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Abstract

The objective of the thesis entitled, “Study of Some Nonlinear Partial Differential Equa-
tions for Lie Symmetries and Exact Solutions”, is to study the applications of Lie groups
to the nonlinear partial differential equations (NLPDESs). The prime objective in this
thesis is to examine the Lie symmetries of the NLPDEs in order to obtain the exact
solutions, which are helpful in demonstrating the integrability and physical behavior of
the nonlinear equations.

During the last few decades, investigations of exact solutions to nonlinear partial dif-
ferential equations have played a vital role in the study of physical phenomena. Exact
solutions provide the proper understanding of qualitative features of many nonlinear
physical phenomena and processes in various areas of natural science.

In recent years, the generalization of the constant coefficients to variable coefficients has
grown predominantly in research interest. Because the differential equations with vari-
able coefficients characterize many nonlinear phenomena more realistically than equa-
tions with constant coefficients, but often, it is difficult to solve explicitly these nonlin-
ear differential equations for exact solutions. However, there is much current interest
in finding the exact explicit solutions of these nonlinear equations. The exact solutions
provide much information about physical phenomena and various other aspects of these
nonlinear systems. The exact solutions are also helpful to examine and discuss the sen-
sitivity of physical phenomena with several important parameters described by variable
coefficients. These solutions are also helpful in designing and testing numerical algo-
rithms. Mathematical methods which generate a wide range of explicit solutions and
applicable to all type of nonlinear differential equations are few. The group-theoretic
techniques can be categorized in this class, and generally, it produces a variety of ex-
act solutions, directly or via similarity solutions, classifying invariant equations and/or
reducing the number of independent variables. The study carried out in this thesis is
confined to the applications of Lie group theory to four NLPDESs, namely, the (241) di-
mensional dispersive long wave system, the (3+1) dimensional Kadomtsev-Petviashvilli
(KP) equation with variable coefficients and an arbitrary nonlinear term, Schrédinger
equation with variable coefficients, Gilson-Pickering equation with variable coefficients.
Also, the (2+1) dimensional Boiti-Leon-Pempinelli equation has been investigated by
utilizing the (G’/G?)-expansion method and the first integral method.

Chapter 1 describes the introduction of nonlinear partial differential equations and exact
solutions. Also, we have discussed the preliminaries of the Lie group of transformations,
the first integral method, and the G’ /G2-expansion method and relevant literature sur-

veys.
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Chapter 2, is devoted to the following (2+1) dimensional Dispersive Long Wave (DLW)

equation of the form :

Uyt + Vpg + Uplly + Ullgy = 0,

Vg + Ug® + Vgl + Uggy = 0.

On applying the classical Lie group method, the infinite-dimensional symmetries have
been derived along with the Kac-Moody-Virasoro algebra. The reduced PDEs are fur-
ther investigated for their invariance properties to obtain the exact solutions.

Chapter 3, considers the study of following Schrodinger equation with variable coeffi-

clents :

ige + (a1(t) +1a2(t))guo + (b2() + ib2(t))(|a[*"q)s = 0,

where a;(t), as(t), bi(t), ba(t) are arbitrary real functions and ¢(z, t) is a complex-valued
function that expresses wave envelope. The Lie symmetries of this equation have been
worked out, and the reduced ordinary differential equations are further solved by em-
ploying the power series method.

Chapter 4, deals with the study of the following (341) dimensional Kadomtsev-Petviashvilli

(KP) equation with variable coefficients :
(ue + A(t) (k(u))e 4+ () Ugza )z + V(t)uyy +0(t)u.. =0,

where p(t), y(t), 6(t), A(t) are arbitrary functions of ¢ only and k(u) is an arbitrary
nonlinear term.

For the KP equation, infinite-dimensional symmetries have been reported using the
Lie group method. To illustrate the further process the variable coefficients have been
taken as power functions of ¢. As a result the equation is reduced to nonlinear partial
differential equations with three independent variables, which are further investigated
using the group method and obtain the various new exact solutions.

Chapter 5, deals with the study of following Gilson-Pickering equation with variable

coeflicients
U — a(t)Uggt + 0() Uy — Ulzry — c(t)uty — d(t) Uty = 0,

where a(t),b(t),c(t),d(t) are arbitrary functions of their argument. This equation is
reduced to nonlinear ordinary differential equation (ODE) by carrying out the classical
Lie symmetries. These ODEs have been further investigated for obtaining the solutions

with the help of the power series method.

1X



Chapter 6, is devoted to the following (2+1) dimensional Boiti-Leon-Pempinelli equation

2

Uty = (u - ux):cy + QUxxxa

Vi = Upz + 2U0,.
The first integral method and (G’/G?)-expansion method have been employed to furnish

the exact traveling wave solutions. The obtained solutions include the trigonometric,

exponential, and rational functions.
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Chapter 1

Introduction and Review of

Literature

1.1 Background and Motivation

The study of differential equations has been playing a significant role in modeling the
real-world problems and their applications not only in physics but approximately in
every field of science and engineering for nearly five centuries. Most of the problems
are nonlinear in nature and are often described by a single differential equation or a
system of differential equations.

But in nature, there are complex dynamics, which cannot be elucidated by means of
ordinary systems, and from the experimental observations and reality, it has been re-
ported that there exists a lot of complex systems in real-world which have anomalous
dynamics such as fluid mechanics, heat and mass transfer, the motion of an airplane,
air flow in lungs, prediction of weather, modeling cancer growth, drug delivery to
parts of the body, electromagnetic theory and so on.

The fact of studying nonlinear differential equations is regarded as a challenging and
complex endeavor. On comparison with the variety of tools present in linear equa-
tions, the techniques for nonlinear equations are limited for some special categories.

Due to the complexity in nature, there is no general method to solve the nonlinear



differential equations. This is the reason when dealing with a nonlinear differential
equation, the first step is to linearize it or to avoid the nonlinear aspects completely.
But in analyzing the behavior of the physical system, one often comes across situa-
tions when the linearized model is inadequate/inaccurate, and that is the time when
the study of nonlinear models as such becomes imperative. In the nineteenth century,
linear systems became the mathematical discipline and achieved remarkable success
throughout the sciences, on the other hand, due to the complex nature of nonlinear
differential equations, they remained much harder to understand. Consequently, some
approximate solutions had been constructed by applying the asymptotic, numerical
methods and perturbation methods. However, these solutions do not provide much
information about the equation(s).

The analysis of the nonlinear partial differential equations (NLPDEs) has not only
played an imperative role in modeling the physical phenomena but also helped in
making more specific contributions in theories and concepts devised in the last cen-
turies. Consequently, a strategy is normally adopted for obtaining the solutions of

the nonlinear equations as follows:

(i) By applying the certain physical assumptions to linearize the given nonlinear

differential equations.

(ii) Numerical integration of differential equations under certain boundary condi-

tions.

(iii) To obtain the exact (explicit/implicit) solutions of the equations.

In fact, the first two steps have a great deal of contributions, whereas the third ap-
proach is usually avoided because of ponderous and complicated calculations. But
the strong desire for exact analytical solutions to NLPDEs has made a formidable
growth in the research interest. Thus, there is more interest on finding the exact solu-
tions of nonlinear equations during last few decades, and these solutions provide the
information about the various aspects of physical and nonlinear phenomena. Exact

solutions can be used as models for physical experiments, as benchmarks for testing



and designing numerical algorithms. These solutions can serve as a basis for perfect-
ing and testing computer algebra software package for solving differential equations.
The explicit solutions for NLPDEs are rare and the methods which generate the
family of solutions are not only getting popular but also increasingly sought. So
to find the exact solutions a number of effective methods have been developed such
as the classical Lie symmetry method [28]-[31], nonclassical symmetry method [30],
Clarkson Kruskal-direct method [111], nonlocal symmetry method [31], [78], [82], the
ansditze based method [26], [65], Painleve approach [98], exp-function method [2],
[50], (G'/G) - expansion method [70], Adomian decomposition method [43], Homo-
topy perturbation method [83], the first integral method [109], (G'/G?) - expansion
method [66], [110], modified extended tanh-function method [90], extended Jacobi
elliptic function [105], elliptic equation rational expansion method [104] and many
more. The methods which generate a variety of solutions and applicable to all types
of nonlinear equations are very few. The group-theoretic techniques are categorized
in this class and it produces a wide range of exact solutions in a systematic manner.
Since the NLPDEs have been a powerful tool to model and study the dynamics of
many physical processes of the applied sciences, the solutions of differential equations
are compared with the actual behavior of the corresponding system to determine if
or not the formulation in terms of differential equations is accurate.

The study carried out in this thesis is devoted to the applications of Lie group methods
based on the theory of continuous groups, also known as Lie groups of transformations
acting on the space of independent and dependent variables of the system. Norwegian
mathematician Sophus Lie [96] introduced the notion of the Lie group method and
established that the order of an ordinary differential equation (ODE) can be reduced
by one if it remains invariant under a one-parameter point group of transformations
and for a partial differential equation the invariance under a continuous group of point
transformations leads directly to the superposition of solutions in terms of transfor-
mations [29]. Further, Bluman and Cole [28], Ovsiannikov [60], Ibragimov [71] and
Olver [79] extended the theory of Lie point groups to wide range of problems.

The prime motive in the proposed work is to demonstrate the importance and ade-

quacy of Lie group methods in solving nonlinear systems. In brief, a symmetry group
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of a single or a system of the partial differential equations which is a continuous group
of point transformations acting on the space of independent and dependent variables
and which leaves the equations invariant is determined algorithmically, and then the
solutions of a partial differential equation(s) can be obtained by solving a reduced
system of the differential equation(s) with lesser number of independent variables.
The detailing theory and various applications of Lie groups may found in research

notes/books of Bluman and Cole [28], Ovsiannikov [60] and Olver [79].

1.2 Methodology

During the period 1872-1899, Sophus Lie [94], [95], [96], established the concept of
Lie group method of differential equations. Regardless of its important features, Lie’s
method to differential equations faded into obscurity and, the entire subject lay dor-
mant for nearly half a century. It was in the fifties of the last century when the work
of G. Birkhoff [27] and I. Sedov [58] on dimensional analysis gave relevant attention
to the unexploited applications of Lie groups to the differential equations and then,
in the late 1950s, it was successfully applied to a wide range of problems through
the pioneering efforts of Ovsiannikov [60] and his co-workers. During the years 1960-
1970, the whole field was active again and new applications of Lie group theory were
being proposed by a number of researchers including Bluman and Anco [29], Bluman
and Cole [30], [28], Bluman and Kumei [31], Hydon [25], Stephani [37], Cantwell [11],
Olver and his co-workers [79, 81|, Ibragimov [71, 72], Ibragimov and Kovalev [73], Hill
et al. [44]-[47], Grundy [87], Gagnon and Winternitz [59], Clarkson and Mansfield
(76, 77].

Symmetry method provides an essential tool to examine the wide range of topics
in a systematic way, such as homogeneous and separable equations, the integration
by quadrature of ODEs, methods of undetermined coefficients, the determination of
invariant solutions of initial and boundary value problems, reduction of order, deriva-
tion of conservation laws, construction of links between different differential equations

(DE) that turn out to be equivalent. Lie has shown that the invariance of an ODE
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under the Lie group of point transformations, provides some special solutions called
invariant solutions without the knowledge of the general solution of the ODE. For
exhaustive reviews of Lie’s, on this aspect we refer to the works of Lie and Engel [94],
Cohen [8], Goursat [21], Ince [23], Hermann and Dickson [88].

The key idea of Lie’s group theory of symmetry analysis of DE relies on the invariance
of the latter under a transformation of independent and dependent variables. This
transformation forms a local group of point transformations establishing a diffeomor-
phism on the space of independent and dependent variables, mapping solutions of the
equations to other solutions. Lie proposed that the problem of obtaining the point
symmetry of a differential equation leaving invariant a given differential equation,
reduced to solving related linear homogeneous systems of determining equations for
the infinitesimal generators. He also proposed that a point symmetry of a DE leads,
in the case of an ordinary differential equation, to reduce the order of the DE and in
the case of a partial differential equation (PDE), to finding special solutions known
as the similarity (invariant) solutions of the differential equation. In this direction,
some other important and significant contributions are from Rosati and Nucci [55],
Gandarias and Bruzon [63]-[64], Anco and Dennis [89], Bihlo and Popvych [4], [5].

Among various generalizations of Lie’s theory, there are the following approaches:

(i) Nonclassical method [30]

(ii) General method of differential constraints [22], [80]
(iii) Generalized symmetries [82]
(iv) Equivalence transformations [42]

(v) Nonlocal symmetries [31], [78], [82]

In recent years, Lie’s classical theory has gained much interest of researchers in the
field of NLPDEs. The prime objective in carrying out this work has been to demon-
strate the importance and adequacy of the Lie group method over various other meth-

ods available in the literature. Some specific physical nonlinear systems have been



considered to accomplish the task. The problems studied are dealt in two phases: In
the first phase, Lie point symmetries of the nonlinear systems under investigation are
derived by adopting the classical Lie group method, and then in the second phase,
after successful deduction of the reduced systems of PDEs or ODEs, the efforts are
confined to deduce the exact solutions. In some problems, we have also investigated
the reduced ODEs using the power series method. Brief literature survey relevant to
the work has also been put up in chapters. We reproduce in the following sections
certain characteristic features of the techniques utilized and general notions essential

for understanding and carryover of the Lie group method [28], [29].

1.3 Lie Group Method to Construct Solutions of
NLPDEs

In this thesis, we are dealing with the method of group invariant solutions based on
the theory of a continuous group of point transformations, also called the Lie group
of transformations, acting on the space of independent and dependent variables. The
notion of the Lie group method was originally introduced by Sophus Lie [94], [95],
who proposed that the order of an ODE can be reduced by one if it remains invariant
under a one-parameter Lie group of transformations, and for a PDE, the invariance
under a continuous group of point transformations leads directly to the superposition
of solutions in terms of transformations. In the following section, we first introduce
the relevant concepts of Lie group transformations and then provide the algorithmic
description of the methods applied in later chapters to derive the symmetry groups of
the systems under investigation. Also, the G’/G*-expansion method and first integral
method, which are of interest in the present work to obtain the exact traveling wave
solutions of the nonlinear PDEs have been described. For details on Lie groups,
theorems and their proofs, we refer our reader to see (Bluman and Cole [28], [30],
Bluman and Anco [29], Olver [79]-[81], and Stephani [37] ). Also, the relevant details
of the G’ /G*-expansion method and first integral method can be found in [54], [66],
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[70], [109], [110].

1.3.1 Lie Group of Transformations

Definition 1.3.1 [29] “Let © = (1, x9,x3,...,2,) lies in region D C R". The set

of transformations
T = X(z;e€), (1.3.1)

defined for each x in D and parameter e € T C R, with ¢(¢,0) defining a law of

composition of parameters € and 6 in T, such that

(i) For every e in T, the transformations are bijective on D.
(i) T with the law of composition ¢ forms a group.

(i1i) For each x in D, T = x when € = €, corresponds to the identity element e of T,

1.e.,

X(z;¢,) = .

(w) If & = X(x;€), 7 = X(%;0), then

ISIN

= X (2;9(€,9)),

such family of transformation is known as the one-parameter group of transforma-

tions.”

Definition 1.3.2 [29] “A one-parameter group of transformations defines a one-
parameter Lie group of transformations if, in addition to satisfying axioms (i) — (iv)

of definition (1.3.1), the followings hold:

(i) € is a continuous parameter, i.e., T, is an interval in R. Without loss of gener-

ality, € = 0 corresponds to the identity element e.

7



(ii) X is infinitely differentiable with respect to x in D and an analytic function of

emT .

(iii) ¢(€,9) is an analytic function of € and 6 in T.”

1.3.1.1 Infinitesimal Transformation of Lie Group

Expanding, one-parameter group of point transformations & = X(x;¢€), about € = 0,

in some neighborhood of € = 0, we have

= X(;6) = X(2;0) +e(%—)§)leo + %e2<%27)2(>|60+---

- x+e<%—):>|60 +O(). (1.3.2)

The transformation # = x +€£(z)+O(e?) is known as the infinitesimal transformation

of the Lie group. The components of &(z) are the infinitesimals of (1.3.1), where

_ 0X (x;€)

() 5 = (1.3.3)

1.3.1.2 Infinitesimal Generators

The infinitesimal generator of the one-parameter group of transformation (1.3.1) is

the linear differential operator

V=_{@) V=) &) a‘ (1.3.4)

where V indicates the gradient operator

o 0 0
= ) 1.3.
v (8x1’ 0xy’ 8%) (1.3.5)

1.3.1.3 Invariant Functions

An infinitely differentiable function F'(z) is defined to be an invariant of the Lie group

of transformations (1.3.1) if and only if, for any group transformation (1.3.1),

F(7) = F(z). (1.3.6)



Theorem 1.3.1 F(z) is invariant under a Lie group of point transformations (1.5.1)

iff, VF(z) = 0.

1.4 Point Transformations and Extended transfor-

mations

We will be concerned with the determination of one-parameter (¢) Lie groups of
point transformations admitted by a given system S of differential equations. A

one-parameter Lie group of transformations is a group of transformations of the form

T = X(z,u;e), (1.4.1)
u=Ul(x,u;e), (1.4.2)
acting on the space of n + m variables
r=(21,Ta, ..., %), (1.4.3)
u=(u',u® ... u™), (1.4.4)

where x denotes n independent variables and u indicates the m dependent variables.
A Lie group of transformations (1.4.1)-(1.4.2) introduced by S maps any solution
u = O(x) of S into a one parameter family of solutions u = ¢(z;¢€) of S. In other
words, a group of point transformations (1.4.1)-(1.4.2) leaves .S invariant in the sense
that, the form of S remains same in terms of the transformed variables (1.4.1)-(1.4.2)
for any solution u = ©(x) of S.

Let Ou represents the set on nm coordinates corresponding to all first order partial
derivative of u with respect to x:

oul ou' out ou? ou? ou? ou™ ou™ ou™
ou = , e , , ey ey , ey . (1.4.5)
0x1 O0x9 ox,, 0x1 Oxs ox,, O0x1 Oxs ox,,

In general, for k > 1, Let 0%u represent the set of coordinates

k., w
ut = O
11,02,03,. 0k axilaxi2 .. &E,k ’




with o = 1,2,...,m and 4, = 1,2,...,n, for j = 1,2,...,k corresponding to all
kth-order partial derivatives of u with respect to x.

It turns out that the natural transformation of partial derivatives of the dependent
variables leads successively to extensions (prolongations) of a one-parameter (€) group
of transformations (1.4.1)-(1.4.2) acting on (z,u)-space to one-parameter groups of
transformations acting on (x, u, du)-space, (z, u, Ou, O*u)-space,. . ., (z, u, Ou, O*u, . . .,
OFu)-space, for any k > 2. Then the infinitesimal transformation of (1.4.1)-(1.4.2) is
naturally extended or prolonged successively to infinitesimal transformations acting

on (z,u,0u,...,0)-space, | =1,2,3,... k.

1.4.1 Extended Infinitesimal Transformations

In studying the system of partial differential equations, the situation of m dependent
variables v = (u',u?, ..., u™) and n independent variables x = (21,73, ..., T,),

w = wu(z), with m > 2 arises. This leads to consideration of prolonged transforms
from (z,u)-space to (x,u,Ou,...,0%u)-space, where O¥u represents the components

of all kth-order partial derivatives of u with respect to x. Consider the kth-extended

transformation over (x,u, du, ..., 0%u)-space
T = x5 + e&i(w,u) + O(€?), (1.4.6)
ut = ut + en*(x,u) + O(e?), (1.4.7)
uz‘ = ul' + engl)“(x, u, Ou) + O(€?), (1.4.8)
AT 1 (k) k 2
uuulz.--% - u’iliQ...’ik + En’iliQ...’ik (I7 U, au’ ce 7a u) + O(E )7 (149)

with the extended infinitesimals given as

m(l)u = Dy — (Di&;)u”, (1.4.10)
k k—1
nflz)Quzk = lenz(llz)’f/ifl - (Dikgj)uglilnik—lj’ (1411)
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where 4, = 1,2,...,nforl =1,2,...,k with £ > 2 and D; is total derivative operator
defined as

O w0 .0 § 0
= on, g g T g S

J 21%2...1n

Here, the kth-prolonged or (extended) infinitesimal generator is given as

0 0]
v — Silw, u) 75—+ W(“)(mau)w

ik (z,u, Ou, 0%u, . .., 0%u)

1192...0

(L s
+ nWH(x, u, Ou) 5
0

m )
auiliz..‘ik

i

k> 1. (1.4.13)

1.4.1.1 The Invariance Condition for a System of PDEs

Lie symmetry of a given differential equation is a one-parameter group of point trans-
formation under which the given differential equation remains invariant. Consider
a system of N PDEs with n independent variables © = (x1, 29, 23,...,2,) and m
3

dependent variables v = (u!,u? u?,... u™), given by

Fr(z,u, 0u,0%u,...,0%) =0,p=1,2,...,N. (1.4.14)

Definition 1.4.1 [29] “A one-parameter Lie group of point transformations (1.4.6)-
(1.4.7) leaves invariant the system of PDEs (1.4.14), iff its kth extension, defined
by (1.4.6)-(1.4.9) leaves invariant the N surfaces in (x,u,du,d*u, ..., 0%u)-space,
defined by (1.4.14)”.

Theorem 1.4.1 [29] “(Infinitesimal Criterion for the Invariance of a System of
PDEs). Let

0
V= fi(;v,u)ax‘

be the infinitesimal generator of the Lie group of point transformations (1.4.6)-(1.4.7).
Let

0
—i—T]Z(l)”(x u 8u)a u7+"'

0

m )
auilig...ik

2w
(2w, Ou, P, . OFu)

1192...0k

(1.4.16)
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be the kth extended infinitesimal generator of (1.4.15), with the extended infinitesimals
defined by

nV* = Dt — (D&, i=1,2,....n, (1.4.17)
(k) . (k—1)p
7]@112 A T lenzlm k-1 (D’kgj) Wirig.ig_1j> (1418)

where i;, =1,2,...,n forl =1,2,...,k with k > 2 and D; is total derivative operator
defined by (1.4.12). Then the one parameter Lie group of transformations (1.4.6)-
(1.4.7) is admitted by the system of PDFEs (1.4.14) iff

V® R u, 0u, 0Pu, ..., 0Fu) =0, p=1,2,...,N, (1.4.19)

when F(z,u,0u,du,...,0%u) =0."

1.4.1.2 Symmetry Determining Equations

Consider a system of N PDEs (1.4.14) with each of its equations given in a solved

form

wt, o= [ u,0u, 0%, . ,0"u) (1.4.20)
In terms of some specific [,th-order partial derivative of u;, for some v, = 1,2,...,m,
where f*(z,u,du, 0%u, ..., 0%u) does not depend explicitly on any of the components

w ., o0=12...,N, foreach p=1,2,..., N. From theorem (1.4.1) we note that

1112...0% )

the system (1.4.14) admits the Lie point symmetry (1.4.15) with the kth prolongation
given by (1.4.16), iff

) 8f“ JOM e Of* (k) aft
Miiy.. Zl 5] a ;T ou u’+'” 1. Je Py (1.4.21)
]1]2 Jk
with
u, o= fo(x,u,0u,0%u,...,0"),0=1,2,...,N. (1.4.22)

11920,

It is easy to see that 77]1 Gogy 188 polynomial in the components of coordinates du, 9*u,

., OPu with coefficients that are linear homogeneous in components of &(z,u) and

12



n(z,u) and their derivatives with respect to independent variable of order p. There-
fore £ and n appear linearly in equation (1.4.21). As is the situation for a given
PDE, the system of symmetry determining equations (1.4.21)-(1.4.22) leads to a

system of linear homogeneous PDEs for the determination of &(z,u) and n(z,u).

Vo

First we eliminate the components w;7; .
iy

and their differential consequences from
(1.4.21) by substitution from (1.4.22) and the differential consequences of (1.4.22),
oc=1,2,...,N. Consequently, the components of x and u and the remaining com-
ponents of Ou, 0%u, ..., 0Pu that appear in the resulting system of symmetry deter-
mining equations (1.4.21) are themselves independent variables; that is, they take
on arbitrary values. Since the resulting expression for (1.4.21) holds for any val-
ues of these independent variables, one can obtain a system of linear homogeneous
PDEs for {(z,u) and n(z,u) that constitutes a set of determining equations for the
infinitesimal generators V' admitted by the given system (1.4.14). In particular, if
every f°(x,u,0u,0u,...,0%),0 =1,2,..., N, is a polynomial in the components of
Ou, 0*u, . .., 0Pu, then the system of equations (1.4.21) yields polynomial equations
in the independent components of du,0%u,...,07u. Consequently, the coefficients
of these polynomial equations must vanish separately. This yields the set of linear
determining equations for the determination of £ and 7. Typically, the numbers of

determining equations are far greater than n + m, so that the system of determining

equations is overdetermined.

1.4.1.3 Group Invariant Solutions

Consider a system of PDEs (1.4.14) which admits a one parameter Lie group of point
transformations (1.4.6)-(1.4.7) with the infinitesimal generator (1.4.15). We assume
that &(z;u) # 0.

Definition 1.4.2 A solution u = 0(x), with components v’ = 6"(x),v =1,2,...,m,

of the system of PDEs (1.4.14) is called a group invariant solution iff the surface

13



u = 0(x) remains invariant under the point transformations (1.4.6)-(1.4.7), that is,

00 (x)

€. 0@) 5,

=n"(z,0(x)),r=1,2,...,m. (1.4.23)

This equation (1.4.23) is called the invariant surface condition for the invariant solu-
tions of the system (1.4.14) resulting from its invariance under the Lie point symmetry
(1.4.6)-(1.4.7). As is the situation, the invariant solutions for scalar PDEs can be de-

termined by the following procedure:

1.4.1.4 Invariant Form Method

Here, we first solve the invariant surface condition equations (1.4.23) by explicitly

solving the corresponding characteristics equations for u = 6(z) given by

dz, dxsy dz, du' du? du™

E(ru)  &lru)

T Gu(rw) pieu) P(ra) T pr(ru)
(1.4.24)

If (Y1, 92, Yn1), (RY, A%, ... h™), are n+m — 1 functionally independent constants
of integration that arise from solving the characteristic equations (1.4.24) with the

non-zero Jacobian, i.e.

AR, h2 ... ™)
O(u,u?,... um)

70,

then the general solution u = 6(z) of the invariant surface conditions (1.4.23) is given

implicitly by the following invariant form

u”(z,u) = O (yi(z,u), ya(z, u), . .., Yn—1(z,u)), (1.4.25)

where ®¥ is an arbitrary differentiable function of its arguments, for v = 1,2,...,m.
Note that (yi(z,u), y2(z,u), ..., Yp_1(x,u)), At (z,u), ..., K™ (2, u), are n+m—1 func-
tionally independent invariants of the one-parameter Lie group of transformations
with the infinitesimal generator V' given by equation (1.4.15)), and hence are n+m—1
canonical coordinates for the one parameter group of transformations. Let w,(z,u)
be the (n + m)th canonical coordinate satisfying Vy, = 1. If the system of PDE

(1.4.14)) is transformed by the corresponding invertible point transformation into a
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system of PDE with independent variables (y1,¥s,...,y,) and dependent variables
(h',h? ..., h™), then the transformed system has the translation point symmetry

given by

gi:yn+67
h,=h",v=1,2 .. m.

Thus, the variable ¥, does not appear explicitly in the transformed system of a dif-
ferential equation, and hence the transformed system has exact solutions of the form
(1.4.25) that in turn define, implicitly, specific functions u = 6(z) which are the in-
variant solutions of the system (1.4.14)), In particular, these invariant solutions are
found by solving a reduced system of differential equations with n—1 independent vari-
ables (y1,¥2,...,Yn—1) and m dependent variables (y1,¥2,...,¥n). The independent
variables (y1,¥2, .. .,Yn—1) are commonly called the similarity variables. The reduced
system of differential equations is obtained by substituting the invariant form (1.4.25)
into the given system (1.4.14). It is assumed that this substitution does not lead to
a system of differential equations with a singular equation. Note that if % =0 as
is commonly the case, then y; = y;(x), for ¢ = 1,2,...,n — 1. In the case when the

system (1.4.14) has two independent variables, then, the reduced system is a system

of ODE with independent variable ;.

1.4.1.5 Lie Algebra

For the Lie group of point transformations with infinitesimal generators V;, V5, the

commutator (Lie bracket) of Vi, V5 is the first order operator defined by

Vi, Vo] = ViVe = 1o14 (1.4.26)

Definition 1.4.3 [28] “A Lie algebra is a vector space L over R or C with a bilinear

bracket operation (the commutator) satisfying the following properties:
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1. Bilinearity:

(Vi + bV, V] = a[Vi, Vi] + b[Va, Vi (1.4.27)
Vi, aVy 4 bVs] = a[Vi, Vo] + b[V4, V5] (1.4.28)
2. Skew-Symmetry:
Vi, Vo] = —[Va, VA (1.4.29)
3. Jacobi Identity:
Vi, [Va, Vi]] + [Vs, [V4, VA ] + [Va, [Va, VA4]] = 0. (1.4.30)

The commutator of two vector fields is again a vector field. Moreover, if V; and V;
be the two infinitesimal generators of a point transformation, then the commutator
of both generators will again be a generator of a Lie group [28]. As a consequence,
the set of all infinitesimal generators is closed under a commutation of vector fields,
thus possessing more structure than just that of vector space. This additional closure
property endows the space of infinitesimal generators with an additional algebraic
structure, the so called Lie algebra. Hence, having found some of the infinitesimal
generators V; of an r-parameter symmetry group, it may be possible to find new
generators by computing the commutators of the known ones. A common way to
visualize the structure of a Lie algebra is the commutator table [28]. LetVi, Vs, ...V,
be a basis of r-dimensional Lie algebra, then its commutator table has (i, j)-th entry
[Vi, V;]. Because the commutator is antisymmetric it suffices to compute just the part
above the diagonal, as [V;, V] = —[V}, V;].” The commutator table therefore reads as

follows:

Table 1.1: Commutator table

Vi Vs S v,
Vi 0 [V1, V2] e V1, Vi)
Vo —[V1, V2] 0 e [Va, Vi)
Vi Vi, Vel | —[V2, Vo] | - 0
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1.5 Classical Lie Group Method: An Algorithmic

Overview

The classical method substantially consists of finding symmetry reduction of the
PDEs with the help of determining equations obtained under the condition of in-
variance of the system of PDEs. More specifically, when a given system of PDEs
(1.4.14) is subjected to invariance under one-parameter symmetry group of transfor-
mations (1.4.21)-(1.4.22) one arrives at an overdetermined linear homogeneous system
of partial differential equations for the determination of group infinitesimals. These
infinitesimals of the transformations help us attain the reduction of the system of

PDEs. The procedural steps are as follows:

Consider a system of N PDEs with n independent variables = = (z1, z9, ..., z,) and
m dependent variables u = (u', u?,...u™) given by
Fr(z,u,0u,0*u,...,0"u) =0, p=1,2,...,N. (1.5.1)

1. Let the one parameter group of transformations (1.4.21)-(1.4.22) leaves the sys-

tem of equations (1.5.1) invariant.

2. Apply the extended infinitesimal operator V(¥) given by (1.4.16) to each equa-
tion of the system (1.5.1) and require that

V® FPE (2w, Ou, 0u, ..., 0Fu)|pr =0, pv=1,2,...,N. (1.5.2)

The meaning of the this condition is that V*) vanishes on the solution set of the
original system (1.5.1). Precisely, this condition assures that u(z) is solution of

(1.5.1) whenever () is one.

3. Following the procedure, as given in section (1.4.1.2), a system of linear PDEs
for £ and 7 that constitutes a set of determining equations for the infinitesimal

generator V' admitted by the system of PDEs (1.5.1) is obtained.

4. The solution of determining equations will lead to the explicit forms of £ and 7.
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5. Construct the corresponding characteristic equations (1.4.24) and obtain u in

terms of new n — 1 independent variables.

6. Express the given system (1.5.1) in terms of new coordinates to get the reduced

form of the given system.

1.6 First integral method

The first integral method was firstly coined by Feng [109] for obtaining the exact
traveling solutions of the nonlinear partial differential equations. Various researchers
have applied this method to solve NLPDEs. The method mainly consists of following
steps [53] :

Step 1: Consider a general system of nonlinear partial differential equations with

dependent variables u, v and independent variables z, y and t as follows:

Fl(u7 U, Uy, va,‘?uyavyautvvt;uxxa (T ) = 07

Fo(u, v, Uy, Uy, Uy, Uy, Ug, Vg, U, Vg - - .) = 0. (1.6.1)
Step 2: Assume that system (1.6.1) has traveling wave solutions in the form
u(z,y,t) = UQ),v(z,y,t) = V((),( = lz + my + nt. Substituting it into system
(1.6.1), we get a system of nonlinear ODEs
G UV, U VU V' .. )=0,
Gu(U, VU V' U V', .. )=0, (1.6.2)
where the prime (') indicates the differentiation with respect to the variable ¢. Fur-

ther, by utilizing few mathematical operations, the equations (1.6.2) is converted into

second-order ODE
RU,U,U") =0. (1.6.3)

Step 3: Now, let us take

X(C) = U(C)v Y = UC(C)> (1'6'4)



then, the equation (1.6.3) is equivalent to

Xc(Q) =Y(Q),
Ye(€) = F(X(C), Y (Q)). (1.6.5)

Step 4: Next, we introduced the Division Theorem, which depends on the group
theory of commutative algebra. If we find the two first integral to equations (1.6.5)
under the same conditions, then the general solutions to (1.6.5) can be expressed
explicitly. However, in general, it is very difficult for us to realize this, even for one
first integral, because for a given plane autonomous system, there is no systematic
theory that can tell us how to find its first integrals, nor is there a logical way to tell us
what these first integrals are. It is embraced to accomplish the one first integral of the
equation (1.6.5), which reduces equation (1.6.3) to a first order integrable ordinary
differential equation by using the Hilbert-Nullstellensatz Theorem. Thus, the exact
solutions to equations (1.6.1) are obtained through solving the resulting first order
integrable differential equation.

The Division Theorem is stated as follows :

Division Theorem [53]: “Suppose that P(w, z) and Q(w, z) are polynomials in
two variable w and z and P(w, z) is irreducible in Clw, z]. If Q(w, z) vanishes at all
zero points of P(w, z), then there exists a polynomial G(w, z) in Clw, z] such that
Q(w, z) = P(w, 2)G(w, 2).”

The division theorem comes from the Hilbert-Nullstellensatz theorem, the theorem
stated as:

Hilbert-Nullstellensatz Theorem [53]: “Let K be a field and L be an algebraic
closure of K. Then

1. Every ideal v of K[X71, Xs, X3, ..., X,,] not containing 1 admits at least one zero

in L™,

2. Let x = (21,29,23, ..., %),y = (Y1,Y2, Y3, - - - , Yn), be two elements of L". For
the set of polynomials of K[X7, Xs, X3,....,X,] zero at x to be identical with

the set of polynomials of K[Xy, Xy, X3,...,X,] zero at y, it is necessary and
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sufficient that there exists a K-automorphism S of L such that y; = S(x;) for

1< <n.

3. For an ideal o of K[Xi, X5, X3,...,X,] to be maximal, it is necessary and
sufficient that there exists an x in L™ such that « is the set of polynomials of

K[Xy, X2, X3, ..., X,] zero at x.

4. For a polynomial @ of K[X1, Xs, X3,..., X,] to be zero on the set of zeros in L"
of an ideal v of K[X1, X5, X3,...,X,,] it is necessary and sufficient that there

exists an integer m > 0 such that Q™ € 7.”

1.7 The (%)-expansion method

Wang et al. [70] have proposed a simple method which is known as the (G'/G)-

expansion method to look for exact traveling wave solutions of NLPDEs. The (g—;)—

expansion method [66] is the extension of the (%)-expansion method. Here, we are

providing the brief algorithm of the ( %)—expansion method.

Step 1: Consider a general system of nonlinear PDEs as follows:

Fl(u,v, Uz, Vg, Ut, Vg, Uy, Uy, Uyy, VUyy, Uz, U:m:) =0,

FQ('LL, Uy Ugy Vg, Uty Uty Uyy Uy, Uyy,s Vyy, Uz Ux:p) = 07 (171)

where u(x,y,t),v(x,y,t) are unknown functions of independent variables z, y, t.

Step 2: Applying the following traveling wave transformation
u(z,y,t) =U((),v(z,y,t) = V(()alongwith{ = lz + my + nt, (1.7.2)

on equation (1.7.1), we obtained the system of nonlinear ordinary differential equa-

tions as follows:

(U v,u,v,ut v, ) =0,
G (U, VU V. U " V', ) =0. (1.7.3)
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By means of some mathematical calculations, the system of equations (1.7.3) con-

verted into a single nonlinear ordinary differential equation
HU,U,U"...)=0, (1.7.4)

where (") prime indicates the derivative with respect to (.
Step 3: Suppose that the solution of equation (1.7.4) can be expressed in the powers

of (g—;) as

(S onE)"

with G = G(() satisfying the following nonlinear ODE

UQ)=ao+ , (1.7.5)

(%) :u+/\<%>2, (1.7.6)
where p, A, are arbitrary constants. The unknown constants a; or by can be zero,
but both of these constants cannot be zero simultaneously.

The integral value of M can be determined by using the homogeneous balance prin-
ciple, that is, by balancing the highest order derivative and nonlinear terms present
in equation (1.7.4).

Step 5: Next, on using the equation (1.7.5) along with (1.7.6) in equation (1.7.4), we

obtain a polynomial in (g—;) Collecting all the coefficients of same powers of (g—;)",
(n=0,£1,42,43,...,£N) and equating them to zero, we obtain a nonlinear alge-
braic system of equations, which on solving gives the values of unknown parameters
ag, by, ax l, m, n, for k=1,2,3,...M.

Step 6: The general solutions of equation (1.7.6) can be expressed into three cases :

(i) If uA > 0, the general solution is given by

g’ _ \/E(ACOS(M)C + Bsm(\/,u_/\)C>
G2 A\ Beos(v/uA)¢ — Asiny/uN)¢ /-

(1.7.7)

(ii) If pA < 0, the general solution is as follows:

! 1 AA/TuN 2V 1Al
%=—(Mw— e ). (1.7.8)
G 2\ AeXVIA _ g
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which is equivalent to

[SERVAIY (Asinh(%/\u)\DC + Acosh(2+/]uA])C + B>.

= — 1.7.9
G? A NAsinh(2+/|pA])¢ + Acosh(2y/|pA])¢ — B ( )
(iii) If A # 0, u = 0, the general solution can be expressed as
' A
¢ ___ 4 (1.7.10)

G MAC+B)

where A, B are arbitrary constants. The exact solutions of system (1.7.1) can be ob-
tained by substituting the values of the parameters ag, by, ax, [, m, n and solutions

from equations (1.7.7)-(1.7.10) into equation (1.7.5) alongwith the transformation.
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Chapter 2

Invariant solutions of the (241)
dimensional dispersive long wave

system

2.1 Introduction

In 1975, L. F. Broer [57] presented the dispersive long wave equation

Uy + vy +uu, =0,

v 4 (U0 + v 4 Uyy)e =0, (2.1.1)

which describes the evolution of the horizontal velocity component u(x,t) of water
waves of height v(x,t), propagating along z, y-directions in an infinite narrow channel
of finite constant depth. It plays an important role in nonlinear physics [13], consid-
ered as a good model for the study of bidirectional solitons in water waves. Various
researchers have investigated this equation. Xiaomei Xue and Yushan Bai [103] have
reported the Lie symmetries of equation (2.1.1). Multiple soliton solutions were pre-
sented by Zhang [52] using the Homogenous balance principle method.

Boiti et al. [61] has extended the equation (2.1.1) in higher-dimensional spaces, which
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is also called the (241) dimensional dispersive long wave equation of the form

Uyt + Vg + Uglly + Ullgy = 0,

U+ UpV + Vgl + Uy + Uggy = 0. (2.1.2)

The dispersive long wave equation has been shown to be IST solvable by Kaup [57] in
1975 and Matveev and Yavor in 1979 using an energy-dependent Schrodinger spectral
problem. Later by Reyman in 1980 and Kupershmidt [13] in 1985 using instead an
integro differential spectral problem. After that, in 1986, Konopelchenko obtained the
recursion operator for this latter spectral problem. Paquin and Winternitz [34] have
proposed the Lie point symmetries alongwith the Kac-Moody-Virasoro subalgebras of
equation (2.1.2). Tang [101, 102] have presented the abundant propagating localiza-
tion excitations by adopting the Painlevé- Backlund transformation and multilinear
variable separation approach. Wanga et al. [39] have generated some interaction solu-
tions. Some similarity reductions and exact solutions were furnished by Yue [56]. Lou
[92] also showed that equation (2.1.2) is integrable but it has no Painlevé property.
Hui et al. [97] proposed the symmetry groups and new exact solutions by utilizing
the modified Clarkson Kruskal-direct method. Also, some traveling wave solutions
were furnished in [62].

Some authors have considered the (2+1) dimensional dispersive long wave equation

of the form [111]

Uyt + Vg + Uplly + Ullgy = 0,

Vg + UgV + Vg + Uggy = 0. (2.1.3)

Ma et al. [111] studied this equation by utilizing the Clarkson Kruskal-direct method
to obtain the symmetry reductions and some particular solutions. The generalized
symmetry algebra with arbitrary functions of equation (2.1.3) has been taken up in
[93].

In this chapter, we have carried out the Lie symmetry analysis of system (2.1.3)
alongwith the Kac-Moody Virasoro type subalgebra and presented the various new
exact solutions.

The organization of the chapter is as follows: In section 2.2, we present the Lie
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symmetry analysis alongwith the Kac-Moody Virasoro type subalgebra. Similarity
reductions and exact solutions have been reported in section 2.3. Further, section 2.4
considers the invariance analysis of the reduced partial differential equations. Finally,

conclusions are provided in the last section.

2.2 Lie symmetries

In the present section, we furnish the Lie symmetries of the equation (2.1.3) by
utilizing the classical symmetry method. Let us consider the one-parameter Lie group

of point transformations under which system (2.1.3) remains invariant of the form [44]

v =a+el(x,y,t,u,v) + O(2),

v =y +en'(x,y,t,u,v) + 0(62),

t* =t + en*(z,y,t,u,v) + O(?), (2.2.1)
u* =u+er(z,y,t,u,v) + O(),
v* =v+eC(x,y,t,u,v) + O(),

where € is a group parameter and &, n', n?, 7, ¢ are the infinitesimals. Apply the group
of transformations (2.2.1) on the system (2.1.3) and then equating the coefficients of
various partial derivative terms to zero. We obtain, from the first equation of system

(2.1.3), the list of determining equations as follows :

Ny =ns=mns=1 =0,

e =15 =1, =1 =0, =0,

=6 =6=0,6,=0,7,=0,7 = 0,7 =0,
Tyt + UTay + oo = 0, Tut + Ty + 72 = 0, (2.2.2)

Tu—n;—nf—@—l—%x =0,7y +ury, =0,

27y + & — 1y — Co = 0,2C00 — 2o = 0,

T+uTu—§t—un;—|—u£x—uQ,:O.
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Similarly, the second equation of the system (2.1.3) gives the following additional

equations:

Tray + v, + gt + ng = 07 Tuzx = 07

C—fo-i-UTquU???—UCv:Oy

Tu—Co— 25 4+ 1) —n, =0, (2.2.3)
T—ué — & +un; =0,
27—ua: - gaca: =0.

Upon simplifying the above two sets, we get the following list of equations

nt=n'y),n" =n’),€ = &, b),

7= f(z,t)u+ g(z,t), ¢ = p(z,y,t)v + q(x,y,1),

Tyt + UTyy + Gz = 0, Tyt + UTyz + 7 = 0,
27y + & — 1y — G0 = 0,2Cey — &ua = 0, (2.2.4)

T+u7u—£t—w7;+u§x—u@:0,

Gt +uCe +v7, = 0,27y — oo = 0,

C—v§x+v7'u—v(v+vnt2:0,

Tu— Gy — 26 — 1y + 17 =0,

Tu— 1 — 1y + 26 — G =0,

T—uéw—ﬁt—i—unf:().

From equations (2.2.4), we can derive the group infinitesimals &, n', 7% ¢ and 7 for

the system (2.1.3) as follows :

E(x,t) = —xp(t) — kyx + o(t),
()
n'(y) = kwy + ka2, ¢ =p(t)o, (2.2.5)

7= (p(t) + k1)u — ap(t) + o (1),

—2p(t) — Qkilt + k’g,

where (-) dot represents the differentiation w.r.t. ¢ and o(t), p(t) are the arbitrary

functions of their arguments and ky, ko, k3 are the arbitrary constants.
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The arbitrary functions o(t) and p(t) give rise to an infinite-dimensional Lie algebra of
symmetries. Let us write the general element of Lie algebra of infinitesimal generators

as follows [69] :

H = Hi(p) + Ha(0) + Hs + Hy + Hs, (2.2.6)
where
Hy(p() = —ap(t)2 — 2p(0) 2 4 p(e)o-2 + (pleyu — ap(t)) 2
WAL = =P\ 5, ot TP\, TN T ID)5
0 .
Ha(o (1)) = o(t) =+ 6(0) 5. (2.2.7)
0 0 0 0
H; —m%era— QtE—Fua ,
0 0
H, oy’ Hs ot

Next, the associated commutator relations between the vector fields (2.2.7) are given

in the Table 2.1.

Table 2.1: Commutator table

Hy H, Hs Hy Hs
1 2(2p6) + op5: — TP, T oPg, 1(2tp) + 4p 53 rm 1(p)
Hy | Hy(2p5) —op2 +6p2 — bl 0 —0Z +62 + Hy(2t5) 0 —Hy(5)
Hs —Hy(2tp) — 4p2 + 2252 —Hy(2t6) + 0 2 — 62 0 —Hy 2Hj5
Hy 0 0 Hy 0 0
Hg Hy(p) Hy(5) —2Hs5 0 0

Another commutation relations turn out to be

)+ Hi(2p2(t)pr (1)) + 22(p1 (£)p2(t)

~—

[Hi(pi(t)), Hi(p2(t))] = Hi(2p: (t)pa(t
— pa(t)p1(?))

[H2(01(t)), H2(02(1))] = 0, (2.2.8)

bl

S

which is again an infinite-dimensional symmetry algebra and is of the form Virasoro
type subalgebra [69] which commonly exists in most of the integrable equations. Now,

by restricting the arbitrary functions p(¢) and o(t) to Laurent polynomials in variable
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t, a base for this subalgebra is given by

0 0 0 0
ny _ n—1 _o4n n—1 n—-1, o n—2
Hi(t") = —nat E 2t 5 + nt Vg + (nt" " u —n(n — 1)zt )—au,
Hy(t") = 0 nt”_lg, n e 7Z. (2.2.9)

ox ou

The commutation relations between these subalgebras are
[Hy(t"), Hy(t™)] = 2(n — m) H (¢, [Ha(1"), Ha(t™)] = 0,
[H,(t"), Hy(t™)] = (n — 2m) Hy(t™"1), (2.2.10)

which are of the form of Kac-Moody-Virasoro type subalgebra [67], [68]. This subal-
gebra is similar to the Kac-Moody-Virasoro type subalgebra as shown in [34] for the

system (2.1.2). This type of algebra also exists in other integrable equations such as

[18], [67], [69], etc.

2.3 Similarity reductions and Exact solutions

In this section, we propose the similarity reductions and exact solutions for the cor-
responding infinitesimal symmetries (2.2.5) by solving the following characteristic
equations [79]

dﬁ_dﬁ_ﬁ_du dv

where £, n', n?, 7 and ( are given by equations (2.2.5). Next, we analyze the follow-
ing particular cases:

Case 1: For vector field Hy(p(t)), the characteristic equations (2.3.1) become

dx dy — dt du o
—ap(t) 0 =2p(t)  (p(u—zp(t)) Pty (2.3.2)

On solving the first equality, first and third terms, first and fifth terms of equations
(2.3.2), we have

o), _ Elep) (2.3.3)

a=y, b=
respectively. For u, we solve the first and fourth terms of equations (2.3.2), which
give

d(zu) = Iﬂxdae (2.3.4)



Next, we have

p(t) = 2°B = dp = 2xBdx. (2.3.5)

Replacing xdx by ;—g in equation (2.3.4) and then integrating, we get

i), G
—2p(t) * r

where «,  are similarity variables and F'(«, 5) andG(«, 5) are new dependent vari-

(2.3.6)

ables.
Using equations (2.3.3), (2.3.6) in equations (2.1.3), the system of partial differential
equations (PDEs) reduces to

2B8°Fps + 58Fs + F — GGy — BGaGs — BGGap = 0,

2526’@55 + 55Ga5 — ﬂFGg + 5GF5 - FG+ G, =0. (237)

Observe that the first equation of (2.3.7) can be written as

0 0 0
282 F —(BF) — — = 2.3.
which readily integrates to give
268°F3 + BF — BGG, = i/ (a), (2.3.9)

where p(«) is an arbitrary function of o and prime (') represents the differentiation.
Next, by taking the transformation § = exp(v), the second equation of equations

(2.3.7) and equation (2.3.9) can be written respectively, as

0? 0 0 0
QWGa—i_g%Ga—{—Ga—i_G%F_F%G_FG—O,
22—5 + F—GGq=e"p (). (2.3.10)

Since the system (2.3.10) is difficult to handle in its generality, therefore, we make an
assumption. Let
0? 0

Go+ 3Gy +Go=0. (2.3.11)

ZW ov

Equation (2.3.11) yields to give

v

Gy = A(Q)e™ + B'(a)e™, (2.3.12)
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where A(a)andB(/3) are arbitrary functions of their argument. On further integration,

it gives
Gla,v) = A(a)e™ + B(a)e® +9(v), (2.3.13)

where 1 (v) is an arbitrary function of integration. On ignoring the arbitrary function

¥ (v), and by the compatibility of the remaining equations (2.3.10), we get

3FG — G*G, + 2F6—G — ey

o (@)G. (2.3.14)

Substituting equation (2.3.13) into equation (2.3.14), we obtain
Ala) (@)™ + B(a)u' (a)e = + A'(a) A(a) 2™+
1 ’ —5v ’ ’ —3v
Fla,v) = - 2, =5 2,2 2, =3 |
(a,v) Ao § 2By +B'(@)A(a)?e™=" + A (a)B(a)?e™? + B (a)B(a)?e ™ +

—5v

+2A(0)B(e) B (a)e™?" + 2A(c) B(a) A (a)e
(2.3.15)

Now, substituting the equations (2.3.13) and (2.3.15) into equation (2.3.10) and
comparing the coefficients of various exponential terms and equating them to zero,

we get two sets of nonlinear algebraic equations as

/

—10A()?B(a)y (@) + 29A(a)*B(a)?B
8A(a)®B(a)B (o) + 19A(a)?B(a

~—
(V]
=

—~

~—

|
BN
—~ —~
Q
~—
w

11A(0)B(a)®B'(a) + 4B(a)*A' () — TA(a)B()? =0, (2.3.16)

and

16A(a)B()?B (o) + 12B(a)3A’ (o) — 8A(a)B(a)u (a) = 0,

21A(a)B(a)?A'(a) + 13A(0)*B(a)B

(@)
(@)
(o) =0, (2.3.17)
(@)
(@)
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On combining equations (2.3.16) and (2.3.17) and solving, the following subcases
arise:

Subcase 1: A(a) = 0. In this case, we obtain
B(a) = £v/2u(a) + ay. (2.3.18)

Therefore, equations (2.3.13) and (2.3.15) become

G(a, B) = i—%, F(a, B) = 0. (2.3.19)
Using equation (2.3.19) in equations (2.3.3), (2.3.6), we have
_pB)r , [2u(y) + @ _

where u(y) is an arbitrary function and a; is an arbitrary constant.

Subcase 2: A(a) = a; # 0. In this case, we get
B(a) = by, pla) = . (2.3.21)

where b; and ¢ are arbitrary constants.

Using equation (2.3.21) into (2.3.13) and (2.3.15), we have
G(a,B) =™ + 087, Fla,B) =0. (2.3.22)

Substituting equations (2.3.22) into equations (2.3.3), (2.3.6), we get

p(t)z N a1z + by+/p(t)
2p(t) p(t)

where a; and by are arbitrary constants and p(t) is an arbitrary function of ¢.

(2, y,t) =0, (2.3.23)

u(z,y,t) =

Case 2: Similarity variables corresponding to vector field Hy(o(t)), are as follows:

a=t =y, v==GCG(a,f), u:x%%—F(a,ﬁ). (2.3.24)

Using equations (2.3.24) in equation (2.1.3), the reduced system of PDEs take the
form

(o)
Fog+ ——F; =0,
5+0a 3

(
Go+ %G = 0. (2.3.25)



Integrating these equations, we obtain

Fla,8) = sz) + B(a). (2.3.26)
and
Gla, B) = f((f)) o(a) £ 0. (2.3.27)

where A(f), B(«) and D(B) are arbitrary functions of their arguments.
Substituting equations (2.3.26) and (2.3.27) into equations (2.3.24), we get

ol , 40
u(z,y,t) = () + (1) + B(t),
ooy t) = 20 oy 20, (2.3.28)

a(t)
Remark: The solution (2.3.28) coincides with the one as reported by Ma et al. in
[111].
Case 3: If k3 # 0 and all other parameters in the given symmetries (2.2.5) are zero,

then the characteristic equations (2.3.1) yield
r=o,y=F,u=Fla,B),v=G(a, ). (2.3.29)
Using equations (2.3.29) into equation (2.1.3), the reduced system of PDEs is

Goo + FQFB + FFag =0,

GF,+ FGy+ Foop = 0. (2.3.30)
After solving equations (2.3.30) using MAPLE software, we obtain

F(aaﬁ) = 07G<O‘75) = fl(ﬁ)a + f2<ﬂ)a

F(a,6) = ———.G(a.9) = filf)(ca + ),
F(a, B) = 11(B), G(o, B) = f2(P), (2.3.31)
4L f
Fla,p) = %I}(O@ﬁ) = (% + fz(ﬁ)) (2/1(8) — o),
2 —4%](1(5)
Fla,p) = myc’(a,ﬁ) = (m + fz(@)) (2/1(B) + o),
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where fi, fo are arbitrary functions of 5 and ¢y, ¢y are the arbitrary constants.
Substituting equations (2.3.31) in equations (2.3.29), we find u(x,y,t) and v(z,y,t)
respectively, as follows:

U(:U,y,t) = 0,U<$,y,t) = f1(y)l’ + f2<y)7

u(:v,y,t) = ot + 627U($ay>t) = fl(y)(clx + CQ)a

u(z,y,t) = fi(y), (v,9,t) = fa(y), (2.3.32)
44 £

u(r,y,t) = %W(%yﬂf) = (% + f2(y)> (2f1(y) — ),

B 2 B —4d¥‘lyf1(y) .

Case 4: If ky # 0 and all other parameters in the symmetries (2.2.5) are zero, then

the equations (2.3.1) yield
r=ao,t=pu=F(a,[),v==GC(a, ), (2.3.33)
Next, using equations (2.3.33) into equation (2.1.3), the reduced system of PDEs is
Faa =0, Gg+ GFy + FGy = 0. (2.3.34)

Further, on solving equations (2.3.34) with the aid of software MAPLE, we get

Flo, §) = (%m(m)) o+ e(B)
Gla, B) = 3 (ae—cﬂm - / 02(6)6‘“(%5) eI (Ha®)as (2.3.35)

where ¢ (), c2(B) are arbitrary functions and c¢3 is an arbitrary constant.
Substituting equations (2.3.35) into equations (2.3.33), we obtain u(z, y,t) and v(z, y, t)

respectively as

ute.t) = (o)) o+ )
vz, y,t) = c3 <xe_cl(t) - / CQ(t)e_Cl(t)dt) e~ (Ger®)dt (2.3.36)

Case 5: If ki, ky and k3 are non-zero and all other parameters in the symmetries

(2.2.5) are zero, then the equations (2.3.1) yield the similarity variables as follows:
2

a:x(y—i—Z—j),ﬂ:t xk_3,u: F(a,ﬁ)? v=G(a, B), ki #0. (2.3.37)

T

2k1
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On substituting equations (2.3.37) into equation (2.1.3), the reduced PDEs take the

form
W(GF)y — B2Gs + 28(GF)s — GF + 02 Foq + 408Fans + 28Fas + 482 Fags = 0,
*Goo — BPFop + 40BGos + 28G5 + 48°Gas + a(F,)? — FF, + 28F,Fs
+aFFy, +28FFs, =0. (2.3.38)
This system is further analyzed for its invariance properties in section 2.4.

Case 6: If ky and k3 are non-zero and all other parameters in the given symmetries

(2.2.5) are zero, then the characteristic equations (2.3.1) gives
r =, ksy — kot = B,u = F(a, B),v = G(a, B), (2.3.39)
and the system (2.1.3) reduces to

Gao + ksFoFg + ksF Fop — koksFss = 0,
GFa + FGa -+ k3Faa5 - k'QGg = O, (2340)

where ko and k3 are arbitrary constants. The above system is further analyzed for its

invariance analysis in section 2.4.

2.4 Symmetry analysis and Exact solutions of re-

duced PDEs

The reduced PDEs (2.3.38) in two independent variables can be further analyzed for
their invariance properties with the help of the Lie symmetry approach. Consider
the one-parameter Lie group of point transformations under which equations (2.3.38)

remain invariant of the form [44]

o =a+ e (a, B, F,G)+ O(?),
B =B+ e€(a, B, F,G) + O(?),
Fy=F +1n'(a,,F,G) + O(?), (2.4.1)
Gi=G+n*(a, B8, F,G) + O(e).
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On applying the group of point transformations (2.4.1) on equations (2.3.38), we

obtain the symmetries as follows:
l=ca, €=0,1'=0, n* = -G, (2.4.2)

where c; is an arbitrary constant.

Exact solutions:
The similarity variables associated with the symmetries (2.4.2) can be obtained by

solving the following characteristic equations

do df dF  dG

@ = iy = PR (2.4.3)
where &Y €2, nt, n? are given by (2.4.2).
Integrating equations (2.4.3), we obtain the similarity variable as follows
M\
B=\NF=L(\),G= ( ) (2.4.4)
o

On using equations (2.4.4) in equations (2.3.38), the system of PDEs reduces to

system of ordinary differential equations (ODEs) as follows:

INML +2\LM — N’M' —2LM =0,

INIM" — A\M 4+ M = 0. (2.4.5)

Further, on solving the system (2.4.5) yields

M—a\iaby Lo2gp ¢ (2.4.6)
2 2a\7 +2b
where a, b, ¢ are arbitrary constants.
Consequently, we have
15} c
F(a,B) = 5 + m7
G(a,B) = M. (2.4.7)

On substituting equations (2.4.7) into equations (2.3.37), we find the exact solution
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as follows

-1 —1
1 x x? ’
u(x,y,t):§<t k3>—i—c 2a<t ks) x + 2bx ,
T 2% T 2k

CL< mi?)) 4 bmj?)
ok o
, k1 #0. (2.4.8)
o+

Next, applying the group of point transformations (2.4.1) on equations (2.3.40), we

v(x,y,t) =

obtain the following symmetries

—ClF 2 —361G

1
¢=gaate E=afte n=—n=—r

2

(2.4.9)

where ¢y, ¢ and c3 are arbitrary constants.

Exact solutions:

The similarity variables associated with the point symmetries (2.4.9) can be obtained
by solving the characteristic equations (2.4.3). We now present the following partic-
ular cases:

Case 1: If ¢; # 0 and ¢y, c3 are zero, then the characteristic equations (2.4.3) give

TP ]

I6] Q a?

(2.4.10)
Using equations (2.4.10) in equations (2.3.40), the system of PDEs reduces to

402 M" 4+ 10aM’ +12M — koks(20°L + o*L") — ks(203(L')* + 2a°LL") = 0,

"

koo M — ALM +2a ML + 20LM' — ks(60°L" + 4a*L™) = 0.

(2.4.11)

Since the above system is difficult to deal in its generality. So, we make an assumption.

Let
40’ M" 4 10aM’ + 12M =0, (2.4.12)

which can easily give

M(«a) = at [cl cos <@> + o 8in (@)] : (2.4.13)
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Now, from the remaining part of the first equation of equations (2.4.11), we can

deduce that

1

2(ko L + (L')?)
koov + 2L

(2.4.14)

Differentiating it once, we get
ko)2L + 18ko(L')? +12(L)3
g = Olhe)"L 4 18ks(L )" + 12(L )7 (2.4.15)
(kQOt —+ 2L)2
Next, substituting equation (2.4.14) and (2.4.15) into second equation of equations

(2.4.11), we have

k3oAM' — 12k2kso* L + 24kokso® LL + 24ksa® L(L")? — 60kyksa*(L)? — 48ksa*(L')?
+ 8aLiM' + 6k2aP LM’ + 12kya®L* M’ + 8aL*L' M + 2k20° M L' + 8kyo® LL' M
—16L*M — 4k30*LM — 16kyal* M = 0, (2.4.16)
where M(a) = a1 (cl cos (@) + cosin (@)).
Since the equation (2.4.16) is of the type [33], therefore, it can be written as
— 48kzx'p® + (24ksx’y — 60koksz)p® + (24koksz®y + 8xy* M — 12k kya
+ 2k302 M + 8koa*yM)p + 8axy® M’ + 6k3x°y M’ + 12ko2®y? M + kjz* M’
—16y*M — 4k3x*yM — 16koxy® M = 0, (2.4.17)

where L’zg—z:p, L=y, a=uzx.
Now, differentiating equation (2.4.17) partially with respect to p, we get

— 1442 ksp® + (48ksz®y — 120kgksa®)p + 24koksz®y + Sxy® M — 12k3 ks

(2.4.18)
+2k302 M + 8kox*yM = 0.
Here the p discriminant of equation (2.4.18) becomes
1 13k3 k32 + dkokia®y + 2k3 kaw® M+
P = 19)n? —5k32]<331’2 + Ql{?gﬂfy + N
3% +8koksx?yM + 4k3x*y* + Skswy* M
(2.4.19)

On integration of (2.4.19), we can obtain y. Refer to [33] for more details.

Case 2: If ¢3 # 0 and ¢, ¢y are zero, then the characteristic equations (2.4.3) give

B=MNF=L\),G =M. (2.4.20)

37



Using equations (2.4.20) in equations (2.3.40), the system of PDEs reduces to
Loy =0, My =0. (2.4.21)
On integrating equations (2.4.21), we obtain
L=a\+bM = c. (2.4.22)
Now, using equations (2.4.22) into equations (2.4.20), we get
F(a,p) =ap+b,G(a,B) = c, (2.4.23)

where a, b and c are arbitrary constants.

After substituting the equations (2.4.23) into equations (2.3.39), we have
u(z,y,t) = alksy — kat) + b,v(x,y,t) = c. (2.4.24)
Case 3: If ¢; # 0 and ¢, c3 are zero, then the characteristic equations (2.4.3) yield
a=\F=L\),G=MN\). (2.4.25)

Using equation (2.4.25) in equation (2.3.40), system of PDEs reduces to system of
ODEs

M =0,
LM, + MLy = 0. (2.4.26)
On integrating the first equation of (2.4.26), we obtain
M = a\+b. (2.4.27)
Now, using equation (2.4.27) into the second equation of (2.4.26), we have
L= (a)+b)""c (2.4.28)
Using (2.4.27) and (2.4.28) into equation (2.4.25), we have
Fla, 8) = (aa+b)Te,
G(a, ) = aa + b, (2.4.29)

where a, b, ¢ are arbitrary constants. After substituting (2.4.29) into equation (2.3.39),

we have

u(@,y,t) = (ax +b)"'e, v(z,y,t) = az +b. (2.4.30)
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2.5 Discussion

In this chapter, an attempt has been made to illustrate the application of the classical
Lie symmetry technique to study the (241) dimensional dispersive long wave equa-
tion. The Lie symmetries, similarity reductions, and closed-form solutions for the
DLW system are presented. We have pointed out that the underlying symmetry alge-
bra of this equation is infinite-dimensional, and it exhibits the Kac-Moody-Virasoro
type subalgebra, which is possible in various other integrable equations too. Using
Lie symmetries, we obtain the similarity reductions and presented the various par-
ticular solutions. Some similarity reductions are further analyzed by the method of
Lie group of infinitesimal transformations and obtained the exact invariant solutions.
Also, we recover a solution given by Ma et al. [111] wherein the authors had used the

Clarkson Kruskal direct method to study its symmetry reductions (refer to equation

(2.3.28)).
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Chapter 3

Symmetry analysis of the
Schrodinger equation with time

dependent coefficients

3.1 Introduction

Triki and Biswas [38] introduced the generalization of the Kaup-Newell (KN) model,

called as new derivative nonlinear Schrodinger model
i + ages + ib(|q]7"q) = 0, (3.1.1)

where a, and, b are nonzero real arbitrary constants and ¢ is complex variable. For
n > 2, equation (3.1.1) includes the non-Kerr dispersion term (|q|*"q),. For n =
2 equation (3.1.1) becomes the Kaup-Newell equation. The presence of derivative
nonlinear term of arbitrary order in the equation (3.1.1) appears to be a natural way
to further enhance this model for describing the propagation of sufficiently short pulses
[38]. Many mathematicians investigated this equation by using different techniques.
Triki and Biswas [38] investigated the exact chirped solitons, bright solutions, kink
solutions, and conservation laws in the single-mode optical fiber of equation (3.1.1).

Some exact chirped singular solutions were presented by Zhau et al. in [85]. Yildirim
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[108] has proposed some optical singular and bright solutions using Trial equation
architecture. Some optical solutions of equation (3.1.1) were furnished by using Sine-
Gordon expansion and the Riccatti Bernoulli sub-ODE methods [3].

In view of equation (3.1.1), we generalize the constant coefficients to complex variable

coefficients and consider the nonlinear Schrodinger equation of the form

ig + (a1(t) + 1a2(t))qua + (b (t) + iba(t)) (g*"q)2 = 0, (3.1.2)

where a;(t), as(t), b1(t), and by(t) are arbitrary real functions and ¢(z,t) is a complex
valued function that expresses wave envelope. In equation (3.1.2), first term repre-
sents “the evolution term”, second term represents “the group velocity dispersion”
while the third term denotes “the non-Kerr dispersion term”. The time dependent
variable coefficients of group velocity dispersion and non-Kerr dispersion term are,
a1 (t), as(t) and by (t), ba(t) respectively, and are arbitrary smooth functions of the vari-
able t.

The chapter is structured as follows: In section 3.2, we obtain the symmetries of the
equation (3.1.2) by utilizing the Lie symmetry method. The similarity variables and
similarity reductions for the obtained symmetries are being presented in section 3.3.
It is noticed that the reduced ODEs are complex in nature and lack Lie symmetries.
Therefore, the power series method has been used to find the solutions of ODEs [36],

in section 3.4. Finally, the chapter is concluded in section 3.5.

3.2 Lie symmetry analysis

In order to explore the symmetries of the equation (3.1.2), we adopt the classical Lie
symmetry method [79].
Let us first separate the real and imaginary parts of equation (3.1.2) by taking

q(x,t) = u(z,t) + v(z,t). (3.2.1)
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Using equation (3.2.1) into equation (3.1.2), we get

— vy + a1 (D) Ugy — A2 (t) Ve + by (1) (20 (v Uy + vov,) (u? 4+ v*)" 1) + by () (u? + v?) " u,
— 2nby(t) (u? + v*)" N uvu, + v*0,) — by(t) (u? + v*) v, = 0,
Uy + g () Ugy + a1 (t) gy + ba(t) (u? 4 v?) Uy + ba(t) (2n(uuy + vvvy) (u? +v?)" 1)

+ by (1) (u? + v*) ", + 2nby (1) (u? + v*)" " (uvu, + v*v,) = 0. (3.2.2)

Next, consider a one-parameter Lie group of point transformations under which equa-

tions (3.2.2) remain invariant of the form [79]

o* =+ ef(x,tu,0) + O(€),

t* =t +en(z,t,u,0) + O(e),

u* =u+er(z,t,u,v) + O(), (3.2.3)

vt = v+ eC(,t,u,v) + O(),
where € is a group parameter and &, 7, 7, ¢ are the group infinitesimal of the Lie point
transformations. Applying the group of point transformations (3.2.3) on equations
(3.2.2) and on comparing the coefficients of various derivatives of u and v with respect

to z and t and equating them to zero, the first equation of (3.2.2) gives the following

list of equations:

(i) &u=0,& =0,
(ii) 7o = 0,7, = 0,7, =0,
(iii) —2a1(t)Tuw + 2a2(t)Cuw = 0,
(iv) —2a1(t)Tn + 2a2(t)Cpy = 0,
(v) —2a1(t)Tuu + 2a2(t)Cuu = 0,
(V) —a1 (D)7 + ay(t)n — 2a2(t)és + az () — ar(t)Cu = 0,
(Vi) —ay(t)n — a1 ()7 + 201 (D& + ar (86 — ar(t)ne = 0,
(viil) G — a1(t)Toa + a2(t)Coo + (u® +02)" (b2()Co — b1 (t) 7)) + 2n(u? +v%)"~H (02b2 () (o — w1 (8)72)
+ 2nuv(u? + v?)" (b ()1 — b1(t)Cs) = 0,

(%) & — 201 (£) T + 202 (£) Gov — an()€aw — (u? +02)™ (b1 (£)Gu + b1 (87 — ba(E)ne + ba(£)6r — by
— 2nu2by (t) (uu? + v?)" "1, + no(u? + v2)" L (6ba (1) — 2b1 (1) 7) + 2nu(u? + v2)" L (by(t
b1 (£)€)2nuv (u? +v2) " (by ()€, — by (£)n+ba(t)Ty — by ()0 —ba(£)Cu) +2n02 (u? +02)" =1 (b;
bo(t)Ex + ba(t)me + b1 (t)C) — 4n(n — 1)by(t)(u? + v2)""2(v¢ + ur) + 4n(n — 1)by

22 (uv?r + v3¢) = 0,

t)n)
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(%) —2a1(t)Tau + a1()Eaa +2a2(t)Cou + (u? +02)" (=b1 (8)1 — b1 ()T + 1)z + b1 (£)Gu — ba (t)n) +
nby () (u2402)" 1 (—dur +2ubs (£)C +20by (£) 7 —2by (£)0C) +2nu? (u24+02) 1 (=, (£)n—by (£) T +
b1(t)s + bi(t)Co — br(t)me — ba(t)Cu) + 2nuv(u? + v2)™ L (by(t)n + bi (8)70 — ba(t)Ex — ba(t)Co +
ba(t)ne) + 4n(n — 1) (u? + v?2)" 2 (b (t)uvT — by ()udT — by (t)u?vC + ba(t)uv?¢) = 0,

Similarly, the second equation of (3.2.2) gives the following additional equations

(i) a2(t)Tuu + a1(t)Cuu = 0,
(i) 2a2(t)Tuv + 2a1(t)Cuw = 0,
(iii) 2a2(t)7y + 2a1(t)Cw = 0,
(iv) a1()7 + ay(t)n — 2a2(H)&e + az () + a1 (£)¢u = 0,
(V) ay(t)n — a1 (t)7u — 201 (£)&s + ar ()G + a1 (), = 0,
(Vi) Te+az(t)Tae+a1(t)Con+ (WP +02)" (=ba(t) (e +b1(£)T2) +2n(u® +02) "~ 1 (02by () o +u?be (1)) +
2nuv(u® + v2)" "1 (by ()7 + b2(t) () = 0,

(Vi) & +202(8) Tua+201 () Cou—as () aa+(u?+0%)" (by ()0 —ba (£)&x+b1 (£) Cut-ba (E)mu+b1 (£)70 )n (v +
u2)" 1 (6uby ()T + 2ba (£)0C 4 2b1 (£)oT + 2by (H)ul + 2n02b1 (£)Cu) + 2nu?(u2 + v2)" 1 (by (t)n —
b (£)€x + ba ()0 + b1 (£)7) + 2nuw(u? +v2)" = (ba(£)Cu + by (£ — b1 (£)€e + by () — ba(t)7) +
dn(n — 1)(u? + v3)" 2 (ba ()T + ba(t)u?vC + by (t)u?vT + by (H)uv?C) = 0,

(viil) 2a2(t)7p0 — a1(t)wa + 2a1(t)Cov + (W2 + 02)"(by (t)1 — by (£)&s + b1 (£)Co — b1 (8)Tu + bi(t)me) +
2n(u2 +02)" 1 by (£)u Ty — v2by (£)E4 + b1 (£)02Cy — by (£)02 70 + by (£) 021 — by (£) 027, +02b) (£)7) +
2n(u? + v2)" 1 (Uby ()T + ubs (£)C + uby (£)T + by ()¢ — 2by (£)vC) + 2nuv(u? + v2)™ 1 (by(t)n +
ba(t)Co + ba(t)Ea + by (t)Ty — ba(t) Ty + ba(t)ne + b1 (t)7) + 4n(n — 1)(u? + v?)" 2 (uPvby(t)T +
bo (t)uv?¢ + by (H)uv?t + by (t)v3¢) = 0.

On simplifying and trying to solve the above sets of equations, we come across the
three different cases for the determination of infinitesimals &, 7, 7, ¢ as follows:

Case 1: For n = 1, ay(t),a2(t),b1(t) and be(t) as non-zero, we have the following
subcases to consider:

Subcase 1: For n # 0, the symmetries of the equation (3.1.2) obtained are as follows:

§=ar+p,
2c0 o
=—— [ ay(t)dt + —,
1= oy | O o5
T = —vyv + du, (3.2.4)
¢ =~yu+ v,
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where a, 8,7, and o are arbitrary constants and the coefficient functions a;(t), as(t),
bi(t), by(t) are determined by the following governing equations
bi(t) — =2 b, (1)d (1) / ()t — T by(t)al (1) + =2 b (2) / (t)dt
a — a a — a — a
1 a3(t) 1 a3(t) T T a (D) '

oby(t) B
() + 261 (t) = 0, (3.2.5)

+

as(t) = kyaq(t), (3.2.6)

bo(t) = kb (). (3.2.7)

where ki and ky are nonzero arbitrary constants.

Next, the associated Lie algebra of symmetries (3.2.4) consists of following vector

fields [79]

HF%@%,

H; = —vé% +u§ : (3.2.8)
H, :u%—i—v; ,

oL

On solving the equation (3.2.5), we obtain the forms of the variable coefficients as
follows:

_s
a

bi(t) = ar(t) <2a / ar (t)dt + 0) :

a9 (t) = k1a1 (t) s

Qe

ba(t) = ko (1) (20 / a(t)dt + o) J

where a;(t) is an arbitrary constant.

The associated commutator table for the vector fields is given as
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Table 3.1: Commutator table

Hy Ho Hz | Hy Hs
H,y 0 2Ho 0 0 —Hs
Hy | —2Ho 0 0 0 0
Hgs 0 0 0 0 0
Hy 0 0 0 0 0
Hs Hy 0 0 0 0

Subcase 2: For n = 0, the symmetries of equation (3.1.2) are given by

§ =0,

n =0, (3.2.9)
T = —,

¢ =u.

It may be mentioned here that in this subcase, the equation (3.1.2) remains invariant
for arbitrary forms of variable coefficients.
Case 2: For n # 1,b1(t) = 0 and ay(t), as(t), ba(t) as non-zero, the symmetries of

equation (3.1.2) are as follows

£ =axr+pf,
2ce o
-4 tydt + -2, 3.2.10
1= g [ @+ T (3.2.10)
T = —vyv + du,
¢ =yu+ v,

where «, 0, 8,7, 6 are arbitrary constants and a; (), ax(t), bo(t) are coefficient functions

which are determined from the following equations:

2a o 2a /
aba(t) + b0 [ O+ Tstilt) = mesbatlan o) [ an(ar
200 (1) = bl (1) = 0, (3.2.11)
as(t) = kyai (). (3.2.12)

46



Now, the vector fields for the corresponding Lie algebra of infinitesimal symmetries

0 2 0
H1 = (’E% + (al(t) /Cll(t)dt)&a

(3.2.10) are as follows:

100
2T ) ot

1, — _U% n u%, (3.2.13)

H, = u(% + v%,

ool

On solving the equation (3.2.11), we get

a2 (t) = klta
o1
ba(t) = an(0) (20 [ ade+o) "
where a,(t) is an arbitrary function of t.
Case 3: For n # 1,a:(t) = 0, b1(t) = 0 and ax(t), b2(t) as non-zero, the symmetries

of equation (3.1.2) are as follows:

§=0,
o
as(t)’
T = —yv + du, (3.2.14)
¢ = ~yu + v,

where ~y,0,§ are arbitrary constants and as(t), bo(t) are coefficient functions which

are governed by the following relation

b(t) o . -
as(?) ag(t)b2<t> o(t) + 2ndby(t) = 0. (3.2.15)

Now, the vector fields for the associated Lie algebra (3.2.14) are as follows:

o 0
H1 = a2(t)a, (Zg(t) # 0
0 0
0 0
H3 u%‘FU%.



On simplifying equation (3.2.15), it gives
by(t) = ag(t)e " Ja20dt 5 £ (3.2.17)

where ay(t) is an arbitrary function of argument t.

3.3 Similarity variables and Similarity reductions

In this section, we present the similarity variables and similarity reductions for the
associated symmetries constructed in section 3.2.

Case 1: For n =1, ay(t),,as(t), bi(t),ba(t) as nonzero.

Subcase 1: For n # 0, the similarity variables associated with the symmetries (3.2.4)

can be obtained by solving the characteristic equations [79]

dr dt du B d_v

dr _db_duw_av 3.3.1
& n 1T G (3:3.1)

where &, n, 7, ¢ are given by equation (3.2.4), and equations (3.3.1) become

d dt d d
SA— == 2 (3.3.2)
ax + 3 mfal(t)dt+m —yv+d0u  yu+ov
which is equivalent to
d dt d

’ S (3.3.3)

ar+ B %‘é)fal(t)dt—i— PO (0 +iv)q

On integrating equations (3.3.3), we get the similarity variable and the new dependent

variable as follows:
;1
0= (az+p) <2a/a1(t)dt + a) :

q= (2a/a1(t)dt+0)£+2“F(9). (3.3.4)

Using equations (3.3.4) in equation (3.1.2), the reduced ordinary differential equation
(ODE) is given by

(i6 — ) F —iafFy + (1 +iky)a?Fyg + a(i — ko) (|FI5F + F|F|*) =0,  (3.3.5)
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where §, 7, , ki1, ko are arbitrary constants. Further, the ODE (3.3.5) is converted
into the system of ordinary differential equations by substituting’(6) = U(#)e?” )

and on separating the real and imaginary parts, we have

QPU" — PU(V')? = U = 2k102U' V' = k1 0?UV" — aUV' = 3koU?U’ + 00UV = 0,
QPUV" 4 202U V' 4 06U + k10?U" — k10?U(V')? 4 3aUU" — aky UV — U’ = 0.
(3.3.6)

Subcase 2: For n = 0, the similarity variables corresponding to symmetries (3.2.9)

are
0=t,q=e?"F(0). (3.3.7)

On using equation (3.3.7) in equation (3.1.2), we have
2

iF - %(al(@ +ias(0))F + z‘%(bl(e) 4 iby(0))F|F|? = 0,5 # 0. (3.3.8)
Using F(0) = U(0)e’Y@in the reduced ODE (3.3.8) and on separating the real and
imaginary parts, we get the system of ODEs as

oy Y g
04 g

U (6) — @aQ(e))U(e) + Bbl(Q)U?’ =0,8#0. (3.3.9)

On solving the second equation of equations (3.3.9), with the aid of software MAPLE,

we get

1 22 [ag(0)de 72 [ ag(0)do N\ 2 _%
U9) = £p2e % (pﬂ + 27/ (e 5 ) bl(e)de)] : (3.3.10)
As a result first equation in (3.3.9) yields
g
V() = 3 / (ﬁbg(e)U(e)2 + 7@1(9)>d9 +¢,6#0, (3.3.11)

where 3,7, p, ¢ are arbitrary constants. Substituting (3.3.10) into (3.3.11) and inte-
grating, we can obtain V(). Hence, the exact solution of equation (3.1.2) can be

obtained by substituting theF(0) = U(#)e"” @into equation (3.3.7).
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Case 2: For n # 1, bi(t) = 0 and a(t), as(t), ba(t) as nonzero, the similarity

variables corresponding to the symmetries (3.2.10) are given by

-1

0= (az+f) <2a/a1(t)dt + 0> ?
q=<m{/aﬂﬂﬁ+n)i+“wa (3.3.12)

Using equations (3.3.12) into equation (3.1.2), the reduced ODE is

(i6 — ) F —iafFy + (1 +ik))a® Fyg + ia|F|3"F + Fy|F|*™) = 0, (3.3.13)
where 9,7, , k1 are arbitrary constants.
Next, on substituting F(0) = U(6)e’V® into equation (3.3.13) and splitting the real
and imaginary parts, we get a system of nonlinear ODEs as follows:
Q2U" = PU(V' ) =AU = 2k102U' V' = k10?UV" — aUUV' + UV’ =0,
QPUV" 42020V +6U + k10*U" — k1o?U(V )2 4 20U U’ — afU + aU>U' =0. (3.3.14)
Case 3: Forn # 1, a1(t) =0, bi(t) = 0 and ax(t), bo(t) as nonzero, the similarity

variable and new dependent variable for symmetries (3.2.14) areas follows
0= x,q =0t it pg). (3.3.15)

Using equations (3.3.15) into equation (3.1.2), the reduced ODE takes the form
d+1
L?QLMJ%+QH?F+EMV%:Q (3.3.16)

where 7, are arbitrary constants and o # 0.
On substitutingF(9) = U(6)e’V @into (3.3.16) and on separating the real and imagi-
nary parts, we get

é

g

U+U —UWV ) +U U +2nU U™ =0,
gU UV + UV +UUTV =0 (3.3.17)

Due to lack of symmetries of reduced ODEs (3.3.6), (3.3.14), and (3.3.17), we resort
to construct the power series solutions to these ODEs. Some researchers have already
applied the power series method to obtain the solutions of the nonlinear ODEs in
[36]. Therefore, in the next section, we present the application of the power series
method and find the series solutions of the reduced ordinary differential equations.
We have restricted ourselves to the series solution of a system of ODEs (3.3.6) given
in Case 1 only, but one can easily obtain the power series solution for the reduced

ordinary differential equations given in Case 2 and Case 3, similarly.
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3.4 Power Series solutions

In this section, we will apply the power series method to the system of ODEs (3.3.6).
Furthermore, we will also show the convergence of the power series solutions of (3.3.6).

Consider the solution of equations (3.3.6) in terms of power series of the form

=> " mb*, V() =D ab", (3.4.1)
k=0 k=0

where p,, g, are real constants and are to be determined.

Substituting equations (3.4.1) into system (3.3.6), we have

oo k—1

— Ypo + 20°p2 — &’pogt — 2k10”prgy — 2k10°poge — apiq — Bkaapipy + @ > (k= §)pigr— ;0
k=1 j=0
oo k 7
-7 Zplﬁk +a? Z (k+1)(k + 2)pr420* — o® Z Z Z(Z + 1) =i+ Dgir1g-it1pr—;0°
k=1 k=1 k=1 j=0 i=0
o k ook
—2k10” > > (A Dk =+ Dpjgagr—j+10" — k1a® > (k= j+1)(k — j + 2)qe—j42p;0
k=17=0 k=1 j=0
co k j i oo k J
—aY NS (k= j 4+ Dpipicipj-iqe-j 110 = 3kaa Y 0> (k= j 4 )pips—iqr—j+16* =0,
k=1 j=0 i=0 1=0 k=1 j=0 i=0
(3.4.2)
2k10°ps + 6po + 20°prgy + 20°poga — k1’ pogt + 3apipr — akapiar — Z kpi0"
k=1
9] k
+ k10> (k4 1)(k + 2)prs26” + 5Zpk9k + 202 Z > G+ Dk =5+ Dpjs1ge—j+10°
k=1 k=1 k=1 =0
oo k oo k 7
+a® > N (k= G+ 1) (k= j+2)pigr-jr20® —k10® Y DD (i +1)(j — i+ 1)pr—jgit1¢j—it10*
k=135=0 k=1 j=0 i=0
oo k J k 7 %
+3a) NN (k= + Dpipj_ipk—j10" — aks Z DX (k=i + Dppioipj-igr—j410" = 0.
k=1 j=0 =0 k=1 j=0 ¢=0 (=0
(3.4.3)

On comparing the coefficients for £ = 0 from equations (3.4.2) and (3.4.3), we get

—po + 20°py — aPpoqi — 2k iy — 2k poge — apiqy — 3kaapipr = 0,

2k10°py + Opo + 20°p1q1 + 207 poga — kiaPpog; + 3apipy — akepigr = 0, (3.4.4)
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which on solving yields

1

k
2 2 3 2 1
P2=—55 [ — Ypo — @ qipo — aqipy — 3kaapypr + m((’ykl +d)po

+ 3a(kr ke + 1)]9(2)271 + oz/ﬁpgfh - akqupg)] )

1

St 1) | 2 R+ Dpa = Ok 0)po = 3alkuks + ey
1

g2 =

— akyqipg + ak2q1p§] . (3.4.5)

Next, on comparing the coefficients for k£ = 1 from equations (3.4.2) and (3.4.3), we
get

1

2/,2 9 9
Tor 2 1| - 4 — 2k — 2k 2 92
12poa2(ky — 1)L P17« (6ip1 + 4q192p0) + apomn 10712 10°(2p1ga + 2p2q1)

q3 =

1

- = | —kia?(? 4
12poa(ky + 1) 107(q1p1 + 49192p0)

— a(2p3q2 + 3pgp1a1) — 3aka (2pgp2 + 2pop?)

+ 6p1 + 20°p1ga — ap1 + 40” (prgz + p2q1) + 3a(2p3g2 + 2popT) — k2 (2p5q2 + 3p3p1q1)} :
(3.4.6)

1

[ ——— 20 2 4 S 9 2 _ 4 9
1202 (k1 + 1) 10°(q1p1 + 4q1q2p0) + 0p1 + 20°p1ge — apr + 4o (p1g2 + p2q1)

p3s = —

1
2 2 3 2 2/ 2
+ 3(2pg2 + 2popy) — k2 (2p5g2 + 3pop1g1) | — 12020k = 1) [ —a”(gip1 + 49192p0)

—p1 + apoqi — 2k10°p1g2 — 2k10%(2p1g2 + 2p2q1) — a(2p3g2 + 3P3P1q1)

— 3aks(2pip: + 2p0pt) (3.4.7)

where ps, o are given by equations (3.4.5). For k > 1, we have the general relations

as follows:

k

) {5291@ —akp,  + 207 Z(j + 1)k —J + 1)pjt1qr—j+1
=0

Ptz = a2k + ) (k + 1)(k + 2

k k
+a®> (k=j+1)(k—j+2)pjqe-ja+ 0>y (k—j+1)(k—j+2)pjgr—j+2
=1 =1

Kk J kg
- lfloé2 ZZ 1+ 1 .7 —i+ 1)QZ+1QJ i+1Pk—j + SQZZ -7+ 1 png iPk—j+1
=01

7=0 =0

: 1
— ak _ 1 i i _ _
QaR9 ZZ J + plp lpj qk? J+1:| 2p00é2(k1 7 ].)(k + 1)(k + 2) |: /ypk:
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k—1

kg
+ay (k=i —a® Y > (i+ 1) =i+ 1git1dj-it1Pr—;
7=0 7=0 =0

'Mw

Il
<

K
= 2k10” > (G + D)k —j + Dpjraqr—jr1 — ka® > (k= j+1)(k = j + 2)qe—j 425
J j=1

k

—a)

%

J
=7+ Dpipj—iPi—1qk—j+1 — 3akz Z Z(k —-Jj+ 1)Pipj—z‘pk7j+1};

Mu.

=0 i=0 z:o =0 i=o
(3.4.8)
1 k—1
= - +a k—7)pjqr—;
T2 = a2k — 1)(k + 1)(k + 2) [ TPk ;( I0P3 =
—a?Y > (i + 1) — i+ Daitagj-i1pe—j — 2kia® Y (G + D)k =+ Dpjragr—j
§=0i=0 §=0
k k 7 i
— k1o Z —J+ 1) (k= Jj+2)qr—j42p; — az Z k=34 Dpipi—ipj—iqr—j+1
j=1 7=01i=0 I=

S

J

— 3a/€2;§ —J+ 1 png iPk— ]+1:| - 2p00[2(k’1 T 1)(k+ 1)(k T 2) [51% — akpy

—_

k
(j +1)(k—j+ Dpjs1qe—js1 + o Z(k —J+ Dk —J+2)pjqp—ji2

+
N
Ql\?

on

=1
k-
+0422 — i+ D)k = §+2)piqe—jr2 — k1a® D D (i +1)(f =i+ 1)qis1¢5-i41Pk—;
j=1 7=0 =0
k J kE J @
3a Z Z —J+ 1)pipj—iPk—j+1 — aky Z Z -Jj+ 1)pzp¢—lpj—i%—j+1] (3.4.9)
7=01i=0 7=01i=0 [=0

From these relations one can determine the other terms of two sequences {py}72,
and {qx}72,- Therefore, it implies that for system (3.3.6), there exists a power series
solutions (3.4.1) with the coefficients given by equations (3.4.8), (3.4.9). Moreover, we
can show the convergence of the power series solution (3.4.1) to the equation (3.3.6).

From equations (3.4.8), we have

k k E o J

prt2] < M[\pﬂ + > Ipsallae—jeal + Y pillak—geal + DD Iprjllgirallaj—ita]
=0 J=1 =0 i=0

k J
ZZ“’ZHPJ illar— J—«—l‘*ZZ‘szpj illpr— ]+1|+Z|p]”qk il

7=0 =0 =0 2=0

7 i
+ ZZ\mm lps-illa—geal] b =12, . (3.4.10)

§=0i=0 |

=
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M — |o—d] o4 kil 1 1 [3k2| 3

where = nlax:{‘QQQ(kr+1” 4_|202(k141)‘7\k141| [k1—1]7 [20(k1—-1)|7 [20(k1—1)] [2a(k1+1)]’
[ 1 |k 1 - )

D] T B D] T B o) } Similarly, from equation (3.4.9), we get

k k k J

|kt <N [kal + 3 piellae—snl + Y psllar—gal + DD " Ipr—sllgillg—is1]
=0 j=1 =0 i=0
k 7 k J i k—1
Y3 pillpi—illas—ial + DD 0 Cpllpi-illpj—illae—s 41l + > Ipsllas—;]
=0 =0 §=0 i=0 =0 §=0
k
+ > Ipillps—il ol k= 1,2, (3.4.11)

I
=

J

4 Il | ! 3ks|

here N = max o

where X\ ole2 (kD] T Tpol2a2(e—D o0 T T TG +
3 |k1] + 1 1 |k1] + 1 +

Tt ol2(a =Dl T ol BT Dl rolEat=D Tolla=T T polkirl” olEamoT

[Fe2|
T TpolRalki 1))

We now consider the two power series as follows:

= b, S=S5(0) = sib", (3.4.12)
k=0 k=0

with 7; = |pi|, $; = |qi|, for £ =1,2,.... Therefore,

Tn42 = Tk + er+15k Jj+1 + ersk 7j+2 + ZZ Si4+18j—i+1Tk—j + ZZT’LTJ iSk—j+1
j=01i=0 7=0i=0
k 7 i
. Zw Y e Zzzrm_w_isk_m],
7=0 =0 7=013=0 [=0
k k E 3§ E
Spt2 =N |1 + Z Tit1Sk—j+1 + Z TiSk—j+2 + Z Z Si4+1Sj—i+1Tk—j t+ Z Z TiTj—iSk—j+1
j—O j=1 §=0 i=0 §=0 i=0
k3 %
+ Z TjSk—j + Z Z TiTi—iTk—j+1 + Z Z rlri_lrj_isk_j+1‘| , (3.4.13)
7=0 =0 =0 i=0 I=
We can see that |py| < 7k, |gx| < sk, where & = 0,1,2,.... That is, the two

series (3.4.12) are the majorant series of (3.4.1). Next, we deduce that the two series

(3.4.12), have the positive radius of convergence. Therefore, by some mathematical
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calculation, we get

R(0) =ro+ 110+ 720" + ) rppynf*F?

k=1
[e's) oo k oo k
=710+ 710 +120% + M Z R0+ Z Z riv1se—j 10" 4 Z Z rish—jp20"
k=1 k=1 j=0 k=1 j=1
© k J oo k—1 o k j
+ Z Z Z 3i+13j—i+17‘k—j9k+2 + Z Z Tjsk—j9k+2 + Z Z Z Tirj—isk—j+16k+2
k=13=0 i=0 k=1j=0 k=1j=0 i=0
o k J o k j i
+ Zzzrﬁjfﬁkﬂﬂﬁk” + Z anlrjiskjﬂe’““}, (3.4.14)
k=1 j=0 i=0 k=1 j=0 i=0 (=0

which is further equal to
R(0) =ro+7r10+1r0> + M [QRS +0?SR —2rgS — 250R — 051 R — 6?soR + S*R + s3R + R0

+ 63s + 800R2 — 2809R2 — 7“07“192R — 2T09R2 + R3S — 809R3 + 0°R + 2r9sg — 25 RS

+ (ros1 — 10)0 + (2r3ry — 10 — 1181 — 80 — a8y — To851)607 . (3.4.15)
Similarly,
o0
S(G) = S0 + 810 + 8292 —+ Z Sk+29k+2
k=1
00 oo k oo k
= S0 + 810 + 8202 + N Z Tk9k+2 + Z er+18k,j+10k+2 + Z Z rjsk,j+29k+2
k=1 k=1j=0 k=1 =1
oo k 7 oo k—1 oo k J
+ Z Z Z Si418j—it1Th—j 0" T2 + Z Z risk—;0F % + Z Z Z riri—iSp—j410° T2
k=1 j=0 ¢=0 k=1 j=0 k=1 j=0 =0
oo k 7 oo k 7 7
+ Z Z Z TiTj—z‘T‘k—j—i—lngrz + Z Z Z Z Tlri_lTj_iSk_j+19k+2] y (3416)
k=13=0 i=0 k=1j=0 i=0 [=0

which is further equal to
S(0) = so + 510 + 520> + N [2Rs +6%SR — 2ryS — 25oR — 051 R — 0*soR + S®R 4 s2R — 250RS
+ 6035 + s00R% — 2500R? — ror160°R — 2100 R% + OR3S — s00R> + 0%2R + 2rgso + R36
+ (ros1 — 19)0 + (2rdry — 1o — 1181 — 8519 — rosy — ros1)0% . (3.4.17)
Now consider the implicit functional system concerning the independent variable 6:
F(0,R,S) = R —ro— 10 — 126 — M[2RS 2SR — 2708 + (s2 — 259 — fs1)R — 0250 R + S2R
+ R0+ 0°S + s00R* — 2500 R* — ror10°R — 2r00R* + 0R*S — s00R® + 6°R + 2r¢so
—259RS + (ros1 — rg)0 + (2r2ry — 1o — 7181 — 8370 — TS — rg’sl)eﬂ =0,
G(O,R,S) =8 — 59 — 510 — 520° — N{2RS +02SR — 2roS + (s2 — 250 — 0s1)R — 0*soR + SR
+ R0+ 0°S + s00R* — 2500 R* — ror10°R — 2ro0R* + 0R*S — so0R® + 6°R + 2r¢so

—259RS + (ros1 — rg)0 + (2r2ry —ro — 7181 — 8370 — TS — rgsl)eﬂ =0. (3.4.18)
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Since I’ and G are analytic in the neighborhood of (0,7, so) and F(0,rg, so) =0,
G(0,79,50) = 0. Therefore, the Jacobian is given by

—1#0. (3.4.19)

If we choose the parameters 1o = |pg| and sy = |qo| accordingly, then by Implicit
function theorem [99], we find that R = R(#) and S = S(f) are analytic in the
neighbourhood of the point (0,7¢, sg) and have the positive radius of convergence.
This implies that the two power series (3.4.1) converge in a neighborhood of (0, rg, so).
Hence the proof is completed. Thus, we find that the power series solutions (3.4.1)

are the exact analytic solutions of the equations (3.3.6) given as follows:

1 k
U(0) = po+pi0 — s [ — po — &*qipo — aqupl — 3kaapipr + 5 ((vkl +6)po
2 ki+1

+ 3a(kiks + 1)pip1 + akipyqy — akqupg)] 0% + mez@kH,
k=1

V() =qo+ ¢:0 + [ — 202 (k3 + Dprqy — (vk1 + 0)po — 3a(krky + 1)p3p1

2a2py(ki + 1)

— akiqup; + 04k2Q1P3} 0 + Z o202, (3.4.20)
k=1

where p;, ¢;(i = 0, 1) are arbitrary constants and pgio, gri2(k = 1,2,...) are given by
equations (3.4.8) and (3.4.9).
From equations (3.4.20), we get

1 k
F()={po+pb— 5 { —po — &2qipo — aqipl — 3kaapipr + 5 ((’Ykl +d)po
200 ki +1

+3a(kikz + 1)pgp1 + akipiar — akqupg)} 0 + Zpk+29k+2> X exp (% +qif
k=1

1
— | —2a%(k?+1 — (vk1 + 8)po — 3akyks + 1)p?
+ 2Oz2p0(k%+l)[ @ ( 1+ )plql ('V 1+0)po Oé( 1k + 1)pip
o0
— ak1q1pf + akzqmg} 6% + qu+29k+2>, (3.4.21)
k=1
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The exact solution of the equation (3.1.2) is given by

satiE 71
q= (2a/a1(t)dt+a) Po +p1(ax+ﬂ)(2a/a1(t)dt+a) - qu{*’ﬂ?o*azfﬁpo

— aqipy — 3kaapipr + (Wh+ﬁhm+3a%ﬁa+lm&n+ah%m

Sl fe o))
k=1

= 1
o+ aiaz+ ) (20 [abdi+ o) + BT
1

ko
k3+1

- akgqlpg)] (az + B)? <2a / aq (t)dt + 0)

X exp [ — 2a2(k:f + Dp1g1 — (vk1 + )po

-1
— 3a(kiks + 1)pip1 — akiqipy + ak2Q1pg} (ax + B)? (20& / ai(t)dt + 0)

+ i Qk+2 ((aw +3) (2a / ay(t)dt + a) %l)kJr2 )
k=1

(3.4.22)

3.5 Discussion

The application of Lie group method has been performed on a nonlinear Schrodinger
equation with time dependent variable coefficients. This method is feasible and effi-
cient for the analysis of nonlinear PDEs. We have obtained the Lie group of infinites-
imals for the arbitrary time-dependent variable coefficients. The similarity variables,
reduce the equation (3.1.2) to nonlinear ODEs. Due to the lack of Lie symmetries of
the obtained reduced system of second-order nonlinear ODEs, we take recourse to the
power series method on the reduced ODEs (3.3.6) only and obtained the exact power
series solutions. The convergence of the power series solution is also established. The
results confirm the belief that the power series method is applicable to explore the
exact explicit solution of the nonlinear ordinary differential equations. The software

Maple has been utilized in solving some reduced ordinary differential equations.
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Chapter 4

Symmetry reduction and exact
solutions of the KP equation with

variable coeflicients

4.1 Introduction

The KP equation arises in the various physical phenomena, including plasma physics
and shallow-water waves. This equation describes the evolution of small amplitude
surface waves, weak dispersion, weak nonlinearity, and propagation along the x-axis
with the waves weakly perturbed in the y-direction. KP equation is completely inte-
grable and has an infinite number of conservation laws and symmetries, a Lax pair,
Painléve property and the Hirota bilinear representations [74] etc. The generalized

(241) dimensional KP equation in normalized form is [91]
(u + B(k(u))o + OUss ) + Yty = 0, (4.1.1)

where o, 3, v are arbitrary constants and k(u) is an arbitrary nonlinear term. Exact
solutions and symmetries of equation (4.1.1) with different classes of k(u) were studied
by Elwakil et al. [91]. KP equations have many versions according to the different

forms of k(u), which are related to the physical phenomena. If k(u) = u™, then the
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corresponding KP equation with power-law nonlinearity has been used to describe the
flow of shallow water waves [24]. Biswas and Ranasinghe [6] investigated this type of
equation and constructed one soliton solution using solitary wave ansatz. Some exact
solutions of the KP equation (4.1.1) were classified by Pandir et al. through the Trial
expansion method [107].

Liu and Zeng [49] investigated the (3+1) dimensional Kadomtsev-Petviashvilli (KP)

equation with variable coefficients of the form
(ur + Aty + () Uprs)w + 7 () tyy + 0(t)us. =0, (4.1.2)

where u(t),y(t),0(t), A(t) are arbitrary functions. Various researchers have worked
on this equation by using different techniques to obtain the exact solutions. Zhao
and Bai [40] found the exact explicit solutions of equation (4.1.2). Zhang et al. [51]
investigated the exact solutions and an auto Backlund transformation of equation
(4.1.2) using the homogeneous balance principle. Liu and Zeng [49] applied an ex-
tended variable coefficient homogeneous balance method to find an auto Backlund
transformation of equation (4.1.2). Khalique and Adem [16] investigated the sym-
metries of equation (4.1.2) with constant coefficients. Some new exact solutions were
obtained by Zhao and Han [112]. Symmetry analysis of equation (4.1.2) with constant
coefficients and with power law nonlinearity was studied by Adem et al. [1].

In view of equations (4.1.1) and (4.1.2), we propose to study a new generalized (3+1)
dimensional KP equation with variable coefficients and an arbitrary nonlinear term

of the form
(ue + M) k(1)) + p(t)Ugae)z + 7 (t)Uyy + 0(t)uz. =0, (4.1.3)

where p(t),v(t),d(t), \(t) are arbitrary functions and k(u) is an arbitrary nonlinear
term. The objective of the work is to find the Lie symmetries and deduce the exact
solutions of equation (4.1.3).

This chapter is organized as follows: Infinitesimals of KP equation (4.1.3) are con-
structed in section 4.2. In section 4.3, we illustrate a case in which the arbitrary
coefficients of the equation (4.1.3) are taken as power functions of ‘¢’ and give the
similarity reductions and some new exact solutions alongwith some nonlinear ordinary

differential equations. Concluding remarks are presented in section 4.4.
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4.2 Symmetry analysis

Herein, we investigate the Lie symmetries of the KP equation (4.1.3). Consider the
one-parameter group of point transformations under which equation (4.1.3) remains

invariant of the form [44]

v =x+ etz y, 2,u) + O(2),
v =y +en(t,ry, z,u) + O(?),
2=z 4 el(t,z,y, 2,u) + O(?), (4.2.1)
t" =t +er(t,z,y, z,u) + O(?),

u =u+eO(t, 2y, z,u) + O(?),

where € is the group parameter and &, n, (, 7, © are the infinitesimals of the Lie group
of point transformations. Applying the group of point transformations (4.2.1) on

equation (4.1.3), we obtain a set of determining equations as follows:

(1) gu:nu:Cu:Tu:Ta::gxznx:Tz:Ty:@uu:07

(i) 4p(t) 2o — 6u(t) 525 = 0,

!

(iii) —20()% +40(t) % + ' ()7 — T (1)L L

I
o

(iv) 29(t)5 +20(H) 32 =0,

(v) =29 GE +7 (7 +49(8) 55 — v (D) 5T =0,




(i) 7N (DK (1) + ONDK () + 2AOK ()% — % + 6u(t) 20 — 4p(t) 25

— M)k (u)’;—()) =0,

2 2 2
(K ()55 + oy — (055 —0(1) 55

(xiii) 2X\(E)k" (u) 22 + 2X(1)K' (u) 2

2
- 6aza§t — p(t )6m4 + 4p(t) ngu =0,

(xiv) N (6K ()T + A" (0)© + 2X ()K" (u) 22 — 2X\(1)k" (u) & — A(H)K" (u) 22,
+ANDK (1) 2 — A(t)k”(u)%T —0.

On solving the above set of equations, we obtain the following infinitesimals of the

invariant group of equation (4.1.3):

3 1
7(t) = @/f(t)u(jf)dtjt POl |
i) = (270 + o [ sty = 220

e [ oo = S Yy - heas vt
30 (t) 10 (1)
) = (260 + gyt [ Fomtoar + i 0
_ ;’z(gl /f(t),u(t)dt — 021’5(;;2))2 + coy + p(t), (4.2.2)
€00 t) = )7 Gk~ S0y +alt)

1 , Y\ [d 35/(75)
o ( . ;7) {a 21(0)+ o / F(tyult)dt

ad') () ()
S5~ e J T OHO = G >]

®(x7y7zat7u) = p(t)u + %(%Z,t)x + qQ(y7Z7t)7

where ¢, ¢y are arbitrary constants and «a(t), p(t), 1¥(t) are arbitrary functions.
The presence of arbitrary functions in the above group infinitesimals indicates that
the underlying Lie algebra of KP equation (4.1.3) is infinite-dimensional.

Further, the invariance of equation (4.1.3) under the one-parameter group (4.2.1)

yields the following admissible form of the nonlinear term:

c3u?

k(u) = 5 + cqu + cs (4.2.3)
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where c3, c4, c5 are arbitrary constants.
It is worth mentioning here that the functions f(t), p(t), ¢1(y, 2, t) and ¢2(y, 2, t) which
appear in the expression of group infinitesimals (4.2.2) are restricted by the following

governing equations

’

Dm0+ 1 O+ 5 (57 t ity + e
0
pu(t)? ) 0 (4.2.4)

~ pOAD)es + e\ Dy, ) + i( +L) g (5(115);@ (2700 + gt [ Fowioy

/

* 2?6 Lt( SM /f ()t2)> =0, (4.2.5)
o052 +5() 5% =0, 1269
% + kao(t )%2—;22 + 5@)% =0, (4.2.7)
f(t) = esA(t)ai(y, 2, 1) = 0, (4.2.8)
A()p(t) + 2M(8) f(t) + /f tt/)‘z /f Pyt + ()t)
- edoe) (4.2.9)

p(t)? ’
Y(t) = k16(t).

It may be noted here that these governing equations involve the variable coefficients
A(t), pu(t), ~(t) and 6(¢) too in them. The specific choice of these variable coefficients
will help us in determining the forms of unknown functions f(t), p(t), ¢1(y, z,t) and
¢2(y, z,t) and vice versa from equations (4.2.4)-(4.2.9). In the next section, we choose
the variable coefficients of specific nature and work out the admissible forms of the
unknown functions f(t), p(t), ¢;(y, z,t),i = 1,2. with the help of equations (4.2.4)-
(4.2.9). To demonstrate this we have preferred to take the variable coefficients as

power functions of ‘t’.

63



Table 4.1: Generators of the (3+1) dimensional KP equation

Forms of | Restrictions on Param- | Cases Subcases Generators
Variable eters
Coeflicients
o 3t 0 Ie] 1o} Ie]
=" 1) H =z— g_,¢_,2..,2
At) =t _ o (a-1) ! HQR.TS.TH@N “ o2 @@@.T:m:“
c3 =2,c4 =c5 =0, ( +Cm 2 5 3 o
pt) =tm __ mr )72 YN9 L m O -m-1, 9
W(t) = alt) = o(t) =0, | (m+n—2r =0 @) r=—1 (@2) Hp=—"— (54 ) g+ g — (m+ D™y o
v(t) = kat™ o )
2 —m—1 —m—1
k(u) = u”, —(m+ 1)t z— + (m+ 1)t u—,
&.Qv — wj\ @ @ @N @ﬁ
3) Hs3=—kiz—
(a.3) Hs Hmm@ tyg,
1s] 1s] 3t 0O 1o} 1o}
b.1l) Hi=z— +2y— = 4+ 22— — 2u—,
(b-1) ! R®&+ @®@+3@+H®u+ N%N :m:
0 1s]
(H@W)m=n=r#-1 (b.2) H3=—-kiz— +y—,
Jy 0z
1o}
b.3) Ho=t""—,
(b:3) Ho at
9 n+4+1 0 n+1 0 1o}
1) Hy=t— Z Z_ Du—,
() Hi=tg +——vg +—5 %5, ~r+lug
1o} le]
.2) Ho = —kiz— —,
(c.2) Ha Kmm + Uy
At) =t" (4r —n +3)\  6r-3n+3 9 dr —n+3\ 6r-3n+3 9
— — e = 3) Hy=(— T\t 2 — 4 (—— %" 2 —
) = £ c3=2,c4 =c5 =0, (c3) 3 Awﬁ\:LﬁHv@ ®©+Awﬁ\3+~vw 02
= B 2
P(t) = a(t) =o(t) =0, (W) m+1=0 6r—3n+3 12r —3n+9/ , y*,6r=3nt1 w
Y(t) = kat" () = 2 +A§ ’ 8 T +5vﬁ : v@a
k(u) =u
o) =" e Amﬁ - m:._.gv%?m:i:
4 2r—mn+1
3(6r — 5n + 1)(4r — 3) dr—sn— 210
_ Aﬁ 3+avmﬁ n+ vw%Awa_v@‘v i
32 k17| Ou
" 2 umﬂ|w:+m 0
2r—n+1 ot
Alt) =t
_ e 1o} t 0 3 4) 0
. c3 =2,c4 =c5 =0, @1 H =22 + ‘+A:+3+ v@‘
u(t) =t dr ' m-+10t 20m+1) "oy
P(t) = a(t) = o(t) =0, | (i#i) c1 =0 B=0 Bn+m+4) 0  (m—3r—2) 0
~(t) = ko t™ + 22—+ u—,
k(u) = u? 2(m+1) 0z m+1 ou
— " Is] 1o}
o(t)y=t (d.2) Ho=-kiz— +y—,
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4.3 Variable coefficients as power functions of ‘¢’

Let
pu(t) ="
At) =t
5(t) = t",

so that y(t) = kqt".
For c3 = 2,¢4 = ¢5 = 0, ¥(t) = a(t) = o(t) = 0 and k(u) = u?, on solving equations
(4.2.4), (4.2.8) and (4.2.9), we have

f(t) — ;(27" —m —n)t "2 /tmﬂf/(t)dt + C2—I(m +1)(2r —m —n)t ™2 =0.

(4.3.1)
Now, by observing the equation (4.3.1), we can consider the following special cases:
e Case 1: 2r—m—n=0,m# —1
e Case 2:m+1=0

e Case 3:¢; =0

Case 1: In this case equation (4.3.1) readily yields

f(t) = ce (4.3.2)

Next, on using equation (4.3.2) in equations (4.2.4)-(4.2.6), (4.2.8), (4.2.9), we get

@1 =0, p(t) = —2cs + M—i—_lr) +c(m — r)t‘m_l,
— 1 1)¢—30+r 2
@(ty, 2) = abm = n)tn+ Dir+ ) ) <z2 + y—). (4.3.3)
4 K,

Further, using equation (4.3.3) into equation (4.2.7), we arrive at the following con-
dition

ciim+1)(m—r)(r+1) =0,
which leads to two subcases
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e Subcase 1: r = —1

e Subcase 2: n=m=rr # —1

Subcase 1: In this case we get n = —(m + 2) from 2r — m — n = 0 and equations

(4.3.3) reduce to
1=0, =0, p(t) =cg+ci(m+ 1)t

Consequently, with the help of equations (4.2.2), we get symmetry generators (a.1) —
(a.3) as listed in Table 4.1.
Now, we present the similarity reduction and exact solutions for each of the generators

(a.1) — (a.3) as follows:

(i) For generator (a.1) the similarity variables are given by

m—+1

a=yz Y b=uay, c=yt s . (4.3.4)

Using equation (4.3.4) in equation (4.1.3), the reduced PDE is

35y + 6207 + 6>y, + (M + 1) e + 6k1 — Gkrag,
- 6k1b¢b - 6k16¢c + 3kjla2¢aa + 3k102¢0c + 3kjlb2¢bb + leab¢ab
+ 6k1aChae + 6k1bedy. + 603 dy + 3a Paq = 0. (4.3.5)

On subjecting the equation (4.3.5) to invariance under one parameter group
leads to the following symmetry generators

a? 9 bO c¢c0 ¢O0
FI—(z“)@*m*aa—c*a@

a 0 N (b (m+1)02) o 0 (gb (m+1)202) 9]

Fh=—-—— - — + — - —
7 ¢0a c + 6k; ob * oc + c + 18k, 0¢’
0 (m+1)co

6a’ct 9 A9  (m+1)* 0

b= Tam T 3a 9o

As the process of further reduction of PDE (4.3.5) and obtaining the exact

solution is similar for all four generators listed in equation (4.3.6), we therefore,
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restricted ourselves to the last two generators only, namely Fj3 and Fy. The

similarity variables for generator Fj are

o=a p=c o="TW 4y p) (43.7)

Using equation (4.3.7) into equation (4.3.5), the PDE reduces to

k18%0ss + k10 Yaa + 2k10B%as — 2k1atde — 2k B1g + 2k1)
Bm+1)*

+ 2031 + AP + —x =0 (4.3.8)

On solving the equation (4.3.8) using software MAPLE, we get
0204 01062 03
+ +
o2 +k o2+ k o 202+ 2k
2mﬁ3 ﬁg 1803
36k,  36k;  36k;’

m2ﬁ3
36k,

Y = +Cyf + C55° -

where C', Cy, C3, Cy, C5 are arbitrary constants and k; # 0.
Reverting back to original variables x,y, z, t, the exact solution of equation

(4.1.3) is given by

(m+1)x Cyz Cy Cy2” "5
t) = Cat
u(x,y, z,t) 6 - Y2 + ky 22 + y? + k122 * 2y(y? + k122) e
2, 2¢m+1 2ym+1 24m+1 C
v ogyttst - 1LY L Y — 5 (4.3.9)
36k1 18]€1 36k1 2k13/

For generator F}, the similarity variables are as follows:

1 3,.,—2
N 5:%_& b=

(m+1)?cta™2

= + (o, B). (4.3.10)

Using equations (4.3.10) in equation (4.3.5), the PDE reduces to

180595555 + 360°Y3 + 360°Yihgs — 6(m + 1)a*tas + 36k11)
+ 36k 10810 — 36k10t0 + 18k10% e + (m + 1)%a?
+3(m + 1)’ — 36k, b5 + 18k %15 = 0. (4.3.11)

Further applying the group method on the above equation, the symmetry gen-

erator is given by

0 (m+1a 0
G=ag; 6 oy
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(i

which leads to the similarity variables as

(m+1)3

6 +0(r),

r=a, Y =—
and the PDE (4.3.11) reduces to an ODE :
36k, 20" — T2kyr0 + T2k:10 + 3(m + 1)%° = 0. (4.3.12)

After solving the above equation, we get

m+ 1)%r3
0=C Cor? — (—
17+ Car 24k1 y
where C, Cy are constants and k; # 0.
Reverting back to original variables x, vy, z,t, we get the exact solution of equa-

tion (4.1.3) given by

(m+1)222m™ (m+ 1222 (m+ 1)

t) =
u(x7 yJ Z7 ) 36 72 6
m m 1 2 2tm+1
Oyt 4 ot _ AUy (4.3.13)
24k,
For generator (a.2), the similarity variables are given by
1 2 b
a=yz ', b=yt c=—z+ u(ﬁ + y—)t"”“, u= M. (4.3.14)
4 k1 )
Using equation (4.3.14) into equation (4.1.3), the reduced PDE is
b2¢cccc + Qb(bz + 2a3¢a - lea(ba + a4¢aa + k1a2¢aa + le(b
— 2k1 by, 4+ 200 e + 2k1abay, + kb, = 0. (4.3.15)

Further, investigating the above equation for its invariance properties, the sym-

metry generators are

a
=29
Y7 b 0a’
0
Fy = —.
27 dc

We consider the similarity variables for generator Fy + F5 as follows:
a=b f=cb "t +at, ¢=1(a,p). (4.3.16)
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(iii)

Using equations (4.3.16) into equation (4.3.15), the reduced PDE is

VYspps + 20@2 + dk10? B + 2k10°) — 2k10° Y, + k1o aa

— 2k10° Btas + (0 + 200 + k1o B*)ibgs = 0. (4.3.17)

On applying the group method on the above equation, the symmetry generators

are
0 19, 0
Gi =20 - +f--+a
“5a P35 T 5y
10
GQ—E%

Now, the similarity variables for the generator G; + G5 are obtained as

2y 6(r).

r:ﬁa1/2 —a_1/2, b= 3

In view of these similarity variables, the equation (4.3.17) reduces to an ODE

40" + 8(0')? + Thyr6 + 8k10 + 860" + kyr20” = 0. (4.3.18)

Further analysis of equation (4.3.18) for Lie group invariance leads to the trivial

symmetries.
For generator (a.3), the similarity variables are as follows
a=x, =t y=1+ k2 u=d(a,p,7). (4.3.19)
Using (4.3.19) in equation (4.1.3), the reduced PDE is
Pas + 26705 + B Pacaa + 41" Py + 4k1YB" Doy + 2687 Gbae = 0. (4.3.20)

Analyzing the above PDE for its invariance properties, the symmetry generators

are as follows:

38 0 0 9
'S mt108 T %%a 270_+¢ 96’
Ly = f(ﬁ)(?a+ﬁ 2( )6¢

=p" _ﬁ_4—l<:18_a_2(m+ )’75+a—7+(m+1)5+¢a—¢-
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For generator L;, the similarity variables are

m+1 +1

a=af™5, b=~"2"5" = 8" Y(a,b),
and PDE (4.3.20) reduces to

30%aaaa + 60U aq + 3kibiyy + ki + 662 + (m + 1)b%y

Symmetry generator of equation (4.3.21) is

0 m+190

Gl:%—i_T%’

and the similarity variables for generator G; are as under

(m+ 1)a

b=r, =

+0(r),

which lead to an ODE

" ! 1 2
krt + k16 + % —0. (4.3.22)

The solution to equation (4.3.22) can be expressed as

1 2,.2
o(r) :——(m;%) " ¥ Cylogr + C.
1

where C, Cy are arbitrary constants and k; # 0.
Reverting back to original variables x,y, z,t, we get the exact solution of equa-
tion (4.1.3) given by

1 m—41 C m—41
w + Ot + 7215% log(y® + k12?)

3

u(z,y, z,t) =

m+1 1 2
"5 logt — wtmﬂ(y? + k1 2%). (4.3.23)
72k,

For generator Ls, the similarity variables are

_ _ _ Bf(B)
a=0, b=y, ¢= Qf(ﬁ)oz—i-w(a,b). (4.3.24)
Using (4.3.24) in equation (4.3.20), the reduced PDE is

fa) f'(a)

4k1ba™ Py, + 4kra™ Py + 27(0) + a2f(b)

= 0. (4.3.25)
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After solving the equation (4.3.25) with the use of software MAPLE, we obtain

ba™" " /
Y= m(@f (a) + [ (a)) + g1(a)log b+ g2(a),

where g1(a), g2(a) and f(a) are arbitrary functions and k; # 0.

The exact solution of equation (4.1.3) is given by

xtf/(t) 2 2
250 + g1(t) log(y* + k12%) + go(t)

(y2 + ]{?1 ZQ)t_n
8k f(t)

For generator L the similarity variables are

u(z,y, z,t) =

(7" 0+ 1)

m+ 1)

a:”yﬁQ(mH), b:—( o 75m+1+a’ ¢:6m+1w(a7b)’

and equation (4.3.20) reduces to

Vrovy + 207 + 20byy, + dkyiby + 4k1a),, = 0.

The symmetry generators of equation (4.3.27) are

0 0 0
G1 :4a%+b% —2%,
0
G2 = %

Next, we consider the similarity variables for generator G + G4 as

r=ba "4 ¢ =a"?0(r).

(4.3.26)

(4.3.27)

(4.3.28)

Using equations (4.3.28) in equation (4.3.27), the PDE reduces to an ODE

A0,y + 800,, + 807 + 4Ky 0 — 5k170, + kyr20,, = 0.

(4.3.29)

Further analysis of the above ODE for its invariance properties, we find that it

admits only the trivial symmetries.

Subcase 2: For this subcase, the equations (4.3.3) reduce to

¢1=0, ¢ =0, P(t) = —2c¢.
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Using now the group infinitesimals as described in equations (4.2.2) we arrive at the
symmetry generators (b.1) — (b.3) as mentioned in Table 4.1.
We now present the similarity reductions and exact solutions for generators (b.1) —

(b.3) as follows:

(i) Similarity variables for the generator (b.1) are

°

; (4.3.30)

a= xy_l/Q, b=yzte= t_ly%(mﬂ), u=
Using equation (4.3.30) in equation (4.1.3), the reduced PDE is given by

- 4(m + 1)C4¢ac + 12¢aaaa + 24¢¢aa + 24(25(21 + 24b3¢b + 12b4¢bb
+ 24k, 6 + 21k1ad, — 24k1bgy — 15k1cd, + 3k1a>Paq — 12k1abd s

— 6k1acga. + 12k 0> Gy + 12k1bcgpe + 3k1%pee = 0. (4.3.31)

On further, analyzing the invariance properties of the above equation, the sym-

metry generators obtained as follows:

20 0 a 2(m+1)c 8+18 %+(m+1)2c4 9]

h=aa Gt e E Tt o e
20 0 ad cO 200
F= 3% " %3 Thac T b ag
10 (m+1)c* o
P o (m+1cd (m+1)32%d
- 9

2o 3 da 18 94
For further analysis from the point of view of reduction and exact solutions, we

consider only two cases of generators F3 and Fj.

The similarity variables for generator Fj3 can be easily obtained as follows:

a=b B=c, ¢ w +(a, B). (4.3.33)

Using (4.3.33) into (4.3.31), the PDE reduces to

360 a0 4+ T20%00 + T2k11) — 4(m + 1)28° — T2k1a), — 45k1 815

+ 36k10%Yan + 36k1BYas + 1 2155 = 0. (4.3.34)
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After solving this equation by using software MAPLE, we get

C’lozz CQCY Cg (m + 1)2ﬁ6 Cg
0.3+ O3 _
b T E Tonr oy, TG 4k,

where C1, Cy, C3, Cy, C5 are arbitrary constants and k; # 0.

(S

Reverting back to original variables, the exact solution of (4.1.3) is given by

m+1 o C Chz Cs2?
u(x,y,z,t) = ( )ZL‘t " 1+ 2 44 2 2 - 2 + 23 2
6 Y2+ ki z Y2+ kiz 24y(y + k12 )
—2m—2 —4m-—4 (m + 1)2 2,-2m—2 Cs

+C4t 3 —|—C5yt 3 + (4335)

T 24kyy’
Similarity variables for generator F) are

(m+1)c3b=2
2

(m +1)2c5p2

a=6 p= 36

+3a, ¢ = +i(e, B).  (4.3.36)

Using above equation in equation (4.3.31), the reduced PDE is

9k1 0P Yaa — 45k1atby + 2(m + 1)%a® + 291613555 + 64805 + 64811 g4
+ 72k1 8 — 36(m + 1)a*hge — 18k1 Batss + 9k %ss
+36(m + 1)ag + 63k B1g = 0. (4.3.37)

The symmetry generator of equation (4.3.37) is

19 m+1 ,0
G=Cat s Yo

Similarity variables for generator G are

(m + 1)a*3

13 +0(r).

r=a, Y=
Using these similarity variables in equation (4.3.37), the reduced ODE is
k1720,, — 5kir0, + 8k10 = 0. (4.3.38)
On solving it, we can easily obtain

9201T2+027“4,

where C, Cy are arbitrary constants.

On reverting back the exact solution of equation (4.1.3) is given by

1)2 1 o e
u(m)y’ Z,t) — %Z2t—2m—2 + L:)xt—m—l + Olt 23 2 + C2yt 43 4‘
(4.3.39)
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(i)

(iii)

Similarity variables for the generator (b.2) are
a=x, b=t c=y*+k2* u=¢(a,b,c).
Using above equations in equation (4.1.3), the reduced PDE is given by
V" Gagaa + Gab + 2007 + 4k1b" Pe + k1 b Poe + 20" aq = 0. (4.3.40)

The symmetry generators of equation (4.3.40) are

m O
F1 - b %,
o b mfi(b) O

Fy = f2(b)% + Ta_gb

Now the similarity variables for the generator F are

I S 1100
A A0

Using equation (4.3.41) in equation (4.3.40), the reduced PDE is

n w0 fr(@)  maT T fo(a)
4k’1ﬁ0é 77[}55 —+ 4k10[ ¢5 + 9 fg(a) - 9 fg(a) = O (4342)

After solving the above PDE with the aid of software MAPLE, we get

a+(a, ) = 0. (4.3.41)

B 1
8k f2(c)

where g1(a), ga2(a), fa(a) are arbitrary functions of a.

b= (= ma " fy(@) + 07" (@) B+ g1(a) log B + ga(a).

Reverting back to the original variables, the exact solution of equation (4.1.3)

is given by
_ " h() 2 g2
U(Q%Z/,Z'at) - 2 fg(t)x+g1<t)log(y +k12 )+g2(t)
2 k 2 ’ 1
- —(ygkj f2(1; ) (—=mt "+ W), (43.43)

Similarity variables for the generator (b.3) are
a=x, b=y, c=2z, u=¢(ab,c). (4.3.44)
Using equations (4.3.44) into equation (4.1.3), the PDE reduces to

¢aaaa _'_ 2¢Z + kl(bbb + ¢cc "‘ 2¢¢aa == 0, (4345)
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which on solving by using software MAPLE gives

1

#(a,b,c) = —60% tanh(C) + Coa + Csb + Cyc)? — -
2

(C3ky — 8Cy + CF),

where C, Cy, (5, Cy are arbitrary constants and Cy # 0. On back substitution

the exact solution of equation (4.1.3) is given by

w(z, y, 2, 1) = —6C2 tanh(Cy + Coz + Cay + Caz)? — 2%22(05/{;1 _8CE 102,
(4.3.46)
Case 2: In this case the equation (4.3.1) gives
f(t) = A= (4.3.47)

On using equation (4.3.47) in equations (4.2.4)-(4.2.6), (4.2.8), (4.2.9), we get

A T—Oomn
o () = %(270 N
34 o 2
@:(t) = =5 (6r =B+ D(dr —n+ 3 F (27 + i—), (4.3.48)
1
24

p(t) = (r 4+ 1)@= (4 1)ey — 244D,

2 —n+1
where r,n,c;, A are arbitrary constants and A # 0.
Further, using equations (4.3.48) into equation (4.2.7), we arrive at the following

condition
A(n®— (8r+6)n+8r* +8r+1) =0,

which leads to one subcase

Subcase : n:4ri2(\/§r+\/§)—|—3, A#0

Using the equations (4.3.48) and (4.3.47) into equations (4.2.2), we obtain the sym-
metry generators (c.1) — (¢.3) presented in Table 4.1.

Next, we give the similarity reductions and exact solutions for the generators (c.1) —

(c.3).

(i) For generator (c.1) the similarity variables are

1

a=yz ' b=x, c=yt 7 , u= y_3$2¢(a, b, c). (4.3.49)
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Using equations (4.3.49) in equation (4.1.3), the PDE reduces to

2n—2

62¢bbbb + k102¢cc + 2klac¢ac + k1a2¢aa + 2a3¢a + a4¢aa + 2c n-HT ¢I§

2n—2r 4(r+1) 2ky(r+1) /2(r+1)
2¢ nt1 — k 1
2T o n+1 10ge + n+1 <n+1 + >¢
4(r+1) n+1,4
T kiag, — 5 ¢ Ope = 0. (4.3.50)

Further, symmetry generators of this equation are

a? d ¢ 2+ 2r 0
Fr— (oL 89 (22 N\ L
! (k;1+ >8a+aﬁc+(a(n+1))¢8gb’
ad (n+1l)co 0 2+ 2r (n+ 1)202T:fl+3 0
=29 - 4 = —, (4.3.51
> ¢oa 4k, 0b  Oc (c(n + 1)¢ i 16k, )8¢’ ( )
0
F3=—.
T
For generator F}, the similarity variables are
. B kN 5 1 _ a2
a = a/8_<1+?> c ’¢_cn+ ¢(a76)
Using the above equations in equation (4.3.50), the reduced PDE is
n+1
’(/)aoaoza + 2¢i + 2w¢aa + k1ﬁ4¢ﬁﬁ + klﬁ?),lvbﬁ - (7" + 1)77Z)o¢ - %@Daﬁ = 0.
(4.3.52)

The symmetry generator for this PDE is

and the similarity variable is

As a consequence, the equation (4.3.52) reduces to an ODE
keyr 0" (1) 4 kyr®6 () = 0,
which on solving, leads to
0(r) = Cylog(r) + Cy,
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where (4, C5 are arbitrary constants.
Once again, reverting back to original variables, the exact solution of equation
(4.1.3) is given by

C k22
- 71 log (1 + ;Z ) — C1log(y) + MC& log(t) + Co|. (4.3.53)

1
u(x7 y’ Z? t) = t7r71 2 2

For generator (c.2), the similarity variables are
a=x, b=y +k2* c=t, u=¢(a,b,c).
Using the above equation in equation (4.1.3), the reduced PDE is
Paaaa + 26D + 26 Oaq + Chac + Ak Py + Ak oy, = 0. (4.3.54)

Further analyzing the invariance properties of the above PDE, the symmetry

generators are

o t7"., .0

Fi= (@) + 51 @5
0 c 0 r+1 0
_b%+n+1%_<n+1>¢0_¢'

Fy

The similarity variables for generator Fi are given by

ca f'(c)
a=b f=c ¢= + ¥(a, B).
2 o TV
Using the above equations into equation (4.3.54), the reduced PDE is
—r g —r+1 ¢
4]{31/Bn+1¢a + 4k1a5n+1wao¢ - frﬂ f (ﬁ> + ﬁ f (ﬁ) - O (4355)

2 f(B) 2 f(B)
After solving the above equation using software MAPLE, we get

(67

8k1f(8)
where g(8), h(B), f(B) are arbitrary functions.

(o, B) = g(B) In(a) + h(B) +

(ra= = (B) = (),

Reverting back to original variables the exact solutions of equation (4.1.3) is

given by
. 2.0) = T g + 1)+ bt
y2 +k122 —n—r—1 ¢/ —n—r g
W(rt Fe)—tmf (t)). (4.3.56)
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For generator F5 the similarity variables are given by

a=a, = bc_n_lv ¢ = C_T_lw(aa 6)

Using this equation in equation (4.3.54), the PDE reduces to

77Z)aaaoz + 2¢¢aa + 277Z)3 - (n + 1)61/)045 - (T + 1)¢a + 4k1¢5 + 4k1ﬁ¢55 = 0.
(4.3.57)

Investigating the invariance properties of the reduced PDE (4.3.57), the sym-

metry generator is

and similarity variable is

The PDE (4.3.57) reduces to
4kyrd” (1) 4 4k16 () = 0.
On solving it, we get
6(r) = Cy + CyIn(r),

where C, Cy are arbitrary constants.
Reverting back to original variables, the exact solutions of equation (4.1.3) is

given by

u(z,y, z,t) = Cit "1+ Cot 7" Hlog(y? + k12%) — (n — 1)Cst ™" log(t).
(4.3.58)

Case 3: In this case (¢; = 0) equation (4.3.1) gives
F(t) = A+ Bt 521 (4.3.59)
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where A, B are arbitrary constants.
On using equation (4.3.59) in equations (4.2.4)-(4.2.6), (4.2.8), (4.2.9), we get

B(4r—3m—n) _5m _ 5n _ y2
== v V( FEm—2 _ _4_ _ +2r 3(2 7)
q2(y, 2, t) 32(2r—m—n)( 5m + 67 — 3n)(6r 5m —bn)t~ 2 "2 z +k1 ,
B m_ 3n
a(t) = Z(—5m—3n+6r—2)t57+37_2"+2, (4.3.60)
(m—3r—2)A (Q(m—r)B _5m_3n 3. 1
t) = —QB)t B 3r—1
p(t) m+1 2r—m-—n

where m, n,r are arbitrary constants.
Further, using equation (4.3.59) into equation (4.2.7), we arrive at the following con-

dition

B(6r — 2 — 5m — 3n)(32r? — 24r — 52mr — 36nr + 16m + 20m?

+ 28mn + 8n + 8n?) = 0.

From above equation we take up the special subcase B = 0.

For B =0, equation (4.3.59) and (4.3.60) reduce to

(m—3r—2)A

:A p— p— pr—
f(t) ., 1=0g¢ =0, p(t) 1

(4.3.61)

Using the equations (4.3.61) into equations (4.2.2), we obtain the symmetry genera-
tors (d.1) — (d.2) given in Table 4.1.

Now, we present the similarity reductions and particular solutions for the generators
(d.1) — (d.2).
(i) Similarity variables for generator (d.1) are

—2(m+1) 1 2(m—3r—2

_ )
a=xy3ntmti b=yz ", c= ty3n+r?1+4’ U =y 3ntmta (b(a’ b, C). (4_3_62)

79



Using equation (4.3.62) in equation (4.1.3), the PDE (4.1.3) reduces to

¢ac + 2Cr¢2 + 20r¢¢aa + Cm¢aaaa + 2b3cn¢b + b4cn¢bb

2m — 6r — 4
—1)” 2bc"t —MM——
"¢+ 2bc 3n+m+4¢b

2m—67“—4<2m—61"—4

k
+ R In+m+4\3n+m-+4

CnJrl ¢c 4 bQCn‘bbb

—ac"( dm+1) ><2m_67’—4>¢ _12(2m —6r —4)

n+m+4 n+m+4 n+m+4
4(m+1) 6bc™ 2(m +1) 2m + 2
R AT Y s — ( 1) " Pa
3n+m+4ac¢b 3n—|—m—|—4¢b+3n—|—m+4 Smtmtd acg
4(m +1)?

B2 G + 6 < 6 n 1>Cn+1¢c

(3n +m +4)? 3n+m+4\3n+m+4
Gbcn ! 24(m + 1) 36
- . bn+1 n+2 oo = 0.
3n+m+4¢b+(3n+m+4)2c ¢ac+<3n+m+4)2c ¢

(4.3.63)

Due to highly complex nature of nonlinear PDE (4.3.63), we leave it as it is,
though, theoretically, one may seek the invariance of equation (4.3.63) under
one-parameter Lie group of transformations. More specifically, the tedious cal-

culations involved have kept us from its further analysis.
(ii) Similarity variables for generator (d.2) are
a=uz =9y +k y=t u=0¢. (4.3.64)
On using (4.3.64) in equation (4.1.3), the reduced PDE is given by
Bary + 267 P2 + 2t 0Py + 1 Dacae + A1t g + 4k St pgs = 0. (4.3.65)

Symmetry generators for equation (4.3.65) are

m 0 3y 0 m—3r¢ﬁ

0
Fi=p8—+ 96

ap m+3n8_a+m+3n8_7+m+3n
0 ’}/_T ’ 0
Fy = f(7)Z 2
2= f0gs + 57 g
As the method of reduction of PDE (4.3.65) is similar for both generators given

(4.3.66)

in equation (4.3.66). So, we restrict ourselves to generator F only.

Similarity variables for generators F are

f(7)

a=8b=r, 6= 72“7) a +¥(a, b). (4.3.67)
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Using equations (4.3.67) in equation (4.3.65), we have

b)) b (b
_T_f_() _f_() + 4k1b™)g + 4k1ab™ g, = 0. (4.3.68)

2 ) 2 f0)

On solving equation (4.3.68), we get

(a,b) = hy(b) log(a) + ha(b) + (ro 2 ) =0 ),

a
8k1f(b)
where f(b), hi(b), ha(b) are arbitrary functions and k; # 0, f(b) # 0.

The exact solution of equation (4.1.3) is given by

Wy, 21) = t_;x% + hy(t) log(y® + k12%)
(y ; ]l;jjzt(z;—n—r (rtﬂ f(t) - f”(t)) + ha(t). (4.3.69)

4.4 Discussion

The invariance properties of the (3+1) dimensional Kadomtsev-Petviashvilli (KP)
equation with variable coefficients and an arbitrary nonlinear term have been success-
fully analyzed by using the classical Lie symmetry method. The obtained symmetry
algebra of equation (4.1.3) is infinite-dimensional. For the admissible forms of the
variable coefficients, a number of governing equations have been derived, in general.
For the sake of illustration, from the point of view of dimensional reductions of KP
equation and derivation of exact solutions, we have taken, for example, the variable
coefficients as power functions of ‘¢’, although there is tremendous scope of experi-
menting with various other physically relevant forms of the variable coefficients. The
symmetry generators for all the possible considered cases, subcases have been shown
in Table 4.1. In the process of dimensional reductions of the KP equation, we have
exploited the invariance of reduced nonlinear partial differential equations and have
reported various Lie group generators. However, for the purpose of demonstration
and exact solutions, we have confined ourselves to few generators only, while leaving

the scope of further reductions/exact solutions in the future study.
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Chapter 5

Lie symmetries of the
Gilson-Pickering equation with

time dependent coefficients

5.1 Introduction

In 1995, Claire Gilson and Andrew Pickering proposed a model, named Gilson-

Pickering equation [15] of the form
Up — EUgyr + 26Uy — Ullpgy — QUUE — BUyly, = 0, (5.1.1)

where €, a, (8, k are real arbitrary constants. They investigated this equation for its
Painleve analysis and provided the traveling wave solutions. This equation includes

many other nonlinear equations for special values of parameters, viz.,

(i) Fornberg-Whitham equation [12], for e = 1, = =1, =3,k = 1/2,
(ii) Rosenau-Hyman equation [84], for e = 0,0 =1, = 3,k =0, and

(iii) Fuchssteiner-Fokas-Camassa-Holm equation [86], for e = 1,0 = —1, 5 = 2.
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Many authors have investigated this equation using different techniques. Wang and
Li [19] investigated the class of third-order nonlinear equation using factorization
method, in which they include equation (5.1.1) as a special case. Some exact explicit
solutions were proposed by Aslan [41] using division theorem. Tang et al. [17] have
presented the periodic solutions and solitary patterns for the generalized Gilson-
Pickering equation. Ebadia et al. [32] have employed the invariance and multiplier
approach and furnished the soliton solutions and conservation laws for the equation
(5.1.1). The bifurcations of traveling wave solutions for equation (5.1.1) were provided
by Chen et al. in [7]. Irshad and Din [9] have introduced some exponential and
hyperbolic function solutions of equation (5.1.1), using the Tanh-Coth method. New
complex soliton solutions of (5.1.1) were introduced by Baskonus [35] using Bernoulli
sub-equation function method. Symmetry reductions were proposed by Clarkson et
al. [75] by utilizing the classical Lie method and nonclassical method. Fan et al.
[100] have investigated some other solitary wave and traveling wave solutions using
simplified G'/G-expansion method.

In view of equation (5.1.1), we generalize it as follows:
U — a(t)Uggt + 0() Uy — Ulgzy — c(t)utty — d(t) Uiy, = 0, (5.1.2)

where a(t),b(t), c(t), d(t) are arbitrary functions of ¢. The chapter is structured as fol-
lows: In section 5.2, we established the symmetries of the equation (5.1.2). In section
5.3, we have presented the similarity reductions for each form of the variable coeffi-
cients and proposed some exact solutions. Also, we furnished the ordinary differential
equations which admit the trivial symmetries. Thus in section 5.4, we present the
power series solutions of the reduced ordinary differential equations alongwith their

convergence. The concluding remarks are provided in section 5.5.

5.2 Symmetry Analysis

In the present section, we introduce the symmetry analysis of the equation (5.1.2) by

employing the classical Lie symmetry method. Consider the one-parameter Lie group
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of point transformations under which equation (5.1.2) remains invariant of the form

[44]

ot =z + e&(t,z,u) + O(e?),
t* =t +en(t,r,u) + O(e?), (5.2.1)

u* =u+e((t,z,u) + O(e),

where € is a group parameter and &, 7, ( are the group infinitesimals of the Lie point
transformations acting on the space of independent and dependent variables. On
using the group of point transformations (5.2.1) in equation (5.1.2), and equating
the coefficients of various partial derivatives of u with respect to the independent

variables x and ¢, we obtain the following list of determining equations

(i) &u=0,m0= 0,15 =0, Guu =0,

(i) —2d(t)Cou + d(t)Ese = 0,

(ili) —2a(t)Ceu + a(t)ész = 0,

(iv) —une — a(t)uCpzu + a(t)é; + 3uéy — ¢ =0,

(v) G — a(t)Guat + b(t)Co — Uaoz — c(t)uy =0,

(vi) a(t)un + 2a(t)ué, — a' (t)un — a2(t)& + a(t)¢ — 3a(t)ué, =0,
(vii) —a(t)Cut + 2a(t)&m — 3ulpy + 3uyr — d(t)¢ = 0,
(viii) —und (t) — ud(t)C, — a(t)d(t)& + d(t)¢ =0,

(ix) —u& —2ua(t) oy +a(t) ez +20(t)uly — 32 Copu + U Enge — ¢ (H)un — 2c(t)uE, —
d(t)uCss — b(t)C + b(t)a(t)é — c(t)a(t)uéy + b (t)un = 0.

On solving these linear partial differential equations involving variable coefficients,

we come across the following two cases:
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Case 1: When d (t) # 0, the symmetries of equation (5.1.2) are as follows

g— /—a(t)dt+62,
(=a, (5.2.2)

n =0,

alongwith the relation c(t) = —Wlt), a(t) # 0.

Case 2: When d(t) is constant, the symmetries of the equation (5.1.2) are given by

€= (/%dt+c4)a:+c6—c3/ (%/b(t)dt)dﬂr/%dt,

n= 2a(t)/ (%}f)/%dt—l—q) dt—a(t)/%dtjtcla(t), (5.2.3)

(= (Cz—04—/%dt>u+03x—03/b(t)dt+c5,

where ¢y, ¢o, c3, ¢4, C5, cg are arbitrary constants and arbitrary coefficients a(t), b(t) and

¢(t) are governed by the following equations

203/$dt+204—01a/(t) —2a,(t)/ﬁ(/%dtqu)dt—i—a/(t)/%dt:O,

(5.2.4)

3() / %dt+304b(t) — eob(t) + exb (Ba(t) — a()b (1) / %dt
+2a(t)b'(t)/%(/%dtjt@)dtzo, (5.2.5)
alt) = —$. (5.2.6)

Since the explicit forms of the variable coefficients can not be worked out, therefore,
the further process is illustrated by taking some special forms of these coefficients.

Subcase 1: Let a(t) = k1t™, and on solving the equations (5.2.4)-(5.2.6), we get

m = 2/3,
C1 —O,
Cog = C4



and the forms of variable coefficients are
a(t) = kyt*3,
t_2/3
t)=—
C( ) kl )
d(t) =3, (5.2.7)

b(t) = At_2/3(363t1/3 + leQ)_l.
Therefore, the equations (5.2.3) reduce to

3 3 A
€ = 22480 4 tepm + 5+ St — = <3 log(3cst/? + coky) — 3t4/3

k1 k1 k1
k k
+ M oo (Bt 4 eoky) — E)
C3 C3
9
n= ki:’t4/3 + 3eot (5.2.8)
3
(= —ftl/?)u + c3x — Alog(303t1/3 + coky) + 5, c3 £ 0.
1

For the forms of infinitesimals, we take the particular case as follows:

Let ¢y = 0, then we have, b(t) = At~!, and the infinitesimals are

3 3 A
€= 2818y 4ot 20413 _ BE (34131001 — 91113 ),
kl kl kl

g =234, (5.2.9)
k1

3
¢ = _§t1/3u+031;—031410gt+05, cz3 # 0.
1

Subcase 2: Let a(t) = kie™, and on solving the equations (5.2.4)-(5.2.6), we get

the forms of variable coefficients as follows:

b(t) = e,
Lot

c(t) = ——e™™, (5.2.10)
Ky

d(t) =3,

and the associated infinitesimals are

_ C_2 _ Cs —mt
&= 4:v—|—cﬁ _mkle ,
Co
= — 5.2.11
n=g - ( )
3

87



Subcase 3: Let a(t) = and on solving the equations (5.2.4)-(5.2.6), we get

_1
kit+ko’
the forms of variable coefficients as follows:

3
2

b(t) = A(kit + ko) "2,
c(t) = —(kit + ky), d(t) = 3, (5.2.12)

therefore, the infinitesimals are

Cll{il l{ith
6: _2_/€%$+C6+65(T+k2t>’
. Clkl(l{iltz + 2]{32t) + Cll{?% (5 9 13)
N k3(kit + ko) ’ -
5Clk’1
C = — 2]{}% U+ Cs.

5.3 Similarity reductions and Exact solutions

In this section, we establish the similarity reductions and exact solutions of the equa-
tion (5.1.2) for each considered case in the previous section. The similarity variables

are obtained by solving the characteristic equations

where &, 1, ¢ are given by equations (5.2.2), (5.2.9), (5.2.11), and (5.2.13).

dx ﬁ du
n

On solving the characteristic equations (5.3.1), we get the similarity variables corre-

sponding to infinitesimals (5.2.2) as

B=t,
a1

u = % + F(ﬂ) (532)

and equation (5.1.2) reduces to an ordinary differential equation

015(5)

’ C1

F ——— =0. 3.3
PO+ mramrat O Taars (533)

On solving this equation, we have
F(B) = - o ] B)df + & (5.3.4)

fa?—lﬁ)dﬂ—f-CQ fﬁdﬂ+027
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where c1, 9, c3 are arbitrary constants.

Reverting back to original variables x, ¢, the exact solution of equation (5.1.2) is

1 c1 [b(t)dt cs
u(z,t) = —— — = + - . 5.3.9
(%) Jagdt+e [ihdttc [ &dt+c (5:3.5)

Case 1: Herein, we are taking the following particular subcases for the infinitesimals
(5.2.9).

Subcase 1: Similarity variable corresponding to parameter c3 is

0 = at™ /3 — At logt,

u= %(xt_u?’ —t 3 1ogt) +t73F(H). (5.3.6)
Using equations (5.3.6) in equation (5.1.2), we get the reduced ODE as follows:

FF =3k FF +F" —kxFF" =0. (5.3.7)

In order to solve this ODE, we consider the following transformation
F =U, (5.3.8)
thus equation(5.3.7), reduces to second-order ODE as follow:

ky(ky — 0)(UU" 4+ (U')?) = 3, UU +6 = 0. (5.3.9)

On solving this ODE with the help of software MAPLE, we obtain

dF V3V k(126753 — 24c7k30 + 12¢7k10% — 4k, 03 + 304 — 12cgky)
— =4 :
e 6k: (k1 — 0)

(5.3.10)

From this equation, we can workout F'(f) by integration.

Subcase 2: Similarity variables corresponding to parameters cs, c5, cg are given by

0 =at"1 ¢ —Cgk1t2/3 + 243 A B logt,

Cc3 C3
kll' 1 C6]€2 _ k105 _ Akl _ _
= B O8Iy 1/8 TS g0t 4t VB (R 5.3.11
u=-3 + 9, + 3, 3 ogt+y (0) ( )

Using this equation in equation (5.1.2), we get the reduced ordinary differential equa-

tion as follows:

1 111 ! 11 ]. / k2
—FF" + A F" —3FF' + —FF - 5% (5.3.12)
k?l 2703

89



Software MAPLE, reduces this equation to the second order ODE

1 k2
g2 Sy gy, (5.3.13)

Ak F' — FF" — (F')?
! (F)+ g7 =5

where B is an arbitrary constant.

The ODE (5.3.13) is further analyzed for its invariance analysis using the Group
method, and we found that it admits the trivial symmetries only. Therefore, we
adopt the power series method to construct the further solutions of equation (5.3.13)
in the next section.

Case 2: In this case, we give the similarity variables corresponding to symmetries
(5.2.11).

Subcase 1: Similarity variables corresponding to parameter c5 are

0=t
u = —mkize™ + F(0), (5.3.14)

and equation (5.1.2) reduces to

/

F'(8) — mF(8) — mkye 2 =0, (5.3.15)
which yields
F(0) = ae™ + 2kie 2, (5.3.16)

where « is an arbitrary constant.

The exact solution of equation (5.1.2) is given by
u = —mkyze™ + ae™ + 2kye 3, (5.3.17)

Subcase 2: Similarity variables corresponding to parameter ¢y are

0 = ze 2,
u=e7F(0), (5.3.18)

and equation (5.1.2) reduces to an ODE

k k 1
37mF——0F —%F +1—m0F +F —FF"+ —FF —3F F' =0. (5.3.19)
1
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Since this ODE also admits only the trivial symmetries, therefore, for the sake of
exact solutions, we apply the power series method on this ODE.

Case 3: In this case, we present the similarity variables corresponding to symmetries
(5.2.13).

Subcase 1: Similarity variables corresponding to parameter c5 are

0=t,
2

=—+ F(# 3.2
U okt (6), (5.3.20)

and equation (5.1.2) reduces to

, 2(k160 + k») 2(k10 + ko) =3/

F(0)— ———7F=F( =0
) - e rome’ O s
which yields
A(k10 + ko) /2 B
F(9) = 5.3.21
O) = 00+ 2h) 800+ 2k)’ (53.21)
where [ is an arbitrary constant.
The exact solution of equation (5.1.2) is given by
2 A(kyt + ko) ~1/2
w=—"" (hnt + o) b (5.3.22)
kit? + 2kot — kyt(kat + 2ko)  t(kit + 2k2)
Subcase 2: Similarity variables corresponding to parameter ¢, are
0= I(l{llt + ]fg)l/z,
u = (kyt + ko) 2 F(6), (5.3.23)
and equation (5.1.2) reduces to an ODE
k k / k 1" k n / 11 / / "
—%F + EIQF + %F — 519}7 +AF —FF" + FF —3F'F' =0. (5.3.24)

Since the non-trivial symmetries could not be found out, we apply the power series

method on this ODE and present the power series solution in the next section.

5.4 Power series solutions

In this section, we will present the exact series solutions of the reduced ODEs (5.3.13),

(5.3.19), and (5.3.24) by utilizing the power series method.
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Case 1: Consider the power series solution of equation (5.3.13) in the form

F=> ab" (5.4.1)
n=0
substituting the equation (5.4.1) into (5.3.13), we have
Ak nzzo(n + 1)(n+ 2)an20" — nZO a0 nzo(n + 1)(n+2)a,20" — 27030
- (Z<n 16" ) ¥ Tlﬁ(z 9) i B=0, (5.42)
which is further equivalent to
[} . 0o n ‘ ‘ . C6k
Ak ;(n + 1)(n + 2)an 20" — nZ; ;(n —i+1)(n—i+2)a;a,_i120" — 27636?
-3 Z(i +1)(n—i 4 1)ag1ap_i10" + — . Z Za an_i0"+B =0, (5.4.3)
n=0 =0 n=0 =0
Next, on comparing the coefficients of ”,n = 0, 1, we have
1 2 L,
_ .~ dZ_-Bl=0 5.4.4
275 Ak, — 2a0 (“1 2k 0 ) ’ (5.4.4)
1 apgay Cﬁk%
=——|6 ——+—1]=0 5.4.5
s 6Ak1 - 6CLO < i k’l + 2763 ’ ( )
where ag, a; are arbitrary constants.
For n > 2, we have the general recurrence relation as follows:
= [i('%—l)( 1) Ly
Qp, = ] n—1 Qi1 Qp—; - Qi Qp—;
T+ D (n+2)(Aky — ag) | = T ok

i=1
Therefore, it implies that there exists a power series solution of equation (5.3.13).

Next, we have to prove the convergence of the series. Let

|ani2| < M [Z aillan—il + > laisallan-ia| + D lasllan-ital |, (5.4.7)
i=0 i=0 i=1
1 1
where M:max<|2k1(Aklao)|, |Ak1a0|)'
Let us define the series
uw=P0) = anﬁn, (5.4.8)
n=0
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po = |ao| = 19|, p1 = |a1| = |A|, p2 = |az] and so on. Therefore,

Pnt2 = M Zpipnfi + Zpi+1pn4+1 + Zpipn7i+2 n=2,3,... (5.4.9)
i=0 i=0 i=1
Hence, this can be easily seen that |a,| < p,,n = 0,1,2,... or in other words, we

can say that the series (5.4.8) is a dominant series of series (5.4.1). Next, we have to

prove that the series (5.4.8) has positive radius of convergence.

p(0) = po + p10 + pab® + p36® + an+29n+2,

n=2
DD pipait P+ D pisipa-ia0"

n=2 i=0 n=2 =0

= po + p10 +p292 +P3€3 + M

+ Z Z Pibn—i+20""?

n=2 i=1

: (5.4.10)

Further, by some mathematical calculations, we can deduce that

p(0) = po + P10 + pa0® + pst® + M[2P* + 6> P> — (p10 + 4po) P — 215

— pop10 — pi6° — (3pipa + 2pop:1)6°). (5.4.11)
Next, consider the implicit functional equation [99] as follows:

G0, 1) = 11— po — p16 — p26® — ps® — M[2p° + 6*1® — (p16 + 4po) e — 25

— pop16 — p16% — (3p1p2 + 2pop1)6°). (5.4.12)
Since G is analytic in the (6, p)-plane and G(6,py) = 0 and

G'(0,pg) =1 #0. (5.4.13)

Thus, we see that 1 = P(#) is analytic in the neighborhood of the point (0,pg) of
the plane and has a positive radius of convergence. Therefore, we conclude that the
series (5.4.1) converges in the neighborhood of the point (0, pg) of the plane. Hence,
the proof is completed.
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The power series solution of (5.3.13) can be written as

F(Q) = Qo =+ a19 —+ 11292 + a303 —+ Z an+20"+2,

n=2
1 1 1 apa cek?
= 0+ g (ol — ga8 — B )0 + o (6 _ 2001 M g8
do+mb+ (Akl—ao) (al 2k1a0 ) +6(AI€1—CL0) araz ]{)1 +2703
1 - 1 &
i+ 1)(n—i+1)aj1an—i41 — 55— iln—;
+nzg v PIGRER L CRURR pat
+Z(n7i+2)(n7i+1)aian,i+2 672, (5.4.14)

i=1

where ay and ag are given in equations (5.4.4) and (5.4.5) respectively. The exact

explicit solution can be obtained by substituting the equations (5.4.14) in equations
(5.3.11).

Case 2: Substituting equation (5.4.1) in equation (5.3.19), we have

3m S n mb S n—1 mkl n—2 k1m9 — n—3
5 an 0" — 7271(1”9 Z n(n — 1)a, 0" ° + TZn(nf 1)(n —2)a,b
n=0 n=2 n=3
—|—Znan9n 1 Zanﬁnz n(n —1)(n — 2)a,0"" 34 —ZanH”Zna gt
n=1 n=3 n=1
-3 Z na, 0" Z n(n —1)a,0" % =0, (5.4.15)
n=1 n=2
which is further equivalent to
S—ma +3—m§:a 0" —mkia —mi a@”—m—kl (n+1)(n+ 2)an+20"
2 0 2 P n 162 2 o] n 2 o] n+2

oo

mkl
+a1 + TZn(n—t—l)(n—FZ)

n=1 n=1 1

— ii(n—ﬂr Dn—i+2)(n—i+ 3)a;an—i+30" + ki ii (n—i+ 1Dazan_;+10"

n=1 i=0

n=11

-3) Z(n — i+ 1)(n—i+2)(i 4+ 1)aip1an_iz20" = 0. (5.4.16)

Next, on comparing the coefficients of 6", n = 0, we get

1 (3m aopa

as = 6_a0 TCL() —mkyay + a; + kll - 6a1a2>. (5.4.17)
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For n> 1, the general recurrence relation is as follows:

1 <3m m +(n+1)a
an = _a/n - —n(ln n n
BT+ 1D)(n+2)(n+3)ag \ 2 2 i
k k
- %(n F1)(n + 2)ange + %n(n +1)(n + 2)anse
1 n
— Z n—i+1)(n—i+2)(n—1i+3)aa,_ i3+ — Z(n — i+ Dajan_iv1
i=1 kl =0
33 (it ) —i+2)(i+ 1)ai+1an,i+2>. (5.4.18)
=0

Therefore, it implies that there exists a power series solution of the equation (5.3.19).

Thus, the power series solution of equation (5.3.19) can be expressed as:

F(0) = ag + a10 + a20° + a36° + Z Api30"

n=1
1 /3
=ag+ CL19 + Clg(g + — <—m&0 — mk1a2 + aq + — — 6&1&2)93
6(1,0 2 kl

1 3m m
a5 Yn T S Un 1 n
+Z(n+1 n+2)(n+3)a0<2a 2 ¢ (1t Datnia

k mky
— %(n + 1)(n + 2)an2 — 6a1a2 + Tn(n + 1)(n+ 2)anio
1 n
— Z n—i+1)(n—i+2)(n—1i+3)aa,_i3+ — Z(n — i+ D)ajan i1
i=1 kl =0
_ Z(n —i+1)(n—i+2)(i+ 1)ai+1an_i+2>>64. (5.4.19)
=0

Case 3: Using equation (5.4.1) in equation (5.3.24), we have

5k L kit 3k o k10 & .
—71n . 0" + 2 Z nand" " + 171222 n(n —1)a,0 2_%72)”(”_1)(”_2)&”0 3
+A2na gn—! Zanﬁnz (n—1)(n-2)a,0"" ‘3+Zan9”2na on—!

n=0 n=1
-3 Z na, 6™t Z n(n —1)a,0""2 =0, (5.4.20)
n=1 n=2
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which is further equivalent to

5]{11 5k1 n k > n 3kl n
— 2 Ofinzl nb +Aa1+3k102+5; anb +7;(n+1)(n+2)an+29

k oo oo
+ apga; — ?1 Z nn+1)(n+2)a,20" + A Z(n + D)ap410" — 6apas — 6ajas

n=1 n=1

ZZ n—i+1)(n—i+2)(n—i+3)a;an_;y30" —|—ZZ (n—i+1a;an—;110"
n=1 =0 n=1 =0
=33 Y (n—i+1)(n—i+2)(i+1)air1an_ip20" =0. (5.4.21)

Next, on comparing the coefficients of 6", n = 0, we get

1 (_ 5k31a0

a3 = — 2

- 3]€16L2 + Aa1 — Qg — 6@1@2) . (5422)
6@0
For n> 1, we obtained the general recurrence relation as follows:

1 5k ky
. M e 4 A+ Da,
Gn+3 (n+1)(n+2)(n+3)ao< 3 On = 3 T AN+ Dans
3k kq
+ 71(71 +1)(n+2)an42 — ?n(n + 1)(n + 2)ap42
— Z(n —i+1)(n—i+2)(n—i+3)aian—i+3+ Z(n — i+ 1)aian—i+1
=1 1=0
—3§:m—i+nm—i+m@+nwﬂ%iﬁ>. (5.4.23)

Therefore, it implies that there exists a power series solution of the equation (5.3.24).

Hence, the power series solution of equation (5.3.24) is as follows

F(0) = ag + a10 + ax0* + as6® + Z Unp3d" >

n=1
1 k
=ag + CL19 + CL292 + —( - > 140 - 3]{71@2 + ACLl — Qo — 6@1&2)83
6@0 2
s 1 5k1 ky
- 5 Yn T 5 n A 1 n
+Z(n+1)(n+2)(n+3)a0[ 5 @ 5 e + A(n 4+ 1)ap41
3k k1
+ 71(71 +1)(n 4 2)anss — 371(77, +1)(n+ 2)anys
— Z(n —i+1)(n—i+2)(n—1i+3)a;an,_ir3+ Z(n — i+ Dajan_iv1
1=1 =0
—3§:m—w+¢xn—i+2xm+U%H@hﬁ49% (5.4.24)
i=0

The convergence of the series solutions in case 2 and case 3 can be proved in the

same way as shown in case 1.
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5.5 Discussion

In this chapter, the Gilson-Pickering equation with time-dependent variable coef-
ficients has been analyzed from a group theoretic point of view. This method is
feasible and efficient for the analysis of nonlinear partial differential equations. Tak-
ing special forms of variable coefficients, we constructed the infinitesimals of the
group of transformations which leaves the time-dependent variable coefficients Gilson-
Pickering equation invariant and obtained the particular solutions. Corresponding to
the Lie group infinitesimals, it is shown that the equation (5.1.2) reduces to non-
linear ordinary differential equations in each case, which is further studied with the
aim of deriving certain closed-form solutions. The reduced ordinary differential equa-
tions admitting trivial symmetries have been further analyzed by using the power
series method and provided the exact power series solutions. We also established the

convergence of the series solutions reported in the work.
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Chapter 6

Exact traveling wave solutions of

BLP equation

6.1 Introduction

This chapter is devoted to the study of the (2+1) dimensional Boiti-Leon-Pempinelli

equation [61]

Uty = (UQ - ux)a}y + 2'Uzmca

Vi = Vg + 2U0,, (6.1.1)

which describes the evolution of the horizontal velocity component of the water waves
propagating in zy-plane in an infinite narrow channel of constant depth. The (241)-
dimensional Boiti-Leon-Pempinelli equation is a generalization of the dispersive long
wave equation introduced by Boiti et al. [61]. Additionally, various interesting prop-
erties of equation (6.1.1) have been studied by many authors with the help of different
methods such as [10], [14], [20], [48], [106], [112] etc.

The organization of the chapter is as follows: The exact traveling wave solutions of
the equations (6.1.1) using the (G’/G?*)-expansion method are presented in section
6.2. In section 6.3, traveling wave solutions are furnished by utilizing the first integral

method. The concluding remarks are presented in the last section .
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6.2 Exact traveling wave solutions

Herein, we will apply the (%)—expansion method to obtain the traveling wave solu-
tions of system (6.1.1).

Consider the following transformations
v(z,y,t) =V((),u(z,y,t) =U((),( = lx + my + nt, (6.2.1)

where [,m,n are arbitrary constants. Using equations (6.2.1) into equations (6.1.1),

we get

1

mnU" (¢) = lm(U*(¢) — U ()" +21*V" (),

nV'(¢) =PV () + 2V (Q). (6.2.2)
Integrating the first equation of (6.2.2) twice w.r.t ¢, we have
mnU(¢) = Im(U*(¢) — U () + 213V (¢), (6.2.3)

and taking all the arbitrary integration constants equal to zero, we get

m

V'(©) = 55U — 55

E (U*(¢) - lU/(C))- (6.2.4)

Substituting equation (6.2.4) into the second equation of (6.2.2), we get

U (¢) — 22U3(¢) + 3nlU?(¢) — n*U(C) = 0. (6.2.5)

Next, on balancing the nonlinear term and the highest order derivative term present

in equation (6.2.5), we obtain
deg[U" (¢)] = M + 2 = deg[U3(¢)] = 3M, (6.2.6)

which implies that M = 1. Thus, the exact solution of equation (6.2.5) can be written

U(C) =ao+a (%) + by (%) , (6.2.7)

where ag, a1, b; are unknown parameters.

as

Now, substituting the equation (6.2.7) into equation (6.2.5) alongwith equation (1.7.6),
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AN
)

and collecting the coefficients with same power of <%) (1 = 0,£1,42,+£3), and

equating them to zero, we have a system of algebraic equations as follows:

20y At — 6agbil* — 6a,b71* + 6aghinl — n?by = 0,

—2l2a8 — 12apa b, 1> + 3nla3 + 6a1b1nl — nag = 0,

2a1u)\l4 - 6@3@112 — 6a§b1l2 + 6aga;nl — na; =0,
2a; N1t — 20%a} = 0, (6.2.8)

—6agbil® + 3nlb] = 0,

—6agail® + 3nlaj = 0,

20, 1?1t — 20263 = 0.

On solving the above system of nonlinear algebraic equations, we come across the

following cases:

Case 1:
an — ¥
0 — 2[7
ay = :i:>\l7
n? ul
by — i( —), 2.
! 23F 3 (6:2.9)
n = 4\/—4Ault + 122 ul4,
Case 2:

ap = 07 bl 7é 07
n
S
ap 20’ 7£ 07
by = +pl, (6.2.10)
n =t/ —4ull?,
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Case 3: when a; # 0,0, # 0

_n
apg = 2l7
b1 = j:,ul,
n2 Vi
- :|:< A 211
“ 2 T3 ) (6:2.11)

n = 4/ —4Ault £ 12\pl4,

Case 4:

b1 =0, o 7é 0,
n
=—
Qo 21 7& 0,
a1 = £\, (6.2.12)
n = £/ —4ull?,

where [, p, A are arbitrary constants.

Now, substituting the equations (6.2.9)-(6.2.12) alongwith the functions <g—;> given
in equations (1.7.7)-(1.7.10) into equation (6.2.7), we obtain the exact solutions of
equation (6.1.1) as follows:

Set 1: Substituting the values of the parameters presented in Case 1 alongwith the

transformation ¢ = lz + my £ (y/—4A\ul* £ 12 ul*)t in equation (6.2.7), we obtain

the exact traveling wave solutions as under:

(i) For pA > 0, the traveling wave solution of equation (6.1.1) is given in terms of

trigonometric function by

n t ( Acos(v/uA)¢ + Bsin(v/pA)¢
Y £ [\/:((Bcos(\//ﬁ)( — Asmﬂ)C)

n? Acos(v/u\ sin(y/p -
= (12/\l3 N %) @(Bcosix/z_i\\))étisznﬁ\/ij—i;gﬂ ’

v= [ (GO - g(e©) - W ). (6.2.13)
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(ii) For pA < 0, the traveling wave solution of equation (6.1.1) is given by

l AA/Tul] eV 1Al
u:ﬁi—<2 o] — AV Ae

217 2 A2V _ B
n? ply | 1 4AN/ | VI T
i<12>\l3+§> ﬁ<2” HAl = A2V _ B ’
o= [ (G0 - 5) - (@) )dc. (6:214)

(iii) For A # 0, u = 0, the traveling wave solution is

on Al n? il —Al -
Tt ((A(+B)> + (mzs +€) <<A¢+B)) ’

v= [ (GEu(0) - 30 ~ W (O))d. (6.2.15)

Set 2: Substituting the values of the parameters provided in Case 2 alongwith the
transformation ¢ = lx + my + (\/—4uAl*)t in equation (6.2.7), we get the traveling

wave solutions as follows:

(i) For pA > 0, the traveling wave solution of equation (6.1.1) is given in terms of

trigonometric function by

Acos(v/pA)¢ + Bsin(v/pN)Cy |
w=""4 \/E( cos(v/pA)¢ + Sm( M)C) (6.2.16)
21 A\ Beos(v/ )¢ — Asina/pA)(
(ii) For uA < 0, the traveling wave solution of equation (6.1.1) is given as
-1
1 AA/TuN 26V 1Al
w= g | L (ol — 2AVIRAIC (6.2.17)
21 2\ A€2C\/\u>\| — B

(iii) For A # 0, = 0, the traveling wave solution is given by

-1
n —A

where v can be found by putting the values of u respectively, in equation (6.2.4).

Set 3: Inserting the values of the parameters given in Case 3 alongwith ¢ = [z +

my + — A plt + 12 1)t in equation (6.2.7), we get the traveling wave solutions
y £ (V-4 7 q , We g g

as follows:
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(i) For uA > 0, the exact solution of equation (6.1.1) is given in terms of trigono-

metric function by

no ( n? N /\l> [\/g(Acos(\/W)C—ir Bsm(\/;ﬂ)C)]

21 12ul3 3 Beos(v/p\)¢ — Asiny/pA)C
Acos(v/ENC + Bsin(v/ph)Cy |
A\ Beos(v/ )¢ — Asina/pA)¢
(ii) For pA < 0, the exact solution of equation (6.1.1) is given by
n 1/ n? Al 4A/|pN|e* VIR
v= g g (e 5) (V- 0
i Ae2VIvAl _ B
1 AA TN e2SV/ 1Al -
+ul | = 24/ — HAle (6.2.20)
2\ A2Vl _ g

(iii) For A # 0, . = 0, the exact solution is

—1
n n? Al A —A
=5 (G ) o) S oer) - oo

where v can be calculated by putting the values of u respectively, in equation

(6.2.4).

Set 4 : Substituting the values of the parameters given in Case 4 and ( = lx +my+

(/—4uAl*)t in equation (6.2.7), we have

(i) For uX > 0, the exact solution of equation (6.1.1) is given in terms of trigono-

metric function by

n
BNy
Y

Beos(v/uN)¢ — Asiny/uM)¢ (6.2.22)

(ii) For pA < 0 the exact traveling wave solution of equation (6.1.1) is given by

\/E(ACOS(\/J)C + Bsz’n(\/,u_)\)g>]
3 .

1 AA/TuN 2V 1Al
w= x| 2 (2o — HAVIEAl . (6.2.23)

21 2\ AeXVInA _ B

(iii) For A # 0, u = 0, the traveling wave solution is given as

n [A

==F —- 6.2.24
2l T ACT BY (6.2.24)
where v can be determined by inserting the values of u respectively, in equation

(6.2.4).
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6.3 Traveling wave solutions by first integral method

In this section, the exact solutions of equations (6.1.1) have been obtained by using
the first integral method.

Applying the traveling wave transformations (6.2.1) on equation (6.1.1), we get equa-
tion (6.2.5). Next, by using the methodology of the first integral method, we get from
equation (1.6.5),

2 ey B0

V(O =350%0 -3

7 U(¢) + n—zU(g). (6.3.1)

/4
As per the notion of the first integral method, we assume that, X (¢) and Y (¢) are
the nontrivial solutions of equations (6.3.1), ¢(X,Y) = > a;(X)Y" is an irreducible

=0

polynomial in the complex plane C[X, Y] such that
¢(X(¢),Y () =D a(X)Y' =0, (6.3.2)

where a;(X) (i = 0,1,2,...,m) are the polynomials of X and a,,(X) # 0. Hence,
the equation (6.3.2) is known as the first integral to equations (6.3.1).
Case 1: Taking m = 1 in equation (6.3.2), and using the Division theorem, there

exists a polynomial g(X) + h(X)Y in the complex plane C[X, Y] such that

dg  0q 0X  0q Y . i
w-axac tavac (9(X) + h(X)Y) Zal(X)Y . (6.3.3)

Next, by comparing the coefficients of Y* (i = 0,1), on both sides of the equation
(6.3.3), we have

a1(X) = h(X)a1(X), (6.3.4)
ao(X) = g(X)ar(X) + h(X)ao(X), (6.3.5)
2 3n n_2

3 2
CL1(X) l_2X —l—3X + l4

Since a;(X) (i = 0,1) are the polynomials, therefore, from equation (6.3.4) we can

X| = g(X)ao(X). (6.3.6)

conclude that h(X) = 0, which implies a;(X) must be a constant. Further, for
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convenience let us consider a;(X) = 1, then the equations (6.3.5) and (6.3.6) become
o(X) = g(X), (63.7)

ZXP - X2 X = g(X)a(X). (6.3.8)

On balancing the degree of ag(X) and g(X), we conclude that, the degree of g(X) is
1 only. Thus, we take g(X) = AX + B, A # 0, and the equation (6.3.7) gives
2

AX

where By is an arbitrary integration constant.
Next, substituting the value of g(X) and ag(x) into equation (6.3.8), equating all the

coefficients of powers of X to zero, we obtain a set of nonlinear algebraic equations

as
2 A?
- =0
3n  3AB
T ) 6.3.1
2
?_4 — AB,— B =0,
BBy =0
On solving it, we can easily get
2 —n
AZY,BZZ—Q,BDZO,Z%O, (6311)
2 n
A=—-B By =0,1#0. (6.3.12)

[
Now, using equations (6.3.11) and (6.3.12) in equation (6.3.2), we have

x> X2
Y(Q)=——+ Z%X, Y(Q) =5 - %X. (6.3.13)

Combining equation (6.3.13) with equation (6.3.1), we obtain

o (F + )

U(¢) = T : (6.3.14)
exp (l—§ + f") -1
n _n¢ _ no

U(¢) lexffl i (6.3.15)




where (, is an arbitrary integration constant.

Therefore, the exact solutions of equations (6.1.1) become

% exp (n(lm+721y+nt) + nTgo)

u(z,y,t) = Y (P —— ) (6.3.16)
exp (—(l +12y+ 4 "TC") -1
n n(lz+my+nt) nlo
Texp(———p— — %)
u(@,y,t) = t——e e — : (6.3.17)
exp (_ (1 +l2y+ t) o %) 1

Corresponding to solutions (6.3.16) and (6.3.17), we can obtain the forms of v(z,y,t)
through equation (6.2.4) as follows:

n(lz+my+nt) nlo
U(xyt):@<exp( 28 +T)+1> (6.3.18)
» n(lz+my+n no ’ o
212 \ exp (% + TC) 1
mn
t) = —. 6.3.19

Case 2: Taking m = 2 in equation (6.3.2). On comparing the coefficients of Y
(1=0,1,2,3) on both sides of (6.3.3), we get

i3(X) = h(X)as(X), (6.3.20)

i1 (X) = g(X)as(X) + h(X)ar(X), (6.3.21)

i0(X) = g(X)ar(X) + h(X)ay(X) — 2as(X) L%X?’ _ %X? + 7—42)( (63.22)
a1 (X) Z%X3 — 3Z—QX2 + ?—jx} = g(X)ao(X). (6.3.23)

Since a;(X), (i = 0,1,2) are polynomials, from equation (6.3.20), we can analyze
that h(X) = 0, so that ay(X) must be a constant. For convenience, suppose that

az(X) = 1. Then equation (6.3.21) and (6.3.22) become

a1 (X) = g(X), (6.3.24)
ao(X) = g(X)ay(X) [%Xi‘ - ?—?)@ 2%)(} , (6.3.25)
a1 (X) [%X3 - ?;—sz + %X] = g(X)a,(X). (6.3.26)

degree of g(X) =0 or 1 only.
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Subcase 1: For deg[g(X)] = 1, assume that g(X) = AX + B, A # 0, then equations
(6.3.24) and (6.3.25) gives

AX?
a1(X) = 5 + BX + B,, (6.3.27)
A% 1 AB 2n AB, B> n?
a,(X) = (? — l_2) X4 (T—Fl—g) X34 <T+ o l_4) X2+BBOX+B].7
(6.3.28)

where B, and B; are arbitrary integration constants.
Further, putting the equations (6.3.27), (6.3.28) into equation (6.3.26) and equating

each coefficient of powers of X to zero, we have a nonlinear algebraic system as follows:

A A3 N A 0
2 8 27
™mA N 3B 5A°B 0
23 12 g
3n2A 5nB QBO A230
— AB? — — = 3.2
57 B + B 5 0, (6.3.29)
2’/’LQB 3TLB() .B3 3ABBO —0
[ 3 2 2
BBl - O
After solving this system, we get
4 —2
A:77 B:l_2n7 BO:07 Blzo, l7£07 (6330)
—4 2
A= B="""B =0, B,=0, | £0. (6.3.31)

TR
Using equations (6.3.30) and (6.3.31) in equation (6.3.2), we have

_X2 X2
Y(Q)=——+ Z%X, Y(Q) = - gx. (6.3.32)

Combining equation (6.3.32) with equation (6.3.1), we acquire the exact solutions of

(6.2.5) as
n exp(’Z—QC )
U)="2 , 6.3.33
ng n¢o
n [exp(=F —"°)
UQ) =7 ( ol ) , (6.3.34)
exp' 2 1/—1



where (, is an arbitrary integration constant.

The exact solutions of (6.1.1) are given by

n(lz+my+nt) nlo
n( exp(——p—— +5°)
u(@,y,t) =7 T , (6.3.35)
exp (——p— +52) — 1
n(lz+my+nt) nlo
n exp (———pg— — %)
u(x,y,t) -7 ( n(lz+my+nt) n ’ (6336)
!\ (-2 55—
Now, using equations (6.3.35) and (6.3.36) into equation (6.2.4) respectively, v(z, y, t)
becomes ’ :
n(le+my—+nt nCo
mn [ exp (F— 4 ey + 1
vz, y,t) = o ( D - ) : (6.3.37)
mn
v(x,y,t) = DPR (6.3.38)

Remark: In case I and subcase 1, we are able to recover the solutions reported by
Wazwaz et al. in [10].

Subcase 2: For deglg(X)] = 0, suppose that g(X) = A, then equations (6.3.24) and
(6.3.25) give

a1(X) = AX + By, (6.3.39)
1 2n A% n?
ap(X) = —l—2X4 - l—3X3 - (7 — 1_4) X% 4+ AByX + By. (6.3.40)

where By and Bj are arbitrary integration constants. Using equations (6.3.39) and
(6.3.40) into equation (6.3.26) and equating each coefficient of powers of X to zero,

we obtain a nonlinear algebraic system

3A
7 =0
5nA 230
e Y
2n’A  3nB, A?
e - 341
n230 2
l4 - A BO =Y,
AB; =0,
which on solving yield
A == O, BO - O7 Bl == Bl' (6342)
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On using equation (6.3.42) in equation (6.3.2), we get

1 2 2
YV2(¢) — l_2X4 + Z_ZZXQ" — 7;_4)(2 + B, =0. (6.3.43)

Combining equation (1.6.4) with equation (6.3.43), we obtain

aU\® 1 on n?
(%) =500 - Fo0+ v - B (6.3.41)

With the aid of software MAPLE, we attain the one implicit and two explicit solutions

of equation (6.3.44) as follows:

n+\/n?+403/B;

pu— . -4
U e (6:3.45
— 2 :i: 4 3 /B
U(Q) = —+ nﬂ l - (6.3.46)
U(Q) 12
— + da| — Cy =0. 6.3.47
¢ / Vatlt — Bil* — 2a3ln + a?n? ¢ ! ( )

Thus, on making use of equations (6.3.45) and(6.3.46) in equations (6.2.1) and (6.2.4),

we get the exact solutions of equations (6.1.1) as follows:

\/n?+403\/B
u(z,y,t) = ntvn 5 L (6.3.48)
m [ n n2+413\/B1 mn [ 7 n2+413/B1
U(xayat):ﬂ( = 2l +ﬁ i 2l )C
6.3.49
m n++/n24413/B1 2 ( )
a2 21 Gy
— 24+ 413+/B
w(z,y,t) = — = L (6.3.50)
and
m [ —n+\/n2£413/By mn [ —n+\/n2£413/B1
U(xayvt):_Q_l( 21 1>_ﬁ( 21 )C
(6.3.51)

2
m —n++/n?2+413/B;
—9e 5 G

Similarly, using equation (6.3.47) into equation (6.2.1) and (6.2.4), u(z,y,t) and
v(x,y,t) can be obtained implicitly.
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6.4 Discussion

In this chapter, the (2+1)-dimensional Boiti-Leon-Pempinelli system has been suc-
cessfully investigated by using the (g—;)—expansion method and the first integral method
and proposed the exact traveling wave solutions. We have found that the obtained
exact solutions are expressed in terms of rational functions, exponential functions,
and trigonometric functions. Some solutions can be recovered by giving the specific
values to the parameters, and some new solutions are obtained. This study demon-
strates that these techniques are practically appropriate, direct, concise, and reliable
to furnish the exact traveling wave solutions of nonlinear partial differential equa-
tions. Also, we are able to recover the solutions reported by Wazwaz et al., wherein
authors used the exp-function method. With the help of the first integral method, we
have been able to contribute some new explicit/implicit solutions of equations (6.1.1).
These techniques can be extended to solve the nonlinear problems which arise in the

soliton theory and other areas.
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Chapter 7

Conclusions

The importance of nonlinear differential equations due to their occurrence in the study
of many physical phenomena and also various limitations posed by linear differential
equations have been the primary reasons for study put up in the thesis entitled “Study
of Some Nonlinear Partial Differential Equations for Lie Symmetries and FExact Solu-
tions”. The investigation of Lie symmetries and exact solutions of nonlinear partial
differential equations has great theoretical and practical importance. Exact solutions
of differential equations play an important role in the proper understanding of quali-
tative features of many phenomena and processes in various areas of natural science.
More specifically, the thesis deals with nonlinear partial differential equations repre-
senting some interesting physical systems, which are-the (2+1)-dimensional disper-
sive long wave system, the (3+1)-dimensional Kadomtsev-Petviashvilli (KP) equa-
tion with variable coefficients and an arbitrary nonlinear term, Schrodinger equation
with variable coefficients, Gilson-Pickering equation with variable coefficients and the
(2+1)-dimensional Boiti-Leon-Pempinelli system, from the viewpoint of their under-
lying Lie point symmetries and exact solutions. To determine the admissible sym-
metries, we adopted the classical Lie symmetry approach on the system of NLPDEs.
After obtaining the Lie point symmetries admitted by the nonlinear systems under
investigation, the attempt has been to reduce the number of independent variables of

the nonlinear systems which result in PDEs or ODEs. The resulting PDEs are fur-
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ther investigated by utilizing the Lie method and obtained the exact solutions. And
the resulting ODEs have been examined subsequently for exact solutions by using
the power series method. Also, the (241) dimensional BLP system has been investi-
gated by using the two techniques, i.e. (G'/G?*)-expansion method and first integral
method, and obtained the various exact traveling wave solutions.

Lie point symmetries and exact solutions of the nonlinear systems under examination
are not only interesting from a mathematical point of view but also important for
applications. In fact, an exhaustive and systematic study of these systems has been
made and a variety of new exact solutions are presented. It may be noted that so-
lutions obtained for various nonlinear systems in this thesis include, explicit/implicit
solutions, power series solutions, and traveling wave solutions.

In chapter 2, the DLW system has been investigated by using the group method and a
variety of new exact solutions have been presented. Also, we have been able to recover
some solutions which are already present in the literature. The study in Chapters 3, 4,
5, is devoted to the time-dependent variable coefficients nonlinear partial differential
equations. Various systems of governing equations have been furnished for admissible
forms of the variable coefficients for which the nonlinear systems possess the Lie point
symmetries. Most of the solutions obtained involve an arbitrary coefficient function,
and it may enable us to control and discuss the behavior of the solution given by
the choice of these arbitrary variable coefficients. In fact, various other power series
solutions have also been presented. Also, the solutions proposed in the last chapter
include exponential functions, rational functions, and trigonometric functions.
Finally, it is worth mentioning here that in spite of the focus on exact solutions, the
authors found it really difficult task to handle the resulting systems of ODEs for the
extraction of the exact solutions. In some cases, the obtained exact solutions are
very specific in nature, and a systematic search for further reduction of the order of
ODE:s using the Lie method led only to the trivial symmetries. Keeping in view these
limitations, undoubtedly, it turned out to be a useful exercise of obtaining the power
series solutions of these ODEs. The study of reduced ODEs and their exact solutions

bringforth tremendous scope for future work.
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Future Scope

There are a number of potential directions for future research based on the material
within the current thesis, of which we discuss a handful of possibilities here.

First, one may focus on a nonclassical symmetry analysis of the systems of nonlinear
partial differential equations studied in chapters 2, 3, 4, and 5. This includes making
reductions to the PDEs for admitted symmetries and solving the reduced systems
of equations to obtain invariant solutions. One may also seek additional symmetries
in each model, such as the approximate symmetries, residual symmetries, nonlocal
symmetries, and conservation laws.

The numerical investigation of the studied equations can also be performed. For a
better understanding of the solutions, one can plot the results in three-dimensional
surfaces, so that the physical significance of each solution may be discussed to estab-
lish the authenticity of the solutions. The soliton dynamics in a single-mode optical
fiber of the nonlinear Schrédinger equation (3.1.2) may also be studied. Solitons have
the most important applications in high-rate telecommunications with optical non-
linear fibers, where they are used as the carriers for the transmission of information.
One may check the integrability of the reduced ODEs (see for example equations
(3.3.14), (3.3.17), (4.3.18), and (4.3.29)) using the Painlevé approach. We can also an-
alyze the classification of group invariant solutions of differential equations by means
of the optimal systems. As the objective of the present work was confined to the
applications of Lie group theory with the view of deducing the symmetries and then
attempting some tractable forms of solutions, such an endeavor remained beyond the

scope of the thesis.
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