +
6(C)and I'(B, C) = [[y] whereTy; = 65 + 6.

Step 4: Calculate the total score of every member obtained from the score matrix.
The total score of every member is given by |7, I';j].

Step 5: Select the alternative with the maximum score value obtained from the total
score matrix (PFHSTSM).
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5.3 Numerical Illustration of RES Selection Prob-

lem

Suppose X = {z1, x9, x3, x4, =5} be a set of renewable energy sources, where
x1,T9, T3, T4, Ty represents solar energy, wind energy, geothermal energy, hydropower
and biomass energy, respectively. These renewable energy sources are to be examined
against the criteria given by Z = {21, 29, 23,24, 25, 26} and 21, 2o, 23, 21, 25,26
represents cost, environmental friendly, yields, maintenance, reliability and less num-
ber of peoples are effected from this project. A committee consists of two experts hav-
ing knowledge of the field of engineering, economics, management, government services
and policy-making for the best possible selection of the available resource. To formu-
late the problem into picture fuzzy hypersoft information let us consider the further

sub-attributes of the above attributes given by

e Cost = 2z = {z11 = average, z15 = moderate},

e Environmental Friendly = 2z,

e Yields = z3,

e Maintenance = z4 = {z4 = predictive,zyp = preventive, },

e Reliability = 25 = {25 = internal, z55 = external, },

e People effected from project = zg.
Let Z' = 21 X 29 X 23 X2y X 25 X zg be a set of sub-attributes which is explicitly
given by

{ ((lev 22,23, 241, 251, ZG) ) (lev 22,23, %41, 252, ZG) ) (lev 22,23, 242, 251, ZG) ) (lea 22, %3, 742, R52, ZG)) }
(2:127 29,23, %41, ZSlsz) 9 (212, 22,23, Z4lvz52726) 9 (2:127 29, 23,242, 251, ZG) 9 (Z127 29, 23,242, 252, ZG)

For the calculation purpose set of all sub-attributes can be restated as
Z = {Zlﬁ R9y 235 R4s Ry Rey AT ZS}
Also, the study on various alternatives and criterions are also shown in Figure 5.3

Next, we illustrate the implementation of the proposed algorithms (Algorithm I

and Algorithm II) by taking a numerical example existing in literature which has been
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Renewable Energy Sources Prioritization Model

[ Technological Features ] [ Environment Features ] [Socio-PoIiticaI Features] [

Financial Features

]
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Figure 5.3: Role of Effective Indicators in RESs Prioritization Model
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1 etal. (2009, Wu et al. (2018)

Energy Efficiency
Kaya & Kahraman (2011);
Wang, JJ et al. (2009)

Reliability
Risk Analysis

Water Pollution

Cavallaro et al. (2018),

Kahraman et al. (2009)

Social Acceptance &

Recognition
Kaya & Kahraman (2011), Al

Garni et al. (2016)

Pollutant Emission

Boaran (2018), Cavallaro et al.
(2018), Mousavi et al. (2017)

Land Requirement
Kaya & Kahraman (2011), Pilavachi

et al. (2009), Tasri Susilawati (2014)

Job Creation
Kaya & Kahraman (2011),
Kabak et al. (2014)

Misc- Political Acceptability,
National Energy Policies,

Labour Impact

Water Pollution
Cavallaro et al. (2018),
Kahraman et al (2009)

Pollutant Emissiol

Boran (2018), Cavallaro et al.

2018)
Land Requiremen

t

Kaya & Kahraman (2011), Al

Garni et al. (2016), Kabak et
(2014)

Linguistic Valuation/Fuzzification of Effective Indicators Based on Decision Maker’s Opinion
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~*This pictorial model has been originally compiled and designed by Authors Rakesh k Bajaj & Himanshu Dhumras.

studied by Feng et al. [114] and Khan et al. [115], [116].

Algorithm I (MCDM Using Choice and Weighted Choice Picture Fuzzy

Hypersoft Matrices)

Step 1: The situations are examined by the experts in terms of PFHSMs.

Note: In the picture fuzzy hypersoft matrix (Table 6.7), the first element (0.1,0.1, 0.8)

Table 5.6: Decision Matrix given by First Panel of Experts

1 T2 T3 T4 5
2y | (0.1,01,08) | (0.20.1,06 ) | (030007 ) | (0.1,0.1,08) | (0.4,0.00.5 )
zy | (0.601,02) | (0.70002) | (0801,01) | (090.001) | (060103 )
zs | (04,01,04) | (040.1,05) | (060103 ) | (0.60.1,02) | (07,0102 )
2z (07,0102 | (050301 | (070101 | (050.1,03) | (0.20.1,0.6 )
ze | (06,0201) | (060.1,02) | (020205) | (0.701,02) | (070101 )
zs | (07,0003 ) | (050103 ) | (0701,01) | (060.1,02) | (030205 )
22 | (03,0204 ) | (01,0204 ) | (040203) | (040.1,02) | (050103 )
zg | (01,0203 ) | (020304 ) | (01,0503 ) | (040302) | (030201 )

defines the degree to which the criterion z, is satisfied by the alternative z; is 0.1

whereas the degree to which the criterion 2] is not satisfied by the alternative z; is 0.8

and the degree of neutral membership is 0.1.
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Step 2: Based on the above PFHSM, we construct the respective Choice matrices
for the PFHSM given by the experts.
Case 1: (Equal Weights) Here, we assume the equal preference for all the crite-

ria/subcriteria and we calculate the picture fuzzy hypersoft choice matrix as follows:

(1 0.2463,0.02,0.1538 )
(1 0.2,0.0325,0.1386 )
(1 0.2850,0.0463,0.1300 )
(1 0.3250,0.12,0.1175 )
( 0.2462,0.0163,0.1375 )

Case 2: (UnequalCase weights) Based on the decision-makers opinion, if differ-
ent weights 0.1, 0.1, 0.1, 0.1, 0.2, 0.1, 0.15,0.15 have been assigned for the set of all

sub-attributes

7 = {zl, 29, Z3, R4, 25, Zgy 27 28}
respectively, then the picture fuzzy hypersoft weighted choice matrix is being obtained

as follows:

( 0.238,0.024,0.1365 )
( 0.1985,0.0335,0.131 )
( 0.2405,0.0555,0.138 )
( 0.325,0.021,0.102 )
( 0.263,0.0165,0.116 )

Step 3: Analysis

Case 1: Equal Weights As per Step 2, if the equal preferences are given to all sub-
attributes then from the choice matrix obtained having the highest membership value
is 0.3250, which is of renewable energy source x4, i.e., Hydropower energy. Hence,

the most suitable renewable energy source would be Hydropower energy.

Case 2: Unequal Weights However, if the preferences are not equal, i.e., if the sub-
attribute z; is preferred more than other sub-attributes then from the choice matrix
obtained above, the highest membership value is 0.325 which is of renewable energy
source x4, i.e., Hydropower energy. Hence, again the most suited renewable energy

source would be Hydropower energy.

Algorithm II (Using Value & Score Picture Fuzzy Hypersoft Matrices)
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Step 1: For using Algorithm II, we need at least two decision-matrices which are

given by (Table 6.7) and (Table 6.8).

Table 5.7: Decision Matrix given by Second Panel of Experts

x1 ) x3 T4 x5

z; | (0801,01) | (060.1,02) | (030007) | (0801,0.1) | (040.1,05)
zy, | (06,0202 ) | (070102) | (01,0008 ) | (0.1,0.00.9 ) | (0.60.0,0.3)
2y | (04,0204 ) | (040005 ) | (0601,03) | (060202) | (070102 )
2y | (07,0002 ) | (050201) | (0.70201) | (050203) | (060202)
zg | (06,01,01) | (060202) | (050302) | (070002) | (070101 )
zs | (07,0003 ) | (050203) | (01,0007 ) | (060202) | (030105 )
2 | (04,0203 ) | (040201) | (030204 ) | (04,0302) | (0.30.1,05)
zg | (0.3,020.1) | (040302) | (030501) | (04,01.02) | (0.1,0203)

Step 2:

persoft matrices obtained in Step 1.

Next, we construct the value matrices from the provided picture fuzzy hy-

[ 08 03 —01 04 03 04 —03 —04 |
05 05 —02 01 03 01 -05 —05
5(B) = | —04 06 02 05 —05 05 —01 —04
08 08 03 01 04 03 01 -07
| 01 02 04 05 05 —04 01 00
[ 06 02 —02 05 04 04 —01 00 |
03 04 —01 02 02 00 01 -01
5(C) = | =04 —07 02 04 00 —0.6 —03 —0.3
06 -08 02 00 05 02 —01 0.1
| 02 03 04 02 05 —03 —03 —0.4 |

Step 3: Further, we calculate the score matrices by the above two value matrices:

[ 02 05 03 09 07 08 —04 —04]
02 09 —03 03 05 01 -04 —06
I'(B,C)=| -08 —01 04 09 —05 —01 —04 —1.0
02 00 05 01 09 05 00 00
| 03 05 08 —03 1.0 —0.7 —02 —0.4 |

Step 4: The total score of the above score matrix is given by
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0.3
1.2
1.8

11|

Step 5: Now based on the above total score values, the maximum value comes out
to be 1.8 which corresponds to the alternative x4, i.e., Hydropower energy. Hence,
the most suitable renewable energy source based on the total score value obtained by
the proposed algorithm will be hydropower energy. The comparative score values and

their ranking can be observed in Figure 5.4.

Ranking Based on Values in Total Score Matrix

Score Values

Figure 5.4: Ranking of Renewable Energy Sources Based on Score Matrix

5.4 Comparative Analysis & Advantages

In this section, we discuss the functionality, receptiveness, and conformity of the pro-
posed notion and methodology in contrast with the existing techniques. In addition
to this, some advantages and discussions over the obtained results have also been pre-

sented for better understanding and readability.

In view of the numerical example under consideration and the results obtained through
the existing techniques by various researchers, we present the ranking of the alterna-

tives for the decision-making problem as shown in Table 5.8.
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Table 5.8: Comparative Analysis

Method

Operators/Method Used

Developed Ranking

Feng et al.[114]

Extended Intersection, IFWA

Ty > T1 > T3

> X9 > Ts

Khan et al.[115] Soft Discernibility Matrix Ty > X3 > X1 > To > Ts
Garg[117] PFEWA Operator Ty > T3 > T1 > Tog > Ty
Yager|[118] PFWA Operator Ty > X3 > X1 > To > Ts
Yager[118] PFWG Operator Ty > T > X3 > Ty > Ty
Khan et al.[116] VIKOR I Ty > To > X3 > T > Ts
Khan et al.[116] VIKOR II Ty, To > T3 > X1 > Ty
Khan et al.[116] VIKOR III Ty > 11 > T3 > To > Ty
Khan et al.[116] VIKOR IV T4 > To > T3 > Ty > Ty
Proposed PFHSCM Ty > T3 > T > Ty > Xo
Proposed PFHSWCM Ty > X5 > T3 > T1 > To
Proposed PFHSVM & PFHSTSM T4 > T > T3 > Ty > Xo

Important Remarks and Advantages:

Finally, we can state that the proposed notion of picture fuzzy hypersoft matrix
PFHSM) is a novel concept and a valid extension of fuzzy set/hypersoft set the-
ories. The PFHSM has the added advantage of dealing with the wider sense of
applicability in uncertain situations with the incorporation of the degree of re-

fusal and abstain.

The existing types of hypersoft sets - intuitionistic fuzzy hypersoft set [14],
Pythagorean fuzzy hypersoft set [113], Neutrosophic hypersoft set [14] have their

limitations because of the exclusion of refusal and abstain component.

It may be noted that the categorically designed information having the picture
fuzzy relation would not be possible to address with the help of existing hyper-

soft set theory in order to ensure a kind of parametrization in the relation.

For the sake of an overall critical aspect, we observe that eventually with the pic-
ture fuzzy information, it won’t be possible to suitably address those member-
ship values (given by the decision-makers/experts) whose sum exceeds one. Such
restrictions with respect to the decision-maker’s opinion can be eradicated with

the notion of T-spherical fuzzy information.

119



5.5 Conclusions

The inherited diversity found in the information and various criteria for choosing
the most suitable energy source alternative prove to be an important task for the
decision-making process. The proposed decision-making algorithms involve the choice
matrix, weighted choice matrix, followed by value and score matrix which span the
variability of the problem more mathematically. The main purpose of the chapter
lies in proposing new fuzzy decision-making methods for evaluating and ranking the
available renewable nergy sources based on different criteria. Consequently, we suc-
cessfully illustrated and implemented th formal procedure for solving the problem of
renewable energy source selection by utilizing PFHSCM, PFHSWCM, PFHSVM and
PFHSTSM. Since the real world is full of uncertainty with various parameters and
sub-parameters, the proposed methodologies exhibit the capability to simultaneously
span a wider coverage of information in terms of multi-sub-attribute features and
comprehensiveness of the expert’s opinion. The comparative analysis clearly shows

the advantageous features in contrast with the recent existing techniques.
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Chapter 6

¢-Rung Picture Fuzzy AHP &
WASPAS Decision-Making Model

This chapter discusses how to handle uncertainty in the green supply chain man-
agement system processes by using an integrated approach that converts informa-
tion into quantitatively measurable fuzzy sets and then uses those sets to inform
decision-making techniques such as the Weighted Aggregated Sum Product Assess-
ment (WASPAS) and Analytic Hierarchy Process (AHP). The suggested model, which
outlines potential strategies for green supply chain management in the energy sector,
has been applied step-by-step. The ideal detailed analysis has been provided at each
stage of the investigation in an integrated way to address the fundamental issues with
ideal decision-making. For improved comprehension, consistency, and dependability,
a quick sensitivity analysis and comparative analysis of the prospective strategy plans
with regard to the deterministic parameters have been carried out. The results of the
proposals show that, in terms of future strategic plans, prioritising the use of customer
relationship management to meet customer needs is more important than looking at

the process for creating new services and products.
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6.1 Proposed AHP/WASPAS with ¢-RPFSs and
GSCM Problem Formulation

The algorithmic details of the strategies used in the proposed study are described in

this section.

The weights iforieach criterionian alternative are found using pairwise compar-
isons in this manner. There are, nevertheless, several variations to this approach, and

fuzzy information-based AHP is the trick to prioritising more precisely.

6.1.1 Modified Analytic Hierarchy Process (AHP) with ¢-
RPFS

In the domain of decision-making, Saaty [60] invented the AHP division of structure
techniques, which divide a complex problem into several hierarchical levels. The
weights iforieach criterionian alternative are found using pairwise comparisons in
this manner. There are, nevertheless, several variations to this approach, and fuzzy

information-based AHP is the trick to prioritising more precisely.

Consider A = {A;, As, ..., A} be the set of alternatives which are available
and E = {F, E,, ..., E,} be the set of criteria to be evaluated against the set of
alternatives. In order to have different judgments on the available alternatives in ref-
erence to each criterion, let D = {D;, Do, ..., D;} be the set of decision-makers who
provide assessment for the different alternatives against various criteria and pass on
their judgments in the form of linguistic parameters. The various steps involved in the

first stage AHP method are given in Figure6.1.

Construction of Pair-Wise Consistency Analysis Aggregated Pair-Wise Evaluation of Local
Comparison Matrices v ¥ Comparison Matrix Weights
Using Crisp Values of 3 K l
Weights for computation Defuzzification Evalu‘a;;u')nhc:f T H Glivablula\;;o'n :: ]
in WASPAS eents ORARWEENT

Figure 6.1: Procedural steps of modified AHP with ¢-RPFS
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e Step 1: Construction of Pair-wise Comparison Matrix

In the first step, construct the pair-wise comparison matrix R = (r;;), x »n by
converting the linguistic parameters into the corresponding ¢-rung picture fuzzy
numbers (¢-RPFNs) and Saaty’s scale based on Table 6.3.

e Step 2: Consistency Analysis

Next, we do consistency analysis for each of the pairwise comparison matrices
given by the formula CR = %, where C'I = #maz,

Here, C R = Consistency Ratio, CI = Consistency Index, RI = Random Index
and w,,., = maximum eigenvalue of the pairwise comparison matrix.

If CR > 0.1, then move to the next step else return to Step 1.

e Step 3: Computing Aggregated Pair-wise Comparison Matrix

After doing consistency analysis, we aggregate all the pairwise comparison ma-
trices by the decision-makers into a single matrix by taking average values of all

the uncertainty components respectively.

e Step 4: Evaluation of Local Weights

In this step, the local weights of each criterion are computed with the help of the

following equation

)\jlocal _ ﬁ sz 1/n’ a1 — H(l _ 7-%)1/11’ q 1_H 1 — w 1/n
j=1 j=1

(6.1.1)

e Step 5: Evaluation of Global Weights
In this step, the global weights of each criterion are computed with the help of

the following equation

l l l

)\jglobal _ H(ng)l/la a1 — H<1 — 7— YA H 1—w )1

7=1 7j=1 7j=1

(6.1.2)

e Step 6: Evaluation of Final Weights

Next, the final g-rung picture fuzzy weights are computed for each criterion by

making use of the following equation

)\jfinal _ )\jlocal ® )\jglobal (613)
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e Step 7: Defuzzification

In the final step, the g-rung picture fuzzy weights are defuzzified into crisp val-

ues by using the following identity

pij + Tij + wij
3

A = (6.1.4)

6.1.2 Modified Weighted Aggregated Sum Product Assess-
ment (WASPAS) with ¢-RPFS

The WASPAS method was introduced by Zavadskas et al.[70] which fuses the weighted
sum and weighted product models (WSM and WPM). This method is modified with ¢-
rung picture fuzzy information to give more accurate and better results of prioritizing
the available alternatives. The various steps involved in the second staged modified

WASPAS method are given in Figure6.2.

e Step 1: Construction of Expert Matrix

In the first step, the construction of an initial expert matrix from the linguistic
variables obtained from the experts has been done. Then, the linguistic variables

are converted into the ¢g-rung fuzzy numbers (¢-RPFNs).

e Step 2: Computing Aggregated Expert Matrix

The second step is to aggregate all the ¢g-rung picture fuzzy expert matrices into

a single aggregated matrix as follows:

E,  E E,
Ay [ din dio dip
Ay | d dyp -+ dap
D= 2™ " 2 (6.1.5)
Am dml de dmn
where d;; = 7[> 5, dm ; [ is the number of decision-makers.

e Step 3: Utilizing Weighted Sum Model (WSM)
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Figure 6.2: Procedural steps of 2nd staged modified WASPAS with ¢-RPFS
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Compute the ¢-rung picture fuzzy weighted sum of every alternative as follows:

n n

AV =@ Ndy) = |1 - H(ng)kj’ H(Tz%)Aj’ H(ng)%' (6.1.6)
j=1

j=1 j=1

Step 4: Utilizing Weighted Product Model (WPM)

Compute the ¢g-rung picture fuzzy weighted product of every alternative as follows:

n n n

Aj , . :
AVPM = @(d) = J[ef)v, o1 — JI@ = 7%, o1 = I — wi)r.

j=1 j=1 j=1

(6.1.7)

Step 5: Compute the Combined Criterion

Evaluate the g-rung picture fuzzy combined generalized criterion of every alter-

native as follows:
Ai = gAY @ (1 — y) AV (6.1.8)

where, y is a trade-off parameter between the two respective models and y € [0, 1].

Step 6: Defuzzification

In the final step, the g-rung picture fuzzy values are defuzzified into crisp values

by using the following identity

TA, 1 — 4+ TA oWy,
4241 + (pa, 5 A; A1>(1 + pa, — wa,). (6.1.9)

Si = p4a, T

Step 7: Ranking of Alternatives

The final ranking of the alternatives is to be performed based on the crisp values
of the combined generalized criterion. The alternative with the maximum value

will be preferred.

6.1.3 Proposed Model

In this section, we present a new hybrid fuzzy multi-criteria decision-making model by

making use of various criteria for prioritizing the potential strategic plans of green sup-

ply chain management in the energy sector. The proposed model has been discussed

with the help of the following stage-wise procedure shown in Figure 6.3.
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[Stage 1: Customer Demands versus Technical Needs]

l Stage 2: Technical Needs versus Advancement Procedures ]

| Stage 3: Advancement Procedures versus Potential Capabilities ]

l Stage 4: Potential Capabilities versus Potential Strategic Plans ]

Figure 6.3: Stage-wise potential strategies for GSCM

The first stage involves the demands of the customers and their respective technical
needs in the energy sector for green supply chain management. Firstly, the weighting
of expectations of the customers is done by utilizing the ¢-RPF AHP. In the second
stage, the technical needs along with the expectations of the customers are computed
by utilizing ¢-RPF WASPAS. The obtained results are being utilized for the weights
of the technical needs and the evaluation of the advancement procedures with the in-
corporation of ¢-RPF WASPAS. The third stage gives the results of innovating capa-
bilities for the advancement procedures by making use of ¢-RPF WASPAS. In the fi-
nal stage, the prioritization of potential strategic plans has been done on the basis of
innovating capabilities utilizing ¢-RPF WASPAS. Therefore, the proposed method ap-

propriately takes into account the successive computations that follow one another.

First, a variety of elements are taken into consideration when defining all the
requirements and options for GSCM in the energy sector. These methodologies takes
into account both the technical requirements of the various energy businesses and
the desires of the customers [119]. Therefore, more feasible and agreeable possible
strategy plans may be developed for these energy sectors [120]. Additionally, the
computation of weights and the computation of prioritising results with different
decision-making procedures are typically done using a hybrid MCDM technique [121].
This contribution opens the door to more objective contributions. Additionally, in
the area of GSCM in the energy industry, ¢-RPF AHP and ¢-RPF WASPAS are

considered.

127



6.2 Stage-wise Implementation of AHP/WASPAS
in GSCM

In this section, various results are described in the following stages.
Stage 1. Customer demands versus technical needs:

The energy industries must now make the transition to customer-oriented man-
agement methods due to the rapidly changing markets and intense competition. The
significance of a green supply chain’s quality has also been considered in this regard.
To substantially surpass their competitors in the market, energy sectors must be able
to offer high-quality products to their customers at lower costs [122]. It must be
necessary to dispense the items to be sold from the suppliers in the most ideal and
appropriate circumstances, without delay in time, in order to make and dispatch to
its clients on time, in order to achieve this goal. Thus, the importance of the supplier-
customer connection has been recognised as having productive and effective GSCM.
It will be easier for the energy sectors to have a strong level of competitiveness if this
process is executed successfully. Furthermore, this situation will significantly enhance
the energy sectors’ performance. On the other hand, customer-focused supply chain
management aids in lowering the procedure’s customer-related hazards. For exam-
ple, a company that understands that a customer needs a product on time may try
to collaborate with its supplier to ensure that the required supplies arrive on time
[123]. Using this strategy, one of the biggest supply chain risks—mnot being able to
make timely goods purchases—might be mitigated. Furthermore, a company that
pays close attention to customer expectations is aware of the demand for environ-
mentally friendly products. By doing this, it will guarantee that the items must be
environmentally sustainable and take this into account when selecting suppliers [124].
Consequently, supply chain management can mitigate environmental risk. Table 6.1
displays the aspects of consumer expectations as per the literature review. Table 6.1
lists customer requests towards green supply chain management. There have been
significant differences in consumers’ expectations for products, especially in the last
several years. In the past, meeting consumer demand could be achieved simply by
producing the goods, but more and more, new demands have emerged. Consumers

prioritise these products’ uniqueness in order to ensure that they completely meet
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Table 6.1: Customer demands for the GSCM

Criteria Litearture

Multifariousness of green distribution [153, 154]
routes (CD1)
Expenses for the sources of energy (CD2) | [155, 156]

Product waste recycling (CD3) [157, 158]
Minimization of pollution and transmis- | [160, 162]
sion (CD4)

Effectiveness of energy sources with tech- | [163, 164]

nological advancements (CD5)

their needs [125]. Ttems ought to be extensive and reasonably priced to ensure client
pleasure. Furthermore, the environmental friendliness of the items must be consid-
ered in the needs of the customers [126]. Environmentally friendly products are what
the energy sectors strive to produce in order to simplify the GSCM. Concerns like
reducing waste and carbon emissions will be given more attention in order to assist
this [127]. Additionally, this will improve the company’s reputation in the industry
[128]. Firstly, the diversity of green distribution channels to expedite client delivery
[129]. Another crucial requirement of the clients is that the energy sources be afford-
able. But for environmentally conscious consumers, proper waste recycling is also
crucial [130]. Furthermore, if the energy industries release less carbon emissions and
are less polluting, consumers will perceive them favourably [131]. Furthermore, in-
creasing energy efficiency also requires advancements in the technology infrastructure
[132]. With the advancement of technology, it will be possible to provide a good that
meets the needs of more people. Additionally, Table 6.2 describes the technological

requirements needed to meet these client’s needs.

The five distinct technological demands that have been determined to satisfy cus-
tomer requirements are covered in Table 6.2. First and foremost, money ought to
be allocated for the GSCM sector’s route expansion [133]. Based on this, the clients
will be able to use a variety of distribution channels to provide speedier and better
service. Furthermore, constructing the necessary infrastructure would improve the
efficacy of cost management. In this case, the right people should be employed, and

the required technical investments should be made. Furthermore, it’s critical to thor-
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Table 6.2: Technical Needs for the GSCM

Criteria Litearture
Maximization of route volumes (TN1) [165, 166]
Minimization on management costs (TN2) | [167, 168]
Planning of recycling process (TN3) [158, 159]
Steady expenses on the minimization [169, 160]

of pollution & transmission (TN4)

Devising research & development schemes | [161, 170]

for energy effectiveness (TN5)

Table 6.3: Qualitative variables with respect to alternatives

Linguistic Terms ¢-RPFNs Scale
“Absolutely High (AH)” | ( 0.95, 0.2, 0.2 ) z
“Very High (VH)” (10.9,0.1,0.1) i
“High (H)” ( 0.75,0.2,0.1) 3
“Medium High (MH)” | ( 0.6,0.4,0.3 ) | 1
“Medium (M)” ( 0.5,0.3,04 ) 3
“Medium Low (ML)” (0.3,0.3,06 ) 5
“Low (L)” ( 0.25,0.2,0.6 ) 7
“Very Low (VL)” ( 0.1,0.1,0.85 ) 9

oughly prepare for the recycling process’ reuse phase. This will enable the recycling
procedure to be implemented properly and save expenses [134]. Customers’ pleasure
will also increase as a result, and the efforts made to reduce carbon emissions are
equally important. In this case, spending money on carbon capture and technological
storage can reduce air pollution. As a result, increasing research and development
spending will make achieving energy efficiency much simpler [135]. In addition, three
highly experienced professionals with knowledge of the energy sector are assigned to
obtain the computations. Table 6.3 provides the linguistic scale for this in terms
of ¢-RPFNs and Saaty numbers. According to this, the decisions made by all three
experts on customer demands and the expert matrix of technical needs in association
with the customer demands are given in Table 6.4 and Table 6.5. The following
stage involves converting linguistic calculations into ¢-RPFNs for every aspect, and
the ¢-RPF AHP is used to weight GSCM’s customer needs in the energy industry.

Now, using the consistency ratio formula, each pairwise comparison matrix’s consis-
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Table 6.4: Linguistic computation for customer demands

CD; CD, CDj3 CDy CDs
CD; (M,M,M ) | ( H,MH,ML ) | ( MH,HVH ) | ( AH,AH,H ) | ( M,VH,H )
CDy | ( MH,M,VL) (M,M,M ) | (VHMHMH ) | (VHVHVH ) | ( VH M MH )
cps | (VL,L,ML) | ( ML,L,ML ) ( M,M,M ) (VH,VL,ML ) | ( VL, VL,L )
CDy (L,M,M ) | (VLML,ML ) | ( MH,VL,ML ) (M,M,M ) | (MLVLVL)
cDs | (VLVLVL )| ( MLL,L) ( VH,M,ML) | ( VH,AH,AH ) | (M,M,M )

Table 6.5: Linguistic computation for the technical needs

TN TN2 TN3 TNs TNs
¢py | ( ML,MH,H )| (HLVH) | (VLVLML) | ( MHMHAH )| ( MHMH,H )
CDs (L,ML,L ) | ( ML,ML,VL ) | ( M,AH,MH ) | ( AH,MH,AH ) | ( AH,AH,VH )
cpy | (H,VL,ML) | ( M,MH,ML ) | ( AH,VH,VH ) | (VL,VL,MH ) | ( M,VL,VL )
CDy (L,L,M ) ( ML,M,M ) (L,M,L) ( VL,VL,ML ) ( M,L,L)
CDs ( M,M,M ) ( VH,H,H ) ( MH,M,M ) | ( H,MH,VH ) ( HH,VH )

tency ratio is calculated. The results show that each pairwise comparison matrix’s
consistency is less than ten percent, indicating that each pairwise comparison matrix
is consistent. Next, Table 6.6 provides the combined pairwise comparison matrix of

all the experts. Now, by using the aggregated pairwise comparison matrix and

Table 6.6: Aggregated pairwise comparison matrix

CcD, CDs CDs CDy CDs

CD; | (0.5,0.3,0.4) (0.55,0.3,0.3) | (0.75,0.23,0.17) | (0.88,0.2,0.17) | (0.72,0.2,0.23)
CDy | (0.4,0.27,0.52) (0.5,0.3,0.4) (0.7,0.3,0.23) (0.9,0.1,0.1) | (0.67,0.27,0.27)
CDs | (0.09,0.2,0.68) | (0.28,0.27,0.6) (0.5,0.3,0.4) | (0.43,0.17,0.52) | (0.15,0.13,0.77)
CDy4 | (0.42,0.27,0.47) | (0.23,0.23,0.68) | (0.3,0.27,0.58) (0.5,0.3,0.4) | (0.17,0.17,0.77)
CDs | (0.1,0.1,0.85) | (0.27,0.23,0.6) | (0.57,0.23,0.37) | (0.43,0.17,0.17) | (0.5,0.3,0.4)

the above-mentioned steps of ¢-RPF AHP, the weights of the customer demands are
given by Table 6.7. From the results, ¢-RPF AHP, recycling of product waste (CD3)
is the most important criterion for the demands of the customers, and multifarious-
ness of green distribution routes (CD1) is the least important in the set of criteria.
The profits of the energy sectors are affected by the costs to pay for the effectiveness
of the energy and the sustainability of the environment [136]. Generally, customers
prefer products that are environmentally friendly and do not harm the surroundings.
This factor is useful for short-term benefit and the sectors can maximize their margin
of profit by concentrating more on the customer demands [137]. However, energy ef-
ficiency and environmental sustainability are not that easy to adopt because of some

technological inadequacies. To overcome such shortcomings, the energy sectors must
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Table 6.7: Weights for customer demands

Criterions | Weights(q=2)
CD, 0.18657
CD, 0.19303
CDjy 0.20707
CDy 0.20684
CDs 0.20649

give relative importance to the studies of research and development [138].

Additionally, for the effectiveness of the energy and the sustainability of the environ-
ment, it is required to give more attention towards the awareness of environmental
issues in all the phases starting from the earliest inputs to the last delivery of the last
product [139]. For this context, the alternatives of renewable sources of energy must
be taken into account, which results in a decrease in carbon emissions significantly.
Further, the energy sectors must give importance to recycling and waste manage-
ment. By this, energy efficiency can be increased and with the incorporation of all
these aspects the risks in the green supply chain can be minimized and which results

in enhanced performance.

Furthermore, the ideas of effectiveness of the energy and the sustainability of the
environment have a favorable effect on various types of performances. Within this
framework, costs of the energy sectors can be minimized over time by taking into
account the aspect of energy efficiency [140]. This circumstance has a great contri-
bution to the economic evaluations of the sectors. In addition to this, when nations
concentrate on environmental sustainability, the customers are more dedicated to the
respective energy sectors and these sectors are majorly preferred. This also has a
greater impact on the effectiveness of the institutions, because of the representatives
who are influenced by the effectiveness of the energy and the sustainability of the en-
vironment will gradually grow their job performance [141]. Further, the relationship
between the customers and the suppliers is also very crucial for a clear understanding
of the demands of the customers and also very careful about meeting the required
necessities of the customers. Otherwise, it becomes very difficult to survive in com-

petitive surroundings. Clearly, the energy sectors are required to modify their green
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supply chains in accordance with the demands of the customers [142] and should
be enough flexible to reshape their chains over time with respect to the customer

demands.

Now,, the needs of the customers along with the demands of the customers are com-
puted by utilizing ¢-RPF WASPAS. In this step, customer demands and technical
needs are calculated in a matrix. Within this framework, the fuzzy technique will
be one of the most prominent for evaluating customer demands under vagueness and
technical needs [143, 119]. The results for the needs of the customers are given in

Table 6.8. In context with this, the weights of the needs of the customers are

Table 6.8: Expert matrix of technical needs

TN, TN, TN; TN, TNs
CE; | (0.55,0.3,0.33) | (0.63,0.17,0.27) | (0.17,0.17,0.77) | (0.72,0.33,0.27) | (0.65,0.33,0.23)
CE> | (0.27,0.24,0.6) | (0.23,0.23,0.68) | (0.68,0.3,0.3) | (0.83,0.27,0.23) | (0.93,0.17,0.17)
CEs | (0.38,0.2,0.52) | (0.55,0.3,0.33) | (0.92,0.13,0.13) | (0.27,0.2,0.67) | (0.23,0.17,0.7)
CE, | (0.33,0.23,0.53) | (0.43,0.3,0.47) | (0.33,0.23,0.53) | (0.17,0.17,0.77) | (0.33,0.23,0.53)
CEs (0.5,0.3,0.4) (0.8,0.17,0.1) | (0.53,0.33,0.37) | (0.75,0.23,0.17) | (0.8,0.17,0.1)

evaluated by the above-mentioned steps of ¢-RPF WASPAS and given in Table 6.9.

Table 6.9: Weights for technical requirements

Criterions | Weights(q=2)
TN, 0.20026
TNy 0.21892
T'N3 0.19788
TNy 0.15531
T Ns 0.22763

From Table 6.9 devising research and development activities (TN5) has the
supreme order in the need of the customer’s criteria while steady expenses on the
minimization of pollution & transmission (TN4) is the last in the technical require-
ments. These weights are further used for evaluating the weighted values for the

advancement procedures for the new products.

Stage 2. Technical needs versus new product advancement procedure:
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Table 6.10: Advancement procedures for the GSCM

Criteria Existing Litearture
Scheming (AP1) 171, 172
Observance (AP2) 173, 174

Devising (AP4)
Examining (AP5)

[ ]
[ ]
Computing (AP3) [175, 176]
[ ]
[ ]

In this stage, new product advancement procedures are computed based on their
performance. New product advancement procedures for GSCM are demonstrated in
Table 6.10. From Table 6.10, there are five distinct phases of new product advance-
ment for the GSCM. First, there is scheming of new products based on the different
ideas gathered from various sectors so that the best-suited product should be devised.
The next phase is about the observation of the kind of product to be devised and
the kind of members who will work proactively in the sector. In the third phase, all
steps leading up to the product’s finalization are managed. In the fourth phase, the
product is finalized. In the final phase, before being made available to customers,
the product undergoes one more round of testing. The method ¢-RPF WASPAS is
utilized for evaluating the advancement procedures on the technical needs. The lin-

guistic computations are illustrated in Table 6.11. In the next step, the expert

Table 6.11: Linguistic computation for the advancement procedures

APy AP, AP; APy APs
TN, (M, L, M) (VL,H,M) | (ML,MH,VH) | (M,H,VH) | (MH,VH, H)
TN, | (VH,L,M) (H,ML,H) (M,MH,H) | (VH,MH,A) | (A HVH)
TNs | (MH,VH,H) | (M,VL,H) (M, MH,VH) (M,L,VL) (L,VL, H)
TN, (L, L, M) (ML, M, M) (M, M, L) (ML,VH,L) (M, M, M)
TNs | (H,M,ML) | (MH,H,MH) | (MH,VL,ML) | (M,ML,L) (VH,L, M)

matrix is utilized along with ¢-RPF WASPAS and the computation percentages are
illustrated in Table 6.12 and the evaluation results of ¢-RPF WASPAS for the second
stage are given in Table 6.13. The obtained results of the second stage show that
the advancement procedure (AP2) i.e. observance is the best choice and devising

(AP4) is the least-suited advancement procedure.

Stage 3. New product advancement procedure versus potential capabili-

ties:
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Table 6.12: Expert matrix of advancement procedure

APy AP, AP; APy APs
TNy | (0.42,0.27,0.47) | (0.45,0.27,0.45) | (0.63,0.27,0.33) (0.72,0.2,0.2) (0.75,0.23,0.17)
TNy | (0.55,0.2,0.37) (0.6,0.23,0.27) (0.62,0.3,0.27) (0.82,0.23,0.2) | (0.87,0.17,0.13)
TNz | (0.75,0.23,0.17) | (0.45,0.2,0.45) | (0.75,0.23,0.17) | (0.37,0.17,0.52) | (0.37,0.17,0.52)
TNy | (0.33,0.23,0.53) | (0.43,0.3,0.47) | (0.42,0.27,0.47) | (0.48,0.2,0.43) (0.5,0.3,0.4)
TNs | (0.52,0.27,0.37) | (0.65,0.33,0.23) | (0.33,0.27,0.58) | (0.43,0.23,0.43) | (0.55,0.2,0.37)

Table 6.13: Weights for advancement procedures

Criterions | Weights(q=2)
AP 0.20777
AP, 0.22716
APy 0.19933
AP, 0.17607
AP 0.18966

In the third stage, similar computations (¢-RPF WASPAS) can be done for
weighting the potential capabilities. The set of criteria for potential capabilities
is given in Table 6.14. According to Table 6.14, five distinct factors can affect the
potential capabilities of the GSCM. Firstly, the sectors must have a good institu-
tional setup. For this, the sectors must have proper departments and intellectual
staff members who can cope with the level of competition in the market. In context
with this, the sector’s effective observance of the market and prompt execution of
important steps over time will help its growth in this procedure. In addition to this,
the maximum profit margin in the energy sector’s investment should be taken into

account for its growth in GSCM. Also, the potential capabilities of the customers

are another major aspect of this process. The sectors that are more interested in

Table 6.14: Potential capabilities for the GSCM

Criteria Existing Litearture
Institution (PC1) 159, 181
Competitiveness (PC2) 182, 183

Procreation (PC4)
Client (PC5)

[ ]
[ ]
Accomplishment (PC3) [184, 185]
[ ]
[ ]
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responding to the demands of the customers are considerably more successful in the

GSCM. The linguistic evaluations are defined in Table 6.15.

Next, the expert

Table 6.15: Linguistic computation for the potential capabilities

PCy PCy PCs PCy PCs
AP, | (M, VH,M) (H,VH,H) | (ML,VH,VH) | (MH,H,H) | (VH,VL,AH)
AP, | (MH,VH,AH) | (VH, AH, AH) (A, VH, L) (A,VH,H) | (AH,VH,MH)
APy (L,ML, L) (M, H,VH) (VH,L,L) (M, L, M) (M, VH, M)
AP, (H,L,ML) (VH,M,ML) | (AH,VH,VH) | (VL,L,VL) (L,L,L)
APy | (H,VH,ML) | (ML,M,ML) | (L,ML,VH) | (ML,H,VH) (H,L, M)

matrix of potential capabilities is computed and demonstrated in Table 6.16. After
that, the weights of potential capabilities are evaluated by utilizing ¢-RPF WASPAS

and given in Table 6.17. From Table 6.17, competitiveness (PC2) is the best

Table 6.16: Expert matrix of potential capabilities

PCy PCy PCs PCy PCs

AP, | (0.63,0.23,0.3) | (0.8,0.17,0.1) | (0.7,0.17,0.27) | (0.7,0.27,0.17) | (0.65,0.13,0.38)
AP, | (0.82,0.23,0.2) | (0.93,0.17,0.17) | (0.7,0.17,0.3) | (0.87,0.17,0.13) | (0.82,0.23,0.2)
AP; | (0.27,0.23,0.6) | (0.72,0.2,0.2) | (0.47,0.17,0.43) | (0.42,0.27,0.47) | (0.63,0.23,0.3)
AP, | (0.43,0.23,0.43) | (0.57,0.23,0.37) | (0.92,0.13,0.13) | (0.15,0.13,0.77) | (0.25,0.2,0.6)
APs | (0.65,0.2,0.27) | (0.37,0.3,0.53) | (0.48,0.2,0.43) | (0.65,0.2,0.27) | (0.5,0.23,0.37)

Table 6.17: Weights for potential capabilities

Criterions | Weights(q=2)
PCy 0.21761
PCy 0.22327
PCs 0.18494
PCy 0.18623
PCs 0.18796

factor for potential capabilities while accomplishment (PC3) is the least important

among the set of criteria.
Stage 4. Potential capabilities versus potential strategic plans:

The final stage is to compute the potential strategic plans against the poten-
tial capabilities. Within this framework, the criteria for potential strategic plans

are defined in Table 6.18. After doing a thorough review of the literature, five dis-
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Table 6.18: Potential strategic plans for the GSCM

Criteria Existing Litearture
Collaborating with the sectors on the technical needs (PSP1) [188]
Standardizing the atmosphere of a competitive market (PSP2) [189]
Concentrating on investment ventures with high anticipated returns (PSP3) (190, 191]
Examining the procedure for developing new services and products (PSP4) [192]
Utilizing the customer relationship management to meet the needs of the customers (PSP5) [193]

tinct potential strategic plans have been identified for the energy sectors. Firstly, the
necessity of the relationship between the demands of the customers and the manage-
ment of the energy sectors is very useful for gaining an advantage in the competitive
environment of the market. The reason behind this is that satisfied customers will
prefer these sectors more than others. Another strategic plan that the energy sectors
can implement is to make investments in technical development. Through this, the
sectors will be able to manufacture items that meet the demands of the customers.
Examining new products and services according to the demands of the customers
is another potential strategic plan that can be implemented by the energy sectors,
which will help them gain a good position in the market. Also, the comparisons of
the energy sectors among themselves are also very crucial for gaining significant im-
portance in the market and it will also help to become familiar with new applications
in the energy sectors. The financial viability of the proposed initiatives can also be
used as a potential strategic plan and for which the energy sectors conduct a modi-
fied analysis involving the cost-benefit parameters for the launching of new projects.

The linguistic evaluations are given in Table 6.19. Also, the expert matrix of

Table 6.19: Linguistic computation for the potential strategic plans

PSP, PSP, PSPs PSP, PSPs
PCy | (MH,VH,H) | (H,AH,VL) | (MH,L,VL) | (M,AH, VL) (MH,L,H)
PCy | (VL,L,M) (VL,L,L) (L, M, H) (MH,VH,VL) | (AH, L, MH)
PCjy (H, H, H) (L,M,MH) | (MH,VH,H) | (VH,VL,L) (M,H,VL)
PCy | (L,VL,H) (H,A,VL) | (VH,MH,L) (AH, L, H) (H,VH,H)
PCs | (M,VH,H) (VL,H,H) | (VH,MH,L) | (VL,AH, H) (H,A, H)

the potential strategic plans is illustrated by Table 6.20. Within this framework, the
obtained results for potential strategic plans are demonstrated in Table 6.21. From

Table 6.21, it is clear that the prioritization for potential strategic plans is given as
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concentrating on investment ventures with high anticipated returns (PSP5), stan-
dardizing the atmosphere of a competitive market (PSP4), examining the procedure
for developing new services and products (PSP3), utilizing the customer relationship
management to meet the needs of the customers (PSP1) and collaborating with the

sectors on the technical needs (PSP2) is least preferred.

Table 6.20: Expert matrix of potential strategic plans

PSP PSP, PSP; PSPy PSP;
PCy | (0.75,0.23,0.17) | (0.6,0.17,0.38) | (0.32,0.23,0.58) | (0.55,0.23,0.45) | (0.53,0.27,0.33)
PC> | (0.28,0.2,0.62) | (0.2,0.17,0.68) | (0.5,0.23,0.37) | (0.53,0.2,0.42) | (0.6,0.27,0.37)
PCs | (0.75,0.2,0.1) 0.45,0.3,0.43) | (0.75,0.23,0.17) | (0.42,0.13,0.52) | (0.45,0.2,0.45)
PCy | (0.37,0.17,0.52) | (0.6,0.17,0.38) | (0.58,0.23,0.33) | (0.65,0.2,0.3) | (0.8,0.17,0.1)
PCs | (0.72,0.2,0.2) | (0.53,0.17,0.35) | (0.58,0.23,0.33) | (0.6,0.17,0.38) | (0.82,0.2,0.13)

(
(
(
(

Table 6.21: Ranking for potential strategic plans

Alternatives | Rank
PSP 0.19912
PSP, 0.17206
PSP; 0.20289
PSP, 0.20853
PSP; 0.2174

6.3 Comprartive Analysis and Discussion

In this section, we briefly present the overall concluding analysis along with a dis-
cussion of the advantages and limitations of the proposed methodology. In recent
years, customers have looked forward to demonstration strategies in terms of the de-
signing process of the products [144] which should also fulfill the budget issue of the
customer and certain products of their needs. However, it is quite apparent in the
findings that the customers are more specific about the environment and keen to go
ahead with the companies that are more eco-friendly while developing the products
[145]. It is certainly quite obvious that the concept of GSCM plays a vital role in

any kind of strategic planning for the companies to meet the customer’s expectations.
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The detailed analysis has already been presented stage-wise in the previous section

for better understanding and readability.

Sensitivity Analysis:

=>=PSP4

==ié=PSP5

Figure 6.4: Effect of the parameter y on PSP’s

On the basis of computations, we have presented some special findings in the
form of the sensitivity diagram given in Figure 6.4. It is observed that the role of the
parameter y is very important in understanding the variability and reliability of the
obtained result. Suppose we consider the value of y to be 0.5 for our MCDM problem,
but the decision makers can choose the appropriate value of y (ranging from 0 to 1)
according to their convenience. The computational analysis shows that if we keep on
changing the values of y in the proposed methodology, the obtained ranking reflects
a kind of consistency in the selection of potential strategic plans. This enables us to
make sure that the uncertainty in the decision is reduced. This gives the proposed
methodology a kind of robustness in the calculation and validates the result and the

process.

Also, the essential factors of a decision-making technique (i.e. criterion and de-
cision maker’s weights) and the evaluation of the alternatives under these criteria.
These are very essential characteristics of an MCDM technique. Further, we compare

our methodologies based on these terms with some existing methodologies tabulated
in Table 6.22.
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Table 6.22: Consistency with the MCDM Methods

IVIF- Spherical Fuzzy | Fuzzy Proposed
DEMATEL Fuzzy DE- COPRAS | AHP &
& TOPSIS MA- [148] WASPAS
MOORA [198] TEL
[146] [147]

PSP, 5 5 5 5 5

PSP, 4 4 4 4 4

PSPs 3 3 3 3 3

PSP, 1 1 1 1 1

PSPs 2 2 2 2 2

Table 6.23: Characteristic Comparison based on MCDM Methods

Literature | Decision- Criterion’s | Linguistic | No. of | Restriction Assessment In-
Makers’s Weights Computa- | Uncer- on the Un- | formation of
‘Weightage of the | tion tainty certainty Alternatives

Criterions Compo- Components
nents

[194] Taken into ac- | Totally Un- | v 1 Yes Fuzzy Set
count known

[195] Taken into ac- | Totally Un- | v 3 Yes Pythagorean Fuzzy
count known Set

[196] Taken into ac- | Totally Un- | v 1 Yes Fuzzy Set
count known

[197] Taken into ac- | Known X 4 Yes Picture Fuzzy Set
count

[198] Taken into ac- | Totally Un- | v/ 4 Yes Spherical ~ Linear
count known Diophantine Fuzzy

Set
Proposed Calculated Totally Un- | v 4 No ¢-Rung Picture
Methods known Fuzzy Set

Final rankings of the innovative/potential strategic plans for the GSCM by the

variety of researchers (linguistic comparison) are aligned and tabulated in Table 6.23,

which illustrates the consistency and reliability of the proposed technique. Although

the outcomes are comparable statistically, this means that the suggested methodolo-

gies are different from others in the literature.

As a limitation, a different study can be carried out for the different industries

focusing on the energy companies. In such cases, the utilization of quality function

deployment (QFD) based indicators can be considered for measuring the different
strategies for the energy-based sectors. Also, the technique of VIKOR/TOPSIS mod-

140




els for taking the different potential strategies can be implemented so that some
quantitative/numerical-based analysis could be possible to comprehend whether the

obtained results are compatible or non-compatible.

6.4 Conclusions

The significant contributions of the proposed work can be summarized as follows:

e The proposed model involving the ¢-rung picture fuzzy set in the AHP /WASPAS
decision technique has been successfully presented and analyzed. The analysis
comprises four types of interlinked different stages which have been presented in
detail with observations. On the basis of the findings, it is clear that the prior-
itization for potential strategic plans is given as utilizing customer relationship

management to meet the needs of the customers (PSP5) the most.

e Further, examining the procedure for developing new services and products
(PSP4) and concentrating on investment ventures with high anticipated re-
turns (PSP3) are the next level of priority. Collaborating with the sectors on
the technical needs (PSP1) and standardizing the atmosphere of a competitive
market (PSP2) is the least preferred in the order.

e [t may be noted that the AHP is capable of considering the relative priorities
of factors/alternatives and provides a wide range of usage for the systematics
planning, effectiveness, benefit and risk analysis by choosing any kind of decision
among alternatives. The work done in this chapter can further be applied to
various other applications like social mediating technologies, green information

technology for sustainability [199], [200].

e Also, the work can be expanded for handling various other types of real-world
problems under different types of uncertain environments and various other
sectors ([149], [150], [151], [152]).
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Chapter 7
Conclusion

In the current thesis, we have explored and presented some new decision-making
techniques in the picture fuzzy framework. The results of the research conducted in

each of the chapters are mentioned along with a scope of future work:

e A bi-parametric (R, S)-norm picture fuzzy discriminant/cross-entropy measure
has been effectively proposed along with its mathematical validation. Then,
the proposed measure has been utilized for devising the modified VIKOR &
TOPSIS decision-making methodologies.

e The proposed decision-making methodology has been successfully implemented
for the assessment of hydrogen fuel cell technology problems along with suitable
comparative and sensitivity analysis. These modified techniques give policy-
makers useful information to help them for the selection of the best possible

hydrogen fuel cell technology.

e Next, a new kind of picture fuzzy Dombi aggregation operators has been satis-
factorily proposed along with some important properties and operational laws.
With the help of picture fuzzy Dombi aggregation operators, we developed the
modified EDAS decision-making techniques which include the parametrization

feature of the attributes.

e The problem of sustainable agrifarming has been solved with the incorporation

of picture fuzzy soft Dombi-based EDAS decision-making methodology. Also,
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the validation of the proposed methodology is done by doing the comparative

and consistency study.

e The novel notion of picture fuzzy hypersoft set (PFHSS) has been introduced
with various essential properties and operational laws. Further, the aggregat-
ing operators of the form(PFHSWA /PFHSOWA /PFHSWG/PFHSOWG) have
been detailed as well. The proposed decision-making methodology has been

well illustrated by a numerical example under consideration.

e In continuation, by utilizing a picture fuzzy hypersoft set a new concept of
picture fuzzy hypersoft matrix (PFHSM) has been effectively introduced along

with different types, operations and properties.

e The variability of uncertain information has been spanned by the notions of
choice matrix, weighted choice matrix, followed by value and score matrix. The
proposed methodology has been applied in the assessment of renewable energy
source selection problems. Then, a comparative study depicts the advantages

over the contemporary techniques in the literature.

e Further, the g-rung picture fuzzy oriented AHP/WASPAS decision-making tech-
niques have been presented which includes the stage-wise procedures for imple-

mentation.

e The problem of finding the best potential strategic plan for the energy sector
has been remodeled with the AHP/WASPAS decision-making methodologies
under g-rung picture fuzzy framework. Lastly, the viability and robustness of
the presented techniques have been examined. Also, the overall organization of

the proposed work is also shown in Figure 7.1.

7.1 Scope of Future Work

While the methodologies developed in this thesis have shown promising results, there

are several avenues for future research that can extend and refine these techniques:

e Integration of Machine Learning Techniques: Future work could explore the

integration of machine learning algorithms with picture fuzzy decision-making
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methodologies to enhance the prediction and classification accuracy in dynamic
environments, such as in renewable energy forecasting or agrifarming yield pre-

diction.

Multi-Criteria Decision-Making under Dynamic Conditions: Expanding the
proposed frameworks to handle dynamic and time-varying data, which could
be useful in applications like real-time energy management and adaptive agri-

farming solutions.

Hybrid Models for Complex Systems: Developing hybrid models that combine
picture fuzzy decision-making with other soft-computing techniques (such as
neural networks or genetic algorithms) to tackle highly complex decision-making

problems with multiple layers of uncertainty.

Extension to Group Decision-Making: Extending the picture fuzzy methodolo-
gies to multi-expert or group decision-making scenarios, where conflicting opin-
ions and preferences can be effectively managed using the proposed aggregation

operators.
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e Applications in Other Domains: Applying the developed methods to other crit-
ical fields such as healthcare, transportation, and urban planning, where multi-
criteria decision-making plays an essential role in strategic decision support

systems.

e Software Implementation and Validation: Developing user-friendly software
tools that implement the proposed decision-making methodologies, enabling
practitioners and policymakers to easily apply these techniques in real-world

scenarios.

These directions would further enhance the practical utility of the proposed method-

ologies and extend their applicability across diverse sectors.
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